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Ohloropicrin as a Reagent for the Diagnosis of 
Mercaptans and Potential Mercaptans. 

BY 

Sib Prafhclla Chandra Ray and Radhakishbn Das. 

The reactivity of ehloropierin towards the mercaptans has 
formed the subject of a previous communication (T. 1919, lid, UiOS). 
It has been shown that with the typical mercaptans the reaction 
proceeds as follows : — 

3RSH4-N0,CCl3 = (RS)3CN02+:5HCl. 

At the ordinary temperatures ; but at higher temperatures the 
reaction is of the same order, only nitrous fumes are given off from 
two molecules of the condensed product, thus ; — 

;S:C-N0.,+0.,NC:^=-^C-0-C^ +N8O3. 

In the present investigation, mercaptans of divers types have been 
similarly treated andf it has invariably been found that there is no 
deviation whatever from the reaction given above. 

When, however, potential or imino-mercaptans, thiocarbainide 
and its alkyl and arylated derivatives, thioacetanilide, thioacetamide, 
etc.,- arc substituted in place of real mercaptans, the reaction still 
takes place, but with a marked diffeience : Sulphur being invariably 
separated and in some cases, hydrogen sulphide evolved. The 
reactions under this head, may, however, be grouped under two 


1. Those in which there is complete separation of sulphur, e.y., 
thioacetanilide and ehloropierin. The reaction proceeds according to 
the following scheme : — 


PhNHCSMe 


PhiNHCiSMo; 


+ Cl3CNOa 


— >[Mo.O(:N.Ph)-C.Cl:OMe.Nfl8], HOI. 

During the reaction copious evolution of hydrogen sulphide takes 
place with the separation of sulphur and finally of nitrous fumes. 
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The imiuo-group of one molecule is also reduced to amino. That the 
compound has one of its chlorine atoms disposed of as aboYO and is 
a hydrochloride is proved by the fact that it is soluble in water and 
has its chlorine partially thrown down by silver nitrate. The 
presence of an amino as also of a phenyl-amino-group evidently endows 
it with basic property. 

In the case of diaryl substituted tbiocarbamides, although there 
is complete separation of sulphur^ the resulting product is a tri- 
substituted guanidine derivative. The course of the reaction is as 
follows ; — 

N.CflH. Cl 

NHOJI3 II CI3CNO. II I 

CS< — >C-SH > C S C-NO. + HCl. ... (I) 

NHOflHs I I I 

NHC0H5 NHC0H5 Cl 


N.O,H, 01 


N.c.n, 

II 1 

II 

II 

• S-O-NO3 

HS-C — > 

C-NHC3H3 

1 i 

NHC.H.j Cl 

1 

=NHCaH 3 

1 

NHCflHe 


As guanidine is a strong base, the hydrogen chloride which is 
eliminated as a result of the first reaction naturally combines with the 
base with the formation of the hydrochloride. 

When, however, one of the substituents is an alkyl-group and the 
other an aryl-group, the reaction takes a somewhat difFerent turn. 
There is complete separation of sulphur as in the above instances 
but no guanidine derivative is formed. Thus : — 

C3H,NH-C-NHCaH» + Cl3CNO,^C3lI,NH-0-NHC,U. ... (i) 

II II 

8 

N.CeH, 

II II 

C-SH +Cl 30 NO,->Cl-C-C.H. ... ... ... (ti) 

I 

NHCaH. 

C.HjNH-C-NUC.Ha 

+ -->CJl3NH-.C-NHC3H. (tit) 

II II 

CI-C-C3H6 CI-C-O3U5 

Here the reaction is evidently bimolecular. Sulphur separates 
out from one molecule; the other molecule is ruptured and its 

residue (in this instance, the allyl-group) attaches itself to the chloro- 

picrin residue. The bivalent group thus formed takes the place of 
the detached sulphur atom giving rise to the compound as indicated 
above. 
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i. Those in which two or three molecules of the thio-body 
simultaneously take part in the reaction^ of which one or two mole- 
cules remain intact and simply behave as imino-mercaptans (by 
tautomerisation), whilst the second or the third molecule, as the case 
may be, is acted upon by one or more atoms of chlorine yielded by 
the chloropicrin, which in the process is disintegrated ; and a portion 
of the ruptured molecule which is stable under the conditions, takes 
the place of the liberated chlorine atoms. Thus : — 


N.C3H, NC3H3 Cl 

NHCall. li II I 

CS< C-SH+ClaCNOn— C — S — O-NO, 

NIK I 'll 

NH, NH, Cl 

N.O 3 H, Cl NOJK Cl 

II I NIK « I 

c — s — C-NO, + CS< — >C — S — C-C 3 H 5 ... 

I I NHCi^Hs: I I 

NHa Cl ■ NH3 NO3 


(0 


(«) 


Methyl-beiizyl-thiourea, Allyl-benzyl-thiourea come under the 
above category. Mono>methyl-thiourea, however, deviates somewhat 
from the above reaction. Here two molecules of the parent substance 
undergo rupture and the two distinct residues of each attach them- 
selves to form the compound as shown below : 

N.OH, 

NHCH 3 II 

CS< — > 0 -SH +CI 3 CNO, — > 

NH, I 

NH., 

N.CH., N.OH 3 

11 !l 

—>(0 C-S- and («)-C + HCl. 

I I 

NHj NH, 


NCH, N.CIK fN.CH, N.CH, 'I 

I il li \ 

C-S- + -.C -[C — S — C KHCl. 

• 1 111. 

NH, NH, CNH, Nil, J 

This is perhaps a singular case as no residue of chloropicrin itself 
takes part in the formation of the compound. 

As the resulting compound contains 4 amino and i mi no-groups it 
naturally behaves as a strong base and the liberated hydrogen chloride 
of the first reaction combines with it forming a salt (a hydrochloride) 
and this is proved by the fact that its aqueous solution forms silver 
chloride with silver nitrate. 

The reaction between p-chlorophenylthiourea and chloropicrin is 
also of the same nature. ’ Here two molecules take part in the reaction, 
one of which acts like an ordinary mercaptan (by tautomerisation) 
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and the other is broken up and its degradation product, viz.^ (:C: NH) 
attaches itself to the nucleus of chloropicrin. Thus : — 

NH,CSNHCoH,Cl--»NH:0(NHO,H*Cl)SH-->NH:0-NHOoH,-C:NH 

I I 

S CCI 3 . 

In this reaction nitrous fumes are evolved, e.e., the nitro-group 
is detached. 

That the chlorine atom of the ehIoroj)henyl group parts company 
is proved by an independent reaction. When this thio-carbamide is 
treated with mercuric nitrite, a nitrite free from chlorine of the 
empirical formula C7H(j05N4S2Hgg is obtained, which may be 
graphically represented as 

N03Hg--S-CflH4-NH-C(:NH)-S(:Hg0). HgNO^. 

Thioacetamide as also thiobenzamide present some peculiarities. 
Here three molecules simultaneously take part in the reaction ; of 
which two molecules remain intact, while the third only has its 
sulphur atom detached. 

30H,0SNH,— >3CH,C(:NH)-SH— >{CII,C(:NH)-S}j*C-NO, 

I 

C(;NH).CH,. 

It will be seen the two atoms of chlorine of chloropicrin act in 
the manner indicated above and at the same time, another portion 
of the reagent acts drastically upon the thio-body breaking up its 
molecular structure and the complex ClIgC(:NH) attaches itself 
to the chloropicrin nucleus. By a series of secondary reactions 
sulphur is liberated and hydrogen sulphide is formed; the latter in 
turn, reduces the nitro-group into N II j -group and the final 
product is : — 

{CH,C(:NH)-S},=*C-NH, 

I 

The evidence afforded by ethylene-pseudo-thiourea is very interest- 
ing. This body may be regarded as derived from thioline-pmercaptan 
CH,-S 

I ^C.SU by the substitution of S : by :NH ; but while the latter 
CH 8 ““N 


behaves like a real mercaptan (as in Expt. 3 ), the former would seem 
to belong to the ketouic variety, i,e,, it is a potential mercaptan. The 
reaction takes place as follows : — 

Cl 

NH NH I CH, 

C,H*< ^C.SH— >C,U*< ;^CS-C-N<| 

N N I CH,. 

NHo 

NH 

The residue of C,H*<^ ;^CSH or (CjH^ : N-) from the ruptured 
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molecule, attaches itself to the chloropicrin nucleus. Here also 
sulphur separates out and hydrogen sulphide is formed and the NO^- 
group is reduced to NHg-group. 

EXPERIMENTAL. 

/. Potassum salt of ^-ihiol-h-thioA^ phenyl 4 : b-dihydroA : 

3 : ^4hiodiazole and chloropicrin. 

The reaction at 50° has already been described (T. 1919, 115, 
1311); when it is carried on at 100°, nitrous fumes are evolved and 
by the condensation of two molecules of Rg-C-NOg (I. e. 1131), the 
compound Rg-C-O-C-Rg was obtained along with the previous one 
of m.p. 129°. On treating the mixture with boiling methyl alcohol 
the oxy-compound was dissolved out. It was purified by recrystalli- 
sation, m.p. 106-107°. 

0-0245 gave OO-OTfiBaSO^ S =41-74. 

0 0381 gave 0*0601 COg and O. 0127 HgO 0=43*02 H = 3-67 
CgoHggONjgSjfl requires S = 41*44; 0=43-17 ; H = 2-16. 

2, Potassium salt of 2 : ^•diihioU 1:3: \4hiodiazole and chloropicrin. 

The reaction at 100° has already been described. 

At the room temperature (30°), the reaction does not proceed so 
far as to evolve nitrous fumes to give the oxycompound. The pro- 
duct was purified by crystallisation from alcohol, m.p. 152° sharp, 

0-1265 gave 0‘0786 OOg 0=16-98 

0-1209 „ 21-6 e. c. Ng at 32° & 760 ro.m. N = 19*52 

0-0764 „ 0*2631 BaSO^ S = 51-34 

Og 04 N 8 S 9 requires 0= 17*14 ; N = 19*99; S = 5l*43 

3 . t-mercaptoA : h-dihydro-thiazole and chloropicrin. 

The parent substances in alcoholic solution were refluxed for four 
hours. On cooling, no separation of sulphur took place. It was 
filtered and concentrated when a crystalline mass was obtained which 
was filtered. The product was recrystallised from alcohol. The white 
crystals had the m.p. 95° sharp. 

0*1003 gave 12*0 c. c, Ng at 30° & 759 m.m. N=13‘21 

0-0902 „ 0-3078 BaS04 8=46-84 

^toHi20«N4Sg requires N=13-69; 8 = 46-60 
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4. Potassium salt of ethylene thio-glycol and ckloropicrm. 

The potassium salt was dissolved in alcohol to which chloropicrin 
was added drop by drop^ at the ordinary temperature. A violent 
reaction ensued and enormous rise in temperature took place. A yellow 
mass began to be thrown down. Copious evolution of nitrons fumes 
also took place. It was then refluxed as usual in order to complete 
the reaction. On cooling, the yellow mass was filtered off from the 
mother liquor and washed with alcohol and dried. It was next 
triturated with water and filtered. The aqueous filtrate was evapo- 
rated to dryness and a poition was ignited on a platinum spatula. 
The residue after ignition was dissolved in water and found to be a 
chloride (potassium) by the silver nitrate test. After drying the 
yellow mass was crystallised from hot nitro-benzene in yellow powder. 
It shrinks at 1^0° and melts at In this case tree sulphur was 

proved to be absent. 

In another experiment, the reaction was allowed to take place at 
a lower temperature, viz., that of ice. In this case also, nitrous fumes 
escaped and the resulting product is the same as above. 

0-0647 gave 0*3089 BaS 04 S.i =65*57 

0*2088 „ 0*2117 CO, & 0*0904 H^O; C = *28*14;H=4*80 

1c2H*< ^ :je.C — 0— ^ C 5 H*< \ requires S = 64, 21 ; 0 = 28.09 

t sh), ( sh), 

H=6.02. 

5. Finacollylsulphocarhamide and Moropiemt, 

The parent substances in alcoholic solution were refluxed for four 
hours. No se[)aration of sulphur took place. The reaction mixture, 
after filtration and subsequent evaporation, yielded an oil. The oil 
was dissolved in alcohol and precipitated by ether. It did not 
solidify. A brown oil was obtained. 

0*1217 gave 0*1919 CO, C=43*01. 

0*0519 „ 0*0627 BaSO^ & 0*0117 AgCl S= 16*59; Cl=8*91. 

requires C=44 10; S=15*80,* Cl = 8*71. 

* Sulphur was estimated by fusion with potassium nitrate and sodium carbonate 
and hence a slightly high percentage of sulphur is sometimes yielded. 
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Mhylniercaptan attd chloropicrin : — 

The components in alcoholic solution did not react with each 
other when heated under reflux, nor even when heated in a sealed tube 
at 100° But on raisin<^ the tempetature to 2 -20-240°, it was found 
that a miuutc quantity ot a white substance was formed, which was 
not soluble in carbon bisulphide, proving that no sulphur was elimi- 
nated. As no pure product could be obtained from the reaction 
mixture, no detinite conclusion could be assigned to it. 

POTENTIAL MERCAPTANS. 

6, Pin\t’‘Chloniiiheiu/Uln^ ami Moroplerui, 

The reacting substances in alcoholic solution were refluxed as usu- 
al for five hours. At first the thiocompound went into solution. 
Nitrous fumes are evolved and a quantity of sulpbur separated out. 
The mother liquor, on concentration, gave white crystals which were 
washed with earbonbisulphide. It was then recrystallised from 
alcohol ; m, p, 245-246°. 

0 080 1 gave 0.1248 CO^ 0=42*38 

0*1056 gave 0.1205 AgCl & 0.0915 BaSO^ Cl=28f22; 

8=11.90 

Co H 7 N 3 CJ 2 S requires 0=41*58; 01=27*81; 8 = 12*81 
The corresponding compound with mercuric nitrite had the formula 
C^llcOgN^SoHg^ 

Found— Hg=67*57; 0=2227; H-1-94. 

Calc.— Hg=*5807; S = 4-64; 0 = 22*64; U = l-60. 

7, Mo no^in ethyl thiourea and' ehloropicrin. 

The components in alcoholic solution refluxed as usual for five 
hours. As the reaction went on, sulphur began to be deposited, 
which was filtered off. The alcoholic mother liquor was concentrated 
to drive off the excess of chloropicrin. It was washed with carbon- 
bisulphide to free it from the minute trace of sulphur which conta- 
minated the product ; it was dissolved in alcohol and precipitated by 
ether as an oil. On keeping it in a vacuum desiccator, it became 
converted into a semisolid mass. It was very difficult to get the 
product in a crystalline form. After repeated trials and failures, the 
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following method was found to be satisfactory. The semisolid mass 
was treated with acetone in a beaker under constant teasing to which 
3 or 4 drops of methyl alcohol added ; when, all on a sudden, a white 
crystalline substance was obtained. Its m. p. was not sharp and so 
it was dissolved in a small quantity of methyl alcohol and fractionally 
precipitated by acetone in the form of white shining crystals, 
m. p. 222°. That it is a hydrochloride is proved by the fact 
that silver nitrate precipitates silver chloride from its aqueous 
solution. 

01376 gave 0 1288 CO 2 & 0. 0830 H 2 O C=25 o3; 11 = 6*70 
0-1166 gave 0*0900 AgC I &0-1459 BaSO^ Cl = 1910 ; S = 17-19 
0*0548 gave 15*20 c.c. Njat 3t° & 759ra.m. N = 29*99 
C^HijN^SCL requires C=26*3 ; Cl = 19*45 ; 8 = 17*54; 
N=29.90 


8, Mono^allylthioiirea and chloropicrin. 

The reacting substances in alcoholic solution refluxed as usual. 
Sulphur began to be deposited which was filtered off. The alcoholic 
mother liquor, on concentration, gave a brown oil which was insoluble 
in ether, whereas the parent substance (ally 1th iourea) is soluble in 
ether. The oil was dissolved in acetone and precipitated by ether. It 
was further purified by repeating the above process. A golden oil 
was thus obtained. 

0* 1 238 gave 0* 1 769 CO^ C = 38.39 

0 *2821 gave 0*2586 BaSO^ 8=12.58 

0*1421 gave 0*0792 AgCi Cl = 13.79 

CsHtsNgSOgCl requires C= 38.48; 8 = 12.80; 01 = 14.20 

9, AUyl-benzylthionrea and cliloropicritu 

The parent substances in alcoholic solution were refluxed as usual 
for five hours. The solution assumed a dark brown colour which after- 
wards became light yellow and sulphur was separated out. The pro- 
cess of purification was the same as in the previous case. 

0*1212 gave 0*2548 CO. & 0.0754 HjjO C = 57*33,* 11 = 6*91 
0‘1552 gave 0*0605 AgCl Cl =9*64 

0*145:2 gave 0*0858 BaS 04 8 = 8*11 

CigHaoNgOaSCl requires C = 58*53 ; H = 5*13- Cl = 9*ll; 

8 = 8*22 
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10, MeihyUbenzylthiourea and chloropicrin 

The method of preparation and purification is the same as in the 
case of monomethylthiourea and chloropicrin. m. p. 176-177°. 

0 0905 gave 0-1377 COg & 0 0670 HjO C=56-56 ; H=6-20 
0 0877 gave 0-0568 BaS 04 S = 8.81 

3 N 3 O 2 SCI requires C=56*27 ; H=l<*97; 8 = 8*82 

11, Ethyl ene~^ 2 ^se^tdo-thionrea and ohloropicrin. 

The usual method was adopted. The resulting product was reory- 
stallised from hot water in shining plates ; m. p. 270°. 

0-1414 gave 0 1803 CO 2 & 0 08I4 H^O C=3t-79 ; H = 6-40 
0-0756 gave 18 00 o.c. Ng at 23°& 760 m.m. N=27.07 
0-0992 gave 0*0720 AgCl & 0*1154 BaS 04 Cl = 17*95 ; 8 = 15-98 

C 3 HHN 4 SCI requires C = 34*87 ; H = 5*33; N = 27*12; 
Cl=17-19; 8=15*50 

72. Tkioacetamide and chloro^ncrim. 

The components in alcoholic solution refluxed usual for three hours. 
Copious evolution of H.,S took place with the separation sf sulphur. 
The alcoholic mother liquor^ on spontaneous evaporation, gave silky 
white needles, which, on further purification, melted at 103° sharp. 

0-1133 gave 26-50c-c. N, at 32° & 759m.m. N = 25.62 
0*884 gave 0*1903 Ba 804 8=29*56 

C 7 H, 4 N 4 S 2 requires N = 25-69; 8 = 29*36 

i3. TMobenzawide and cJiloropicriu, 

The reaction took place above and the method of purification was 
also the same. The compound had the m.p. 88 ° sharp. 

0*1065 gave 0*2578 CO 2 & 0*0447 HaO C = 66 - 01 ; H=4*60 
0-0612 gave 7*40 c.c. Nj at 32°& 759 m.m. N = 13*20 
0*0854 gave 0*1049 BaS 04 8 = 16.87 

CJ 1 H 80 N 482 requires C=65.34; H=4.97; N=13.86; ' 
8=15*85. 


2 
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14. Thiocarbanilide and Moropienn, 

The compouents in alcoholic solution refluxed as usual for three 
hours. Thiocarbanilide went into solution and the liquid assumed a 
yellow color and sulphur separated out. On cooling, it was filtered 
off and the alcoholic mother liquor, on concentration, gave a semisolid 
mass (brownish), the tarry matter being also present. The semi- 
solid mass was washed with ether to remove the tarry matter, when a 
white mass, slightly colored, was obtained. It was afterwards washed 
with acetone and recrystallised from hot water in glistening white 
ciystals; m.p. 

01415 gave 0*0640 AgCl 01 = 11*18 

01037 gave 0*2653 COg & 0*0633 HgO ; C = 69*79 ; H=6*75 

0*0814 gave 9*60 e*c. at 27° & 763m.m. N = 13*23 

Ci,HigN, 01 requires 01 = 10*97; 0 = 70*47 ; H = 6*66; 

N= 12*98 


Id. S^ditollyUihimirea and MoropicTin. 

The method of preparation and purification was the same as in 
the previous case, m.p, 230°. 

0*1945 gave 0*3796 AgCl 01 =10.12 

0*1347 gave 0*3575 OOg & H*0857 HgO 0=72*38 A=7*06 

C9gH24Ng01 requires 01=9*71; 0 = 72 23;H = 6*57 


16. AllyUphenylthiourm and chloropicrin. 

The components as usual refluxed for four hours. Sulphur separat- 
ed out. which was filtered off. The alcoholic mother liquor, on con- 
centration, gavs a brown i>il, which was washed with carWbisulphide 
to remove the slight trace of sulphur and washed with ether and dis- 
solved in alcohol and filtered and precipitated by ether when a yellow 
oil was obtained. The oil was dissolved in water, filtered and evapor- 
ated to dryness on the water bath. A golden yellow oil changed 
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into stiff mass (oil) in vaouuo was thus obtained. It was very hy- 
groscopic. 


0*0934 gave 0*2864 CO,, 0=68.66 

0*1310 gave 13*0 at 27° & 763 m.m. N= 11.13 

0*1023 gave 0*0604 AgCl Cl = 14.61 


requires C=67*59; N=ll*27; 01 = 14*29. 


17, ThioaGeimilide and chloropicrin. 

The components in alcoholic solution were refluxed as usual. Sul- 
phur was deposited and in the latter part of the reaction there was 
evolution of nitrous fumes. The mother liquor, on concentration, 
gave a semisolid mass which was dissolved in acetone and precipitated 
by ether. Finally, the white product was recryatallised from water 
and was obtained in the shape of shining plates ; m.p. 186-187°. 

0*0486 gave 5*60 c.c. Ng at 29° & 759 m.m. ]S[=ll*3b 

0*0685 gave 0*1357 COg & 0*0405 HjO 0=54*03; H = 6*7l 

0*0749 gave 0*0857 AgCl 01 = 28*30 

CjiHi^NgClg requires N ^1142; 0=53*87 ; H=5*78 ; 

01=29*00 

Thioearbamide was similarly treated with chloropicrin in alcoholic 
solution. There was separation of sulphur. The resulting compound 
was an oil which bafiled all attempts at puritication. 

SUMMARY. 

Seventeen typical thio-com pounds have been subjected to invest!- 
gation. Of these five are known to be real mercajotam and the rest 
as potential ones. In not a single instance has it been found that 
there is separation of sulphur in the case of real mercaptans ; where- 
as sulphur is either partially or completely eliminated from the poten- 
tial ones. Chloropicrin may, therefore, be safely used as a reagent 
for the diagnosis of mercaptans and potential mercaptans respectively. 



TKIEtHYLtSNE TrI-AN1> TeTRA-SuLPHIDES AND 
THiiR Derivatives. 

Part 11. 

BY 

Sir Praphulla Chambra Kay. 

The preparation and properties of these cyclic pidy sulphides have 
already been described (Trans. Chem. Soe. 1920, 1!7, 1090). Their 
various derivatives will form the subject of the present communication. 

1. Triethylene trisiilphide and mercuric nitrite: The compound 
conformed to the formula (C2H4)3S3.2Hg(NO,)2. 

2. Triethylene trisulphide and mercuric chloride. In this case 
the compound had the formula (02114)3^3. SllgCl^ ; evidently on 
account of its comparatively heavier moleculaa weight only two 
molecules of the nitrite can combine with a molecule of the poly> 
sulphide, while it can combine with the expected three molecules of 
the chloride. These compounds may be regarded as sulphonium 
derivatives in which the divalent sulphur atoms in the ring become 
tetravalent thus : — 

ligCl 

>S + HgCl*— ^ >S< 

Cl 

When the mercuric nitrite mercaptide is treated with ethyl iodide 
the corresponding trisulphoniiim derivative, (02114)383, Hgig, 
2EtI is obtained {cf, Tmns. Chem. Soc. 1919, 115 ^ 262) as also a 
derivative 1 : 4 j Dithian (C,H4),S,.Hglg.EtI. 

3. Triethylene tetrasulphide and mercuric chloride. Two distinct 
compounds have been obtained. The ^-modification (m.p. 104°) 
gave one with the formula (C,H4)8S44HgC]„ whilst the S-modi- 
fication (m.p. 59-60°) gave the compound (('.HJjSg.HgCl,. t.c., 
in this latter ease one atom of sulphur in the ring drops off. This 
remarkable property will be noticed below in some other instances, 
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c.^., in combination with ethyl iodide or platinic chloride. The 
underlying principle seems to be that when this complex sulphide 
ring is loaded with a compound having a high molecular weight, the 
former is put to a state of strain and has thus' to part either with 
an atom of sulphur or the complex, — — S— ; thus : 

c.u, 

S s C 3 H, 

I I " >S (i.e. I ; 4 dithian). 

H*C, 0 ,H* 

. V 
S 

The polymerisation of these sulphides has already been referred 
to ; the ^-modification has been proved to be made up of four 
associated molecules and it was suspected that those with higher 
melting points, had been formed by the coalescence of more than 
four simple molecules ( 1 . c, p. 1091 ). The /^-modification yields, 
with ethyl iodide, a compound having the formula, {(C, H 4)384 
EtI ; whilst the y-modification yields two derivatives having the 
formulae, {(08114)384} 4.Etl, and {(C8ll4)3S4}5.EtI respectively. 
In marked contrast with the j8-modification is the behaviour 
of the S-variety towards ethyl iodide ; when it is refluxed with this 
reagent it began to evolve hydrogen sulphide. The reaction was 
continued for several hours till no more gas was given off. The 
product eiystallised from hot acetone had the m. p. 77 ® sharp. It 
conformed to the formula, CigS, 4lf2 5.C8H5l, but no definite 
constitution could be assigned to it. 

4 -. Triethylene disulphide di-mercaptaii and mercuric nitrite. The 

S.IIgNOa 

corresponding di-nitrite mercaptide (CaU has been ob- 

tained, which by interaction with ethyl iodide, yielded two derivatives 
having identical empirical formula, viz., (08114)483, llgl,, 2 EtI, 
and are instances of geometrical isomerism. Evidently they are 
trisulphonium compounds to which the following constitutional formula, 

Ugl £t £t 

I I I 

OaH^-S-CaH^-S-CjH^-S-CsH^ 

I I I ' 

I I T 

may be assigned, (of., Trans. Chem. Soc. 1919 , 115 , 262 ). 
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6. Ethylene mercaptan (thio-glycol) and mercuric nitrite. Tkii 
interaction has already been studied (Trans. Chem. Soc. 1916| 109, 
605), A purer product is obtained when instead of the thioglycol 

SH 


itself its potassium derivative C,B^< is used. The mercaptide 

nitrite conforms to the formula (CaH 4 ),S 4 . (HgNOg)^. Evidently 
the following reaction takes place 




SK 18^B 

< 

BIB 0 Bj8 


>0,H, 


S.HgUO. 

C,H,< >C.H,. 

s s 


As the thioghycol is very liable to aerial oxidation the two molecules 
coaleace as shown above. This mercaptide nitrite^ by inter- 
action with ethyl iodide has been found to yield three distinct 
sulphonium derivatives; two conforming to the formula (C|H 4 ) 4 S 4 , 
2EtI^ and the third to the formula (C 4 U 4 ),S 4 , Hgli> 
2EtI. These may be graphically represented as 


C,Ur 


Hgl Hgl 


I 


I 


Hgl 

I 


— s— 

H3- 


-S 8- 

1 

I 

1 

I 

— CjH^ and 0 jH 4 “ 

1 

1 

Et 

Et 


St St 

1 1 

1 

-s— 

1 

-s- 


1 1 

-S S~ 




In the former all the four sulphur atoms have become tetravalent 
whilst in the latter one atom, however, remains as divalent. The 
tirst offers an interesting case of geometrical isomerism as both the 
varieties though identical composition differ widely in melting point 
and solubility (vi/le Experimental), The compound, (C 4 H 4 ),S 4 , 
Hgl,, EtI, has already been described (Trans. Chem. Soc. 1917, 111, 
105) and incidentally it was stated that ** whenever there are more 
than two atoms of sulphur in a molecule some (but not all) can 
become quadrivalent.’^ It is now found that not only two or three 
but all the sulphur atoms in the ring can become tetravalent. 

Triethylene trisulphide and platinic chloride. Two distinct 
chloro-mercaptides have been obtained conforming to the formula 
(CaH 4 ) 3 S 3 .?tCl 4 , and (CaH 4 ) 4 S,.PtCl 9 respectively. In the latter 
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case an atom qf sulphur drops off {vide ante, p. 2). Their con- 
stitution formulae are evidently as given below. 


Cl-Sr 


H 0, 


-i— S-01 


01 J 


\ 

s 

I 

Cl 


l0,H, 


0,H, 




S^Pt 


lO.H, 


fO\ 

Cl 

01 

.01 


In the symmetrical formula all the sulphur atoms as also the 
platinum atoms become tetravalent, the chlorine atoms being dis- 
posed of as shown in the scheme; whereas in the unsymmetrical 
formula only one atom of sulphur becomes tetravalent and the platinum 
hexavalent, similarly the second chloro-mei'captide may be represented 
as follows : — 


O.H, 


C1-Si 


H,Oj 


V 

1 

s-oi S 

or 

1 

1 

01 

C.H, O.H, 



O.H, /CJ 
S-PtjOl 
Cci 




The platinum being regarded as trivalent or pentavalent. ^ 


EXPERIMENTAL 

Triethylene trisnlphide and mercuric nitrite. 

Method of preparation : To the dilute alcoholic solution of the 
sulphide was added in a thin stream under constant stirring a solution 
of sodium mercuric nitrite. A copious precipitate was obtained, 
which was washed and dried as usual in a vacuum desiccator. The 
ciystals were nacreous and had a faint yellow tint ; when treated with 
hydrochloric acid they evolved red fumes. 

0*1154 gave 0*0694 Hg; 0*1207 gave 7*6 cc. Ng at 3PC and 769 
mm. pressure. 

Found: Hg=51*86; N=s6*91. 

Calc, for CeH,aS 8 HggN 40 s; Hg=62*36; N=7*38. 

t Further corroborative evidence will be adduced in the next paper on The 
Varying Valoncy of Platmnm with rei^pect to Hercaptanio Badicale.” 
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Trieihylene tnsnlphide and mercuric cMoride, 

In this case alcoholic solutions o£ the components were added. 

0*2435 gave 0*1457 Hg and 0*2129 AgCl. 

Pound; Hg=59*84 ; 01=21-68 ; 

Calc, for CeHigSgHgaCle ; Hg=60*4*2 ; 01=21*45. 

When the mercaptide nitrite described above was refluxed with 
ethyl iodide for three to four hours^ and the reaction-product allowed 
to cool, a crystalline mass was deposited. The mother-liquor was now 
decanted off and on addition of acetone to the impure crystals, the 
colouring and tarry matter was removed and needle-shaped grey 
crystals were obtained; in.p. 1*3S^ sharp. The acetone filtrate when 
mixed with about one-fourth its bulk of methyl alcohol and allowed 
to evaporate spontaneously, yielded leafy, almost white crystals, 
m.p. 86 .® 

The product insoluble in acetone (m.p. 128®) conformed to the 
formula (Cg 114 ) 383 . Hgl 2 . 2 EtI. 

0*1030 gave 0*0231 Hg and 0*1037 Agl 

Pound: Hg=22*49; I = 54*35 ; Calc. Hg=21-14j 1=53*70 

The crystals deposited from the acetone-methyl alcohol mixture 
(m.p. 86 ®) conformed to the formula (C 3 H 4 ) 2 Sg.Hgl 2 .EtI. 

0*5876 gave 0*0920 Hg and 0*3275 Agl 
0*1689 „ 0*1066 BaSO 

Pound : Hg=27*28 ; 1=52*42 ; S = 8*67 ; 

Calc. Hg = *27*40 ; 1=52*19; S=8*77. 

Triethyle'ue tetrasulphide mid mercuric chloride, 

A. Prom the j 8 -modification : — Alcoholic solutions of the compo- 
nents were added. The compound had the formula 

(C2H4)8S4.1iHgCl2. 

0*1451 gave 0 0703 Hg and 0*0970 AgCl 

0*1864 „ 0*0564 COj and 0*0264 HjO ; 

0*1192 „ 0*1738 BaS04. 

Pound; Hg=48*45; 01=16*54; S = 20*23; 0 = 11*28; H=2*16. 

Calc. Hg=48*54; 01=17*23; 8=20*71; 0 = 11*65 H=l*94, 
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B. From the 3-modification : — The compound had the formula 
(C,H,),S,.HgCl,. 

0-23] 8 gave 01032 Hg and 0-1666 AgCl ; 

0-0998 „ 01605 BaSO^. 

Pound: Hg=44-53; Cl=16-74j 8=22-09 j 
Calc. Hg=44-34; 01=15-74; 8=21-29. 

Triethylene ietramlphide mid ethyl iodide. 

The ;3-modi8cation, when refluxed with ethyl iodide for about 
three hours, was turned into a thick liquid, which on cooling gave an 
impure solid mass, which rccrystallised from hot benzene yielded 
white crystals, (m.p. 103°) ; they conformed to the formula 

0-0764 gave 0-0140 Agl ; and 0-2936 BaS04 
Pound: 1=9-90; 8=52-78; Calc. 1 = 10-45; 8 = 52-64. 

The y-modifieation similarly treated gave a product which, when 
recrystallised from hot benzene, gave a crop of white crystals, m.p. 
96° which conformed to the formula {(CjH4)gS4}4.EtI. 

0-0843 gave 0 0194 Agl ; and 0-3103 BaS04 
Pound; 1=12-14; 8 = 50-56; Calc. I = l-i-65 ; 8 = 50-99, 

The mother-liquor of the above on slow and spontaneous evapora- 
tion gave a second crop which had the m.p. 70° and which conformed 
to the formula {(CjH4)jS4}2.Etl. 

0-0917 gave 0-0345 Agl and 0 3072 Ba804 

0-1224 „ 0-1324 CO, and 0-0613 H,0, 

Pound; 1=20 33 ; 8=4312; C=29-60; H=5-56; 

Calc. 1 = 21-90 ; 8=44-14 ; 0=28 97 ; H = .5-00. 

The product of the interaetimi of the 8-modiJicatioii and ethyl iodide. 

The compound had the empirical formula C,gH, 48,4.0,11,1. 

0-0955 gave 0-0261 Agl and 0-36.50 BaS04 

0-0745 „ 0-0790 CO,, 

Pound : 1 = 14-17 ; 8=52-49 ; 0=28 91 ; 

Calc. 1= 15-03 ; 8 = 63 02 ; 0=28-40. 

8 



18 


% «. &4Y 


Triethylene disulphide dimercaptan and mercuric nitrite. 

The methyl alcoholic solution of the di-mercaptan treated with 
mercuric nitrite, yielded the corresponding mercury nitrite mercap- 
tide, which had the formula (C8H4)384.(HgN0g)j.24H20. 

0-37? 7 gave 0-2008 Hg 

0*1661 „ 4*2 cc. Ng at 31^0 and 756 mm. pressure. 

Found ; Hg= 53*16 ^ N = 2*73; Calc. Hg=53*4l ; N=3‘73. 

The above nitrite when treated with ethyl iodide as in the previous 
cases, yielded a semi-solid mass ; it was treated with methyl alcohol 
to remove tarry matter. The residue was shaken up with warm 
acetone when a portion of it dissolved and the rest was obtained 
in the shape of white crystals, with a faint yellow tint, (m.p. 107-108®) 
(=a). The filtrate was allowed to evaporate spontaneously after 
addition of a few drops of methyl alcohol, when successive crops 
were deposited, having the m. p. 118® (=^)« The latter were 
unctous to the touch and resembled boracic acid. Both the compounds 
had the formula (Cg 114)483. Hgl,. 2EtI. 

a— Variety 

0*3755 gave 0*0783 Hg and 0*3650 Agl 
0*1563 gave 0*0827 CO, and 0*0504 H.O 

^-variety:- 

0*2826 gave 0*0590 Hg and 0*2704 Agl 
Found 

a-variety:- Hg=20*88; I5a52'70j C=; 14*43; H=3*58. 

/8-variety:- Hg=20*86; 1=52*23. 

Calc. Hg = 20*54; 1=52*16; C=U*78; H = 2*66. 

Ethylene mereaptan and merenrie nitrila. 

The dinitrite conformed to the formula (C,H4S,HgNO,), 

01019 gave 0-0708 HgS 

0-1960 gave 6*8 ee N, at 35° and 765 m.m. 

Found:- Hg=69-88: Na.8-64 
Calc. Hg«59-17i N.e4-|4. 
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Ethylene mercaptide nitrite and ethyl iodide. 

The product of interaction was a semi-solid mass; it was first 
treated with a small quantity of warm methyl alcohol, which dis- 
solved oat the colouring^ and tarry matter leaving a crystalline residue. 
The latter was refluxed with acetone for a few minutes. The inso- 
luble portion consisted of beautiful yellow crystals, m.p. 151° sharp. 
The acetone filtrate on cooling gave the first crop consisting of a 
slight mixture oi the above as also of the next compound (m.p. 1!]°) 
The second crop wae also impure. The third crop had the m.p. 121° 
sharp. The mother liquor on further evaporation gave crystals 
having the m. p. 107; this product is exceedingly soluble in acetone 
and hence it is the last to crystallise out. 

The compounds with the m.p.’s 161° and 107° respectively had 
indentical eompoeitions and are in fact geometrical isomers. They 
both conform to the formula, (C,H 4 ),S 4 . 2 HgI,. 2 EtI. 

Analysis of the isomer, m.p. 151° 

0*4468 gave 0*1294 Hg and 0*4544 Agl. 

Found*. Hg=28*96; 1=65*46; Calc. Hg= 28*49; 1=54*28; 
Analysis of the isomer, m.p. 107° 

0*2364 gave 0*0661 Hg and 0*2401 Agl; 

Found: Hg= 27*96; 1=54*88; 

Analysis of the product, m. p. 121°, of the formula 

(C.H4).S4.HgI..2EtI. 

0*8849 gave 0*0681 Hg and 0*8272 Agl; 

Found: Hg=20‘34; 1=62*80; Calc. Hg=21*06; 1=53*48; 

'Methylene trimlplMe and platinic chloride. 

The components were added in alcoholic solution when a pale 
yellow crystalline precipitate was obtained ; it was washed as usual 
dried and treated with carbon bisulphide to free it from any trace 
of sulphur which might be present. The crystalline product bad the 
formula ( 0 ,H 4 ) 3 S,.PtCl 8 ( =A ). The alcoholic mother-liquor on 
slow evaporation gave successive crops ; the first and second of which 
were objected as being slightly contaminated with the above salt. 
The third and fourth crops were pure, and conformed to the formula 

(C.H4)aS,.PtCl4 ( ) 
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Analysis of (A.) 

Prep. I. 0-0660 gave 0-0266 Pt and 0 0604 AgCl and 0-0650 BaSO^ 
Prep. II. 0-1068 gave 0 0460 Pt; 01020 AgCl and 0-1162 BaS 04 
Found: Pt=42-66, 43.28 ; 01 = 24-89,23-74; S= 14-88, 16- 01. 
Cale. Pfc=43-63; 01=23-69; S= 14-17. 

Analysis of ( B. } 

Prep.I. 0-0380 gave 0012.3 Pt; 0-0884 AgCl and 00464 BaSO*. 
Prep.II. 0-0250 gave 0 0093 Pt; 0-2730 AgCl and 0 0305 BaS 04 
Pound: Pt=37.27, 37-21; 01 = 26-53, •J7-01 ; 8=19-31, 19-21. 
Calc. Pt=37-96; 01=27-06; 8 = 18-49. 

Chemical Laboratory, 

College of Science, 

University of Calcutta. 
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CLXXXVI — The Molecular Conductivity of some 
Sulphonivm Compounds in Aceton e 

By Sir Praphulla Chandra Bay and Kalikumar Kumar. 

In recent years one of the authors has prepared a lar^e number of 
new sulphonium compounds which are insoluble in water but are 
generally soluble in acetone. The acetone solutions of these compounds 
are fairly good conductors, indicating that the substances behave as 
salts. An investigation of the conductivity of these compounds was 
therefore undertaken, with results which are tabulated below. The 
molecular conductivity increases regularly with dilution and its magni- 
tude is similar to that observed for potassium iodide. These compounds 
appear, therefore, to be true salts having molecular weights re- 
presented by their respective chemical formulae, and dissociating as 
uni-univalent electrolytes, possibly into a negative iodine-ion and a 
complex positive ion containing the sulphur chain. 

The sulphonium compounds used in the present investigation have 
already been described (T., 1916, 1909 , 1, 135, 606 ; 1919, 116 , 
651,1152). 

Merck’s chemically pure acetone was used. It was further puri- 
fied by rectification over anhydrous calcium chloride, and had the 
constant b. p. 55*8°; its specific conductivity was 3*8 x 10”® reciprocal 
ohms at 27°. The temperatures of the different experiments were 
between 26*8° and 28*8°, and the results are expressed for the 
temperature 27*8°. 

The results obtained in the conductivity experiments are tabulated 
below, v/here V is the volume in litres containing a gram-molecular 
weight of the salt. 
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Conductivity of Sulphonium Compounds in Acetone Solution at 27*8°. 


OompoTind. 

F=64. 

F-128 

F=266. 

Remarks. 

(1) EtHeS„Hel,SHgl, 

— 

168*1 

181*9 

One hexad and one 





tetrad sulphur atom. 

(2) Et,S„BtI,2HgI, ... 

114*5 

135*4 

144*3 


(8) Et,S,MeI,Hgl, 

124*2 

1336 

142*4 

One hexad sulphur 

(4) ... 



125*1 

139*4 

atom. 

(6) Bt,S,PrI,HgI, 

113*8 

121*7 

136*9 


(6) Bt,8,Bal,HgI, ... 

113*0’^ 

120-5 

132*3 

*At F=63 8. 

(7) Me,S„MeI,HgI, ... 

— 

140*4 

149*0 

Chain compound with 





two tetrad sulphur 

(8) Me,8„EtI,HgI. ... 

126*9 

140*3 



atoms. 

(9) MoBtSjiBtliHgl} ... 

127-0 

139*0 

— 


(10) Et,8,.EtI,HgI, 

119*7 

132*4 

142*8 


(11) Pr,8..1leI,Hg». ... 

117*6 

129*3 

140*3 


(12) Bt.S„PrI,Hgl, ... 

112*2 

125*3 

1336 


Potassiiira Iodide 

— 

115*5 

1306 

At 26°. 



Discussion, 



The disulphomnm 

chain 

compounds 

with 

one hexad and one 


tetrad salpdor atom give the best conducting solutions in acetone. 
They are followed bj the monosulphonium hexad compounds, whilst 
the disulphonium compounds with two tetrad sulphur atoms give 
the smallest conductivities, comparable with the values for potas- 
sium iodide in acetone solution. 

The conductivities of similar compounds diminish, without exeep- 
tioD, with hicreassing molecular weight, for example, on comparing 
the compounds numbered ft) and (2) it will be found that the 
reptacemeiit of two methyl groups by two ethyl groups lewers the 
conductivity from 168' 1 to t85'4. This relation between conductivity 
and molecular weight is borne out by the values for the compounds 
(8), (4) and (5), and these for the compounds (9), (10) and (11). 

The compounds (ll)and (12) have identical molecular weights, but 
show an appreciable difference in their conducting power. This is ptobahly 
daeto the r^tivedifferenee in the magnitude of the aliphatic radicles 
of the two compounds. Thus the methyl and propyl radicles differ by 
two methylene groups, whereas ethyl and propyl differ by only oem; 

Ohehical Labobatobt, 

tJfllVEBSITT OOUBOE OJf SCIENCE, OaLCUMA. 


[Received, June mh, 1921 ]. 



Varying Valency of Platimm idth respect to 
Mercaptanic radicals. 

By Sir Praphulla Chandra Ray. 

The interaction of platinie chloride and ethyl mercaptan results in 
the formation of the chloro-mercaptide (EtS) 3 PtCl in which platinum 
was shown to function as trivalent (Ti-ans. Chem. Soc., 1919, 115, 
872). Recently diethyl disulphide was likewise treated with platinie 
chloride and the resulting product has been found to conform 
to the same formula. During the reaction chlorine is evolved. The 
mode of formation may be represented as follows 

I 

Et-S-|-6-Et + PtCl*— XEt8),PtCl. 

The scission evidedtly takes place as shown by the dotted line and as 
platinum parts with some of the chlorine atoms the two etho-sulpho- 
groups attach themselves to it. 

A more rational explanation seems to be, however, that on account 
of its greater affinity for sulphur the platinum not only parts with 
three of its chlorine atoms but has its additional latent valencies 
revived, the chloro-mercaptide being in reality a derivative of 
penta valent platinum and a sulphonium compound as well, thus : — 

Bt-S_ 

I >Pt-Cl 
Bt-S~ 

when the reaction is between ethyl mercaptan and platinie chloride, 
the liberated halogen acts upon the former generating diethyl disul- 
phide. It, therefore, makes no difference whether ethyl mercaptan or 
the disulphide is used. 

The penta as also the hexavalency of platinum is also established 
by the compounds having the empirical formula (C,H 4 )sS 3 PtCl 4 add 
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(C 2 H 4 ) 5 S 8 PtCl 4 already described. These have evidently the 
formulsB 


and 


01- S, L-.s-ci 


H.C. 


CJ-S| 


H.C* 


\ci/ 

v/ 


I 

s 

I 

Cl 


CjH* 


Pt 

I 

Cl 


S-Cl 




or 


O.H, 



,S=Pt 


0,H, 


rCl 
01 
' 01 
.01 


or 




CUl 



S*Pt 


'OJU 


I 


01 

01 

Cl 


and are in reality sulphonium derivatives which the author has been 
investigating during the last s even years. It h^^s recently been proved 
by the measurement of their conductivity in acetone solution that the 
so-called additive compounds EtgS 2 , Hgl 2 , Etl are '‘atomic** in 

structure and their ionisation is of the same order as that of potas- 
sium iodide (T., 19 !1, 119, 1643). Diethyl sulphide also yields with 
platinic chloride two compounds having the empirical formula} 
(Et 2 S) 2 PtCl 4 and (St^S) PtC^lg both of them are cbloromercaptides 
to the former may be assigned either of the two formuhe given 
below : 


Kt,S_ 

>PtCl, 

Efc,S~" 


or 


Kt 01 

S"!Sp.< 


Et 


>S< 


01 


Cl 

Cl 


according as platinum is regarded ar functioning as octa-or tetra- 
valent. This sulphonium derivative has been obtained in the shape 
of well-defined crystals and has been proved in acetone .solution to be 
a non-electiolyte. Oyoscopic molecular weight determination in 
benzene solution also confirms the same conclusion. The other com- 
pound which is also crystalline can only have one formula, namely ; 

Et,S_ 

>Pt01, 

Et|S 

the platinum functioning as hexavalent. 
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1 : 4 thiazan, S< * Snh 
* C«H, 


yields with hydrogen chloride 


the expected hydrochloride HCl. Davies finds that 

the compound with platinic chloride has the formula B, HCl. PtCl^ 
(Trans., C.S. 1920, 7i7, 298) and he erroneously regards it as the 
platini-chloride of the base ; had it been so it should have conformed to 
the formula (B. HCl), PtCl*. The compound in question is evidently 


O.U, 

a chloro-mercaptide having the formula Cl^Pt*S< >NH.HOl in 


which platinum behaves as hexavalent. 

Direct evidence of the variation in the valency of platinum has 
been obtained by the interaction of platinic chloride with the follow- 
ing mercaptans or rather their potassium salts which have been found 
to be more reactive; — (1) 2-thiol-.5-thio-4-phenyl-4 : 5-dihydro- 

N(Ph)-N 

1:3: 4-thiodiazole, i 5C.SH. 

CS a 




Dithioethylene glycol, 


CH,8H 

i 

GH,SH 


Trivalent Flatijium, 

The product of interaction in each case has been found to be a 
well-defined compound whicli admits of reproduction under the 
conditions of formation, which have been studied with great care. 
It has already been shown that if to a concentrated aqueous solution 
of the potassium salt of the above tbiodiazole a dilute solution of 
chloroplatinic acid is added in a thin steam a product is obtained 
which consists of a mixture of equal proportions of trivalent and divalent 
platinum (Trans., Chem. Soc. 1919, 116, 875). By adjusting the 
proper strengths of the perticipauts the compound of trivalent platinum 
has now been isolated in a state of purity. By slightly modifying the 
process, the corresponding chloro-mercaptide has also been obtained. 

7W-, Telra-, and Octamlent Platinunu 

The mercaptan most suitable for the preparation of this series 
has been found to be dithioethylene glycol ; although it is a dithiol 
it has only one atom of hydrogen of the— -S H group replaceable by 
potassium. The substitution of an atom of potassium seems to 
exercise a sort of inhibitory influence on the second hydrogen atom 

4 



P. C. RAY 


26 

of the thiol p;roup ; — in fact, the latter becomes so inert as not to be 
vulnerable by the chlorine atoms of platinic chloride. Even chloro- 
j)icrin, which is a very reactive agent yields with the mercaptide 
the compound 

f CaH 4 < O— C- -f >C..H 4 (Trans., Chcin. See 1919 , 115, 

\ SII \ LiS ' 

1308). 

In the present instance the reaction takes place as follows 

SH / SII \ 

xCaH*< +PtCl*— > Pt( C„IT,< ) 

SK \ ‘ S /. 

where x = 6, 4, 5, 6 or 8. By using solutions of well-defined 
strengths of the reactants as also regulating the temperatures of 
the reactions, compounds have been obtained in which platinum 
functions as tri-,tetra-,pcnfa-,hexa-and oeta-valent respectively. 
Eor instance, by using solutions of platinic chloride as also of 
the mercaptide of definite strengths at the temperature of the 
laboratory (25-30°) haxavalent platinum compounds have been 
invariably obtained; again by properly varying the concentrations 
of the parent solutions at the some temperature, pentavalent 
compounds have been secured If, however, instead of changing 
the strength of the above solutions, the temperature of the solution 
of K-salt be reduced to 5-15° (the platinic chloride solution being 
kept between 25-30°) only octa valent compounds are produced j similar- 
ly, by regulating the range of temperature between ()0-05° pentavalent 
compounds are formed ; at about 80° tetra valent ones are obtained, 
whereas at about 100° the product Is uniformly trivalent At 
intermediate temperatures mixtures are obtained These reactions 
have been repeated in almost all eases for two to three dozen times 
under the above conditions with identical results In fact, it has 
been well-established that the particular valency which platinum 
will assume is a function of either of the two variables, concentration 
or temperature. 

This might well have been expected from a consideration of the 
kinetic theory of molecules As increase of temperature has the 
effect of accelerating the mobility of the molecules the platinum 
atom is not placed in a favourable [)osition in attracting to itself as 
many rnereaptanic radicals as it is capable of Conversely, by lower- 
ing the temperature of the solution the molecular velocity diminishes 
and consequently the platinum atom is in a position to develop its 
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maximum group valency. It is a well-known fact that increase of 
temperature tends to dissociate the complex or heavier molecules 
into simpler ones, and the particular instance here in the case of 
platinum whose complexity diminished with increasing temperature 
falls within the line of this general observation. In other words 
the higher the temperature of reaction the lower the valency of 
platinum. 

The place of platinum in the periodic table would naturally lead 
us to expect that like iridium it should behave as trivalent and like 
osmium as tetra-jhexa-,and octa-valent. Huff and Tschirch have 
shown that the formation of the fluorides Os , Os Fg, Os P„ depends 
upon the temperature, the rate of How of the fluorine current and 
the particular physical conditions of osmium (Ber., 46 , 929) and 
this fact is fairly well borne out in the ease of the platinum deriva- 
tives which form the subject of the present communication. 

It is not easy to give equations of the reactions involved in the 
formation of the above compounds and to account for the variation in 
the valency of platinum. The interaction pf diethyl disulphide (Et^ 
S^) and chloropiatinic acid results in the formation of the compound 
(KtS)jjPt(?l with evolution of chlorine. As diethyl disulphide itself 
results from the oxidation of ethyl mercaptan, the liberated chlorine 
cannot further act upon the former and hence the presence of any 
impurity in the shape of any oxidation product in this chloromercap- 
tide is precluded. Platinum is evidently tervalent in this compound. 
When again chloropiatinic acid acts upon potassium-thiazole the 
[»latinum parts with all the chlorine atoms but contrary to expectation 
a derivative is obtained in which the metal functions as trivalent. Of 
course by doubling the formula the metal may be represented as 
tetravalent, when, however, it is borne in mind that the chlorides of 
iron and iridium, the analogues of platinum in the transitional group 
have the simpler formulae FeCl^ and IrClg respectively, it is scarcely 
likely that the platinum inercaptide should have a more complex 
formula. Similar arguments would go in support of the formula 
SH 

(C 2 H 4 <g ) 3 Ptfor the ethane dithiol derivative. The formation 

of quadrivalent platinum mercaptide may naturally be expected; it is 
not easy to account for the existence of penta — , hexa — and octav^ilent 
mercaptides. From considerations of the physical properties of 
chloropiatinic acid, <?. y. ionisation, absorption spectrum and heat of; 
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neatralisation, it is assigned the formula HjFtCl^. As an working 
hypothesis the formation of the above compounds may be explained 
according to the following equations, although objection may be raised 
that no direct proof of the evolution of is available : 

5(C, < 12) + H ,PtCle = Pt (O, < g + 6KC1 + HCl + H 


6(C,H* <|2)+H,Ptrie = Pt (C,H« <|“)a +({KC1+ H, (2) 

6(0,Ha<|2) + 2(c,Ha<®«jj)+H,PtCl, 

= (c,Ha<|**)8Pt+6KCl + 2H, (3) 

In the last equation the two molecules of free mercaptan are derived 
from the hydrolysis of two molecules of potassium mercaptide, the 
motive of the reaction being the affinity of the sulphur, atom of the 

SH 

monovalent radical Cj,H 4 <g for platinum, and hence in the forma- 

tion of the octavalent compound the hydrogen atom as shown under 
bracket is displaced su as to enable the sulphur atom to enter into 
direct relationship with the metal, and satisfy its maximum valency. 
It is wellknown that certain radicals, simple or compound, enable 
certain elements to develop their maximum latent valencies. Thus 
sulphur which in regard to chlorine is either di — or tetravalent behaves 
as hexa valent when combining with fluorine or iodine ; platinum in 

SH 

respect to the mdical <g has thus varying valencies depend- 

ing upon the temperature and concentration of the latter. 

On the otherhand it mighc be urged that chloroplatinic acid 
would act as if it had the formula FtC] 4 . 2 HCl; there is then the 
possibility of chlorine being liberated in some instances at any rate, 
which would go to oxidise a portion of ethane dithiol into (CjH 4 Sj),; 
the latter being insoluble in ordinary solvents might be expected to 
contaminate some of the products. The presence of this oxidation 
product is, however, highly improbable. Let it be supposed that the 
reaction is only quantitative in the case of quadrivalent platinum and 
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that the other products are mere mixtures. These according to the 
results of the actual experiments should be represented as 

where ir=C 5 ,H 4 S 2 « 

in other words, the amount of the impurity occurs in exact multiple 
proportions of the molecule In mixtures, however, one 

should expect the impurity to occur in indefinite proportions. 

Another equally untenable position to which the above supposition 
would lead us is that the lower the temperature of the reaction the 
larger the amount of the oxidation product, the maximum oxidation 
taking place at 5 — 15° and the minimum at 100° i.e. the temperature 
yielding the trivalent platinum compound. The presence of any 
accidental foreign substance seems thus to be out of question. Indeed 
the octadic character of platinum far from being an anomaly is to be 
welcomed as justifying its place in group viii of the Periodic System. 

EXPERIMENTAL. 

Trivalent Platinum. 

(a) Thiodiazole and Fiatinic Chloride, — 0*5652 g. of the 
potassium salt was disolved in 10 c.c. water and to the solution 
was added under constant stirring 2 c.c. oi chloro-platinic acid, 
(1 c.c. =0.0301 Pt.). A docculeiit orange precipitate was obtained 
which was washed with water dried in a vacuum desiccator, powdered 
and treated successively with hot alcohol and benzene (T., 1919, 
iid, 875) to extract the impurities. (Found: Pt=22*62; S = 31*88. 
Cj^HjjNgS.Pt requires Pt=22*59j S=33.03). If, how^ever, dilute 
solutions of the reactants be used a chloromercaptide is formed (see 
under pentad platinum). 

(b) Bithioeihylene Glycol and Plalinic Chloride, — The modvz 
operandi is the same as described under hexad preparation,” the 
temperature of the mercaptide solution being, in this case, about 100° 
(Found: Pt=41-05; S = 39*66; C=15*24; H = 3*3l. 

requires Pt=41*I3 ; S = 40*61 ; C=15‘13; H=3*15 per cent.). 

QTT 

• Analysia cannot diaoriminate between C , ^ And C , H «S , the difference 
being only one atom of hydrogen. 
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Tbtravalent Platinum. 

(a) Bithioethylene Glycol and Plafinic Chloride, — The tetravalent 

compouiul of platinum by the interaction of dithioethylene glycol 
and platinic chloride has already been described (loc. cit. p. 87 6 ) ; 
but in the present instance the potassium salt of the mercaptan has 
been used. By using the same strength of it as in the cases of 
tri-, penta-, hexa- and octa-valent derivatives, but increasing the 
temperature to 80°, the desired compound has been obtained. Found : 
Pt = 84-S4; 8=45-68; 0 = 16*57 ; H = 3-33. requires 

Pt=84-39; S = 45*14; 0=16*93; H = 3-54) percent. 

(b) Triefhylene Ttunlphide and Plaiinie Chloride, — The product 
of interaction is a crystalline compound conforming to the formula 
(C, 114 ) 383 PtOl^ in which platinum behaves either as tetred or 
hexad (see above). 


Pkntad Platinum. 

(a) Bieihyl Dmilphide and P/ah‘7iic Chloride, — An alcoholic 
solution of the components is retluxed on the water bath for three 
to four hours. The solution which to begin with remains perfectly 
clear graduaMy turns turbid and an orange precipitate puts in an 
appearance while chlorine is continuously evolved. The compound 
has the empirical formula (CgHjj 8 )gPtCl but in reality it is pentad 
derivative of the metal. Tlie same compound is also formed in the 
cold when a concentrated alcoholic solution of the parent substaiices 
is set aside for 24 hours or more. Found: Pt = 54*51 ; 0 = 9*95; 
S = l 8 *ll Pt(CgHjjS),0 requires Pt= 55*02 ; 0 = 10*09; 8=18*19 
per cent.). 

It is in fact the same compound which has already been described 
as formed by the intometion of ethyl mercaptan and chloro- 
platinic acid. If instead of this simple mercaptan one with a complex 
radical, c.y , thiodiazole, be used a corresponding ehloromercaptide is 
obtained. 

(b) Thiodiazole and Platinic Chloride, 4 c.c. of dilated 
chloroplatinic acid (=0*0400 Pt) were added drop by drop under 
constant stirring 7*5 c.c. of dilute solution of the potassium salt 
(=0*1058 g. K-salt). The precipitate was was! ed with water, 
dried in vacuum and treated successively with alcohol and 
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benzene. (Found: Pt=28’l9; Cl = 4*86; Hj,,SoN*PtCI requires 
Pt=28*86; Cl = 5*’0 percent.) 

(c) Tfieihylem Tr 'mdphide and Plalitiic Chloride, — The trisulphide 
has also been shown to yield another compound with platinic chloride^ 
which has the formula (C 4114)384 PtCl a, one atom of sulphur being 
detached from the trisulphide during reaction. The platinum here 
may be regarded as tri-, or ])enta- valent. 

(d) iJiihioethylene (J/ycol and Platinic Chloride, — To 0*4330 g. 
of the potassium salt dissolved in 8*4 e.c. of water at the ordinary 
temperature (25*30°) were added under vigorous shaking 23 c.c. of 
platinic chloride solution (I c.c. =0*0067 g. Pt). The light brown 
precipitate was treated as described under hexad platinuno. The 
same compound was obtained when the experiment was conducted 
under the same conditions as given below under hexad platinum^ the 
only variation being that the temperature was kept between 60 — 65° 
(Found: Pt = 2y*78; S = 4801 ; C=18*46; 11 = 4*54. Ci^H^S^^Pt 
req.dres Pt = 29*54; 8 = 48*50; C=I8*13; 11 = 3*78 per cent.). 


Ulxad Platinum. 

As the meveaptide (> 4 H 4 (SU)(SK)* is the parent substance from 
which most of the derivatives of platinum have been obtained and as 
it has not been described before, its preparation is given here in detail. 
A large excess of a concentrated solution of alcoholic potash is added 
to ethylene mercaptan and stirred with a rod for a minute when 
the liquid mixture solidifies rn masse. It is ra])idly filtered with the 
aid of the suction pump and washed with alcohol. Care should be 
taken to limit the use of alcohol for the potassium salt is appreciably 
soluble in that menstruum. Tt keeps clear only for about half an 
hour and soon begins to turn turbid owing to aerial oxidation and the 
formation of the disulphide 

s 

c..u.<i 

s 

(a) Diihioethilene (ilyvol and Platinic Chloride, — The hexad 
derivative is the one which is almost invariably formed when 
about 12 c.c. platinic chloride solution (1 c.c. = 0*026()g. Pt) is 

♦ Aijalysifl of tho potassium salt. (Found K='29 99; 0,H5S.jK requires K~ 29*55 
jier cont.). 
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added to 0’5500g. of potassium salt of dithio-ethylene glycol 
dissolved in 15 c.c, of water at temperatures between 25— 80®,t 
The granular light-brown precipitate is vigorously shaken and 
a large volume of water is added to the mixture to preclude the 
possibility of the formation of pot asium chloroplatinate (K,PtCla)> 
It is washed first with water then with alcohol and finally with ether 
and dried in a vacuum over sulphuric acid. Found: Pt=26’00; 
S=:51-40; 0=18-94; H = 3-40; C,.HsoS,.Pt requires Pt=26 09 ; 
8 = 50*85; 0=19*07; H = 3*9? percent.). 

(b) Diethyl 8 Ijjhide and Platinic Chloride, — A concentrated 
alcoholic solution of the above two components was set aside for two 
to three days. The crystalline products which were obtained were 
dissolved in boiling alcohol. The crop which was deposited on cooling 
conformed to the formula (EtaS)aPtCl 4 and had the m.p. 198°. 
On concentration of the mother liquor the product of the formula 
(Et,S)jPtCl, m.p, 77° was obtained.^ (Found; Pt= 44*01 ; 
CI = 16*05 ; CsH,oS,PtCl, requires Pt»43*97 ; Cl= 15*85 per cent.). 

OcTAD Platinum. 

(a) JjUhioethylem Glycol and Platinic Chloride — The conditions of 
the experiment were exactly the same as described under hexad plati- 
num, the only difference being that the temperature was kept down 
to 5-15°. (Found; Pt=2I*00; 8 = 54*79 ; C = 19*97 ; H = 3*89; 

requires Pt = 20*94; 8 = 54-41; C = 20*36; H=4*25 

per cent.). 

The absence of chlorine was proved in all these compounds. 

(b) Diethyl Sulphide and Platimc Chloride. — The preparation of 
the compound (Et, 8 ),PtCl 4 has been described under hexad. (Found; 
Pt = 37*64; Cl = 27*20;CHH,oS,PtCl4 requires Pt=37*96; Cl = 27*36 
per cent.). 

M. W. by cryoscopic method (in benzene)=540 ; CjH.oSjPtCl* 
requires M. W, =519. 

f Tlie platinum chloride solution is delivered from a burette in a thin stream 
ntidur vigorous agitation and the operation is finished in less than five minutes. 

X Both those compounds have already been described but the method of formation 
is quite different (Jahres, 1888, 1, 1419). 
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The preparation and properties of these cyclic polysulphides and 
their derivatives have already been described (T., 1920, 117 y 1090; 
1922, 121, 1279). The compounds obtained by their oxidation and 
the hydrolytic decompositions undergone by these oxidation products 
form the subject of the present communication. 

It has been shown that all sulpbones, in which the sulpbone 
groups are attached to two adjacent carbon atoms, can be saponified 
(Stuffer^s Law, Ber., 26, 1123). Baumann and Walter (1893, Ann., 
i, 458) have found that diethylene disulphide yields diethylene 
disulphone on oxidation with acid permanganate solution. This 
disulphone according to Stuffer^s Law is hydrolysed into oxyelhyl- 
sulphone ethylenesulphinic acid. 

SO, 

I*--. I 
OB, OH, 

I I +H«0— > nOCH,-CH 2 -SO,-CH,-CH,SO,H 

CH, CH, 

I ^1 

SO, 



Si 
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The sulphinic acid contains a siilphone group between two carbon 
atoms and can further be hydrolysed in two different ways thus : 

OH.OH CU.OH CHa-SOjH 

I. I + HjO ■' I + I 

CH.-SOj-CDsOHs-SOoH ClUOn ClljSOall 

CHaOn ,CHaOH X 

II. I +HaO -» 2( I ) 

CHaSOaCIIaCHaSOall \CHa-SOaII/ 

The result of oxidation and subsequent hydrolysis on triethylene 
trisulphide is exactly analogous. 

When trietbylene trisulphide is oxidised with potassium 
permanganate in acid solution, triethylene trisulphono (02114)3830^ 
is obtained, all the bivalent sulphur atoms in the ring becoming 
hexavalent. 


S— -S Q SO 2 — OgH^— SOg 

I I 1 :^ 1 I 

CgH,-S-CgII* ^ OgH,-SOg-CgII, 

If, on the other hand, the oxidation is carried out with nitric acid, a 
compound with the formula (03114)38304, II 2O is produced. 

S— CjH^— S UNO ® C1H4— SO| 

I I I I , HgO 

CgH»-S-0gH4 ^ CgH^-SOg-O*!!, 

Only two of the three sulphur atoms become hexavalent while the 
third one remains unchanged {rifle infra). It is not easy to account 
for this absence of reactivity in one of the atoms of sulphur when all 
the three are supposed to be symmetrically disposed with reference to 
the carbon atoms. 

Triethylene trisulphone undergoes hydrolysis by means of baryta 
according to the following scheme ; 

SOj— CgU* — SOg Ba(OH)o SO, — OgH^— SOgba 

Ba(OH), 

^ baSO, C,H,-SO, 0,n, OII + ljaSO,-C,D, on 

(I) (11) 

Compound ( 1 ) has been isolated in a pure condition but compound (II) 
could not be obtained in a sufficiently pure state for purposes of 
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analysis. The disulphone sulphide on similar treatment with baryta 
yields two products^ as shown below : 

S “SOj J3a(OH) S“-C 2 Hj — SOj—CjII^*Ob0t 

0,H,-S0,-0jH, ^ C.H.-BO.ba 

^ Ba(OU), (A) 

Sba 

I 

c,H,-so,-c,n4-so,-|-c,u.Ott 

i 

s; ba baS = CJI.-S-C,n, 

I I" I I 

c,n, + c.ii. so, so, 

I 1 ' ^ 1 1 + BaS 

so, so, c.n. c,ii, 

I III 

0,ir,-S0,ba baSO, C,rT, SO,-Ba-SO, 

(B) 

It will be observed that barium sulphide is produced in course of this 
reaction. In fact, a continuous evolution of hydrogen sulphide takes 
place during the removal of excess of baryta by means of carbon 
dioxide. This can never be the case if all the sulphur atoms of 
triethylene trisulpliide had been converted into sulphone. Hence, one 
of the sulphur atoms must have remained unacted during oxidation 
with nitric acid,' Again, it is very difficult to offer any satisfactory 
explanation for the dibasic character of the compound (A). It might 
be assumed that the proximity of the sulphone group renders the 
hydroxyl group acidic thus enabling the hydrogen atom of the 
hydroxyl to be replaced by barium. Even if that is so it is not clear 
why in the compound, oxyethylsulphone ethylenesulphinic acid, a 
decomposition product of triethylcne trisulphone {vide a similar 

phenomenon is not observed. 

The /3- and 7 -triethylene letrasulphidcs {foe, cit.) have also been 
similarly oxidised with nitric acid. Each of the sulphur atoms 
attached to two adjacent carbon atoms is oxidised to sulphone, whereas 
the link between two contiguous sulphur atoms is broken with the 
formation of a disulphonic acid. It may be mentioned here with 
advantage that another cyclic compound ethylene disulphide, the 

' The oxidation products of ethylene sulphide described by Crafts* (Ann., 125, 
123) are evidently different from those described in this paper. 
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product of oxidation of dithioglycol behaves exactly similarly on 
oxidation with nitric acid. Scission takes place at the link between 
the two adjacent sulphur atoms, resulting in the formation of ethylene 
disulphonic acid, thus : 


C,H.< 


s^s 

*: >o,u. 

s-fs 


2 C,TI, 


8O3II 

< 

SOaH 


The oxidation of and 7-tetrasulphide6 takes place according to 
the following manner : 



C.H, C,ll* 

I I HNO3 

8 S > 

i \ 

C.H,-S 

w 



C3H. C3H. 

I I 

8 S — > 

I I 

C,H*-S 

(7) 



0,11* C,U* 
I i 
SO, SO3H 
I 

SO.H 


HNO., 

» 


td 

to 

n 

o 

w 





cjl* 

I I 

SO, SO3 
I >Ba 

0,11* — SO3 



c,ll* C,H. 

I I 

SO, SO3 

I >Ba, H,0 

0 ,11, -SO, 


C,H,-SO,-C,H* 
1 I 

SO3H SO3H 



C,H, -80,-0. II, 
I I 

SO3 — Ba — SO3 


The above reactions will show that the same barium triethylene 
disulphone disulphonate is obtained by the oxidation and subsequent 
neutralisation with barium carbonate of .both the ) 3 - and 7-varietics. 
In the case of the /8-compound, the free acid further breaks down into 
diethylene sulphone disulphonic acid. 

By the oxidation of /8- and 7-triethylene tetrasulphides by means 
of potassium permanganate a tetrasulphone is obtained which form a 
series of double salts with metallic sulphates. These will form the 
subject of a further communication. 
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EXPERIMENTAL 

Oxidation of Triethylene Trisulphide with Potassium Permanganate. 

The trisulphidc was suspended in small quantity of water and 
treated with a concentrated solution of potassium permanganate and a 
few c.c.’s of dilute sulphuric acid. A vigourous reaction ensued with 
evolution of heat. The mass was cooled and the process repeated till 
there remained an excess of permanganate solution. The product was 
then finally heated on the water bath for nearly 3-4 hours. After 
completion of the oxidation, the manganese peroxide was brought into 
soluiion by passing a current of sulphur dioxide through the liquid. 
The sulphone which remained insoluble was filtered and crystallised 
from coiicrntrafed nitric acid. It is insoluble in all the ordinary 
organic solvents and sublimes at a high temperature, (Found : 
S = 34-25; C = 24*93ji 11 = l*20*(C2H4)3S3O6 requires S = 34-78 
C = 26‘08; H=4'35 percent.). 

The trisulphone was treated with an excess of baryta water and 
heated over a nated flame. It dissolved in the course of nearly half 
an hour. The solution was then cooled and the excess of baryta 
removed by means of carbon dioxide. The filtrate was concentrated 
to a small bulk and treated with an equal volume of alcohol. A 
syrupy liquid was obtained which on keeping solidified into crystalline 
mass. The solid was filtered off washed with alcohol and dried in a 
vacuum desiccator. (Found: Ba = 25-42 ; S=:23*G6-C4HcjOr,S2ba 
requires Ba= 25 • 42 ; S = 28 • 75 per cent.). 

The mother liquor from the above salt was concentrated and a 
large volume of alcohol added to it. A thick syrup was obtained, 
which solidified on keeping in a vacuum desiccator. This salt is 
extremely hygroscopic and could not be sufficiently purified for 
analytical purposes. 

Oxidation of Triethylene Trisulphide with }iiir{c Acid, 

The trisulphide was treated with an excess of fuming nitric acid in 
a sealed tube and heated to 100^ for about an hour. The tube was then 
opened and the nitric acid evaporated to dryness. The residue was 
dissolved in hot water from which the triethylene disulphone sulphide 

‘ The substance sublimes at a hij?!! temperature. It is generally found that in 
such cases a trace of it escapes oxidation ; hence the percentage of carbon comes out 
a little too low* 
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crystallised out in colourless well-defined prisms J It chars at about 
250^ (Found: C = 27*33; H = l.-76j S = 37-09- (02114)38304, HgO 
requires C = 27 • 48 ; H = 5 • 34 ; S = 86 • 64 per cent.). 

The disulphone sulphide was mixed with an excess of baiyia 
water and heated over a naked flame for about 15-20 minutes. 
Quantities of barium sulpliide, sulphite and carbonate were formed 
during the reaction. The excess of baryta was then removed by 
passing carbon dioxide through the liquid. The filtrate was 
concentrated to a small bulk and an equal volume of alcohol added to 
it. A white crystalline salt separated out. This uas filtered off and 
dried in a vacuum. . (Found : Ba = 34*16; S = 23*77*C3H, gOgSgBa 
requires Ba=34-42; 8 = 24*12 per cent.). The mother liquor was 
further concentrated to a thick syrup, wdiich crystallised on keeping 
in a vacuum desiccator for a few days. (Found; 13a=23*80; 
S = 26*46*C«Hi30«Sgl% 3H3O requires 13a = 23 *18; 8 = 27*07 
per cent.). 

Oxidation of ^•Tiietlu/Iene Tdrasvlphide with Nitric Acid, 

The tetrasulphide was heated w*ith fuming nitric acid in a sealed 
tube at 100° f(T about an hour. After opening the tube the nitric 
acid was completely evaporated off. The residue was refluxed with 
acetone in which a part of it dissolved. The insoluble portion was 
dissolved in water, neutralised with barium carbonate and Altered. 
On concentrating the filtrate a crystalline barium salt was obtained. 
This was dried in a desiccator. (Found: Ba= 26*48; 8 = 25*46* 
C3Hi20ioS4Ba requires Ba = 26*l)2; 8 = 25* 15 per cent.). 

The acetone solution was evaporated to dryness and the viscous 
liquid thus left dissolved in a small quantity of \^ater. The aqueous 
solution w'as neutralised with barium carbonate and filtered. The 
filtrate on evaporation left behind well-defined white crystals. (Found : 
Ba=32*89; S=22*49*C4H80„S3l3a requires Ba=32*85; 8 = 23*02 
per cent.). 

Oxidation of ^-Tricthylenc Telrasulphide with Nitric Acid, 

The oxidation w*as carried out in exactly the same w^ay as in the 
case of the /S-m edification. The residue left after driving away the 
last traces of nitric acid was dissolved in water and neutralised with 

* Tho experiment was repented sevcrnl times with identical results. In ono 
instance, however, a small quantity of an insoluble sulphcno (ns is obtained in tho 
case of oxidation with permanganate) was produced. 
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excess of barium carbonate. Two salts were formed. One remained 
in solution (A) while the other was precipitated along with the excess 
of barium carbonate. The insoluble mass was therefore extracted 
with water, which on cooling gave a crop of barium salt. (Found : 
Ba = 25*49j S = ‘24-*04*CcH2 20io® ^^ 2 ^ requires Ba=25*80; 

S = 24-10 per cent.). 

The solution (A) was concentrated and on being cooled gave 
crystals of a barium salt. (Found: Ba=26-35j S=25’20* 

C(.H i 2^1 0^4®^ requires Ba = 2r)*92j S = 25*15 per cent.). 

Oividatmi of Mliylenc Bisulphide with Nitric Acid. 

The oxidation was carried in a sealed tube as before. After 
removal of the last traces of nitric acid, the syrupy liquid left behind 
was dissolved in water and neutralised with barium carbonate. The 
barium salt was precipitated from the concentrated solution by means 
of alcohol. (Found ; Ba = 42-26 ; CjjH^OgSgBa requires Ba = 42*16 
per cent.).* 

CHEMICAL LABORATORY, 

University Colleoe ov Science, Calcutta. 


* After tlie above investigation had been ready for communication my attention 
was drawn to a pripcr by Bonnet (Trans Chem. Soc., 1922 , 121 , 2144 », foot-note). 
Cryoscopic determination of the molecular weight of the cyclic sulphide in benzene 
as also the determination of vapour density by llofmaiiii’a method no doubt justifies 
the formula (001148)5; there arc however diflicuHies in the way of accepting 
this formula judged from the point cf view of its simple break up aecording to 
Stuffer’s Law. Moreover, tho formation of the compounds (CoIl4)3S3PtCl4 and 
(C5n4)3S2PtCl3 (T., 1022 , 121 , 1283 ) also jufilifies tho formula (03114)383. The 
dithiaii formula (O2 II 4)385 cannot offer any rational explanation of tho formation 
of the compound (C jU4);,S3 ■ llgl™ • 2 EtI, ( 1 . c. p. 1281 ). Its constitution can be 
wclLreprescntcd as 

Ugl I 
V 
S 
A 

C2H4 o.n* 

Et I I } 

>8 S< 

1 V I 

c.n. 

In this case each divalent sulphur atom becomes quadrivalent yielding a sulphonium 
derivative. While according to the dithian formula the compound would be 
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representod as 


Et CgH* Hgl 

>S< >S< 

Etl or 

Et CgH, Et 

>S< >S< 

I 0,11* I 


I Cgll, I 


■which does not seem to be ot all lihely. The compounds (CoH 4 )gS 3 PtCl* and 
(Cen 4 )gSjrtCl 3 may also be structurally represented as 


C,U, 

A 

Cl-S S-Cl 


Cgll* C.H^ 

V 

S-Cl 


A 

Cl-S S-Cl 


! 


V 

i Cl 
! 1 

and 

Pt 

1 

i.Pt. 


Cl 

1 . 




CgH* CJI, 


the platinum functioning as ter- and quadrivalent respectively the compounds at the 
same time being regarded as sulphonium derivatives. A critical examination of this 
point the author hopes to take up at an early date. 



Some Mercaptans of the Purine Group 


PaH T 

BY 

Sir Vrafulla Cjiandra IUy, Gopab Chandra Ciiakuavarti and 
Prafi’lla Kumar Pose 

In the course of an invest illation on Irilhiopurinc, it was necessary 
to prepare ‘ri:G-(licliloro-8-oxypun'ne in (piantity. It occurred to the 
present authors to study the action of [)otassiuin hydrosulphido on the 
latter compound witli a view to the synthesis and study of the 
corresponding possible moreaplans. It was, however, found that a 
boiling alcoholic solution of potassium hydrosulphide did not react 
with diehloropiirine in the way expected — the hj'drosuljdiide being 
simply decomposed with the separation of the ])otassium salt of the 
oxypurine. An aipieons solution of potassium hydrosulphide at lOtV' 
reacts with the oxypurine yielding a mixture of various products from 
which the inercaj)tan could not be isolated in a pure condition. At a 
higher temperature, however, and under pressure, both the chlorine 
atoms were replaced by ‘tliioP groups yielding 2:6-dithio-8-oxypuriiie. 

N-CSll 
i i 

us e C-NU 

II II ^C(OU) 

N-C-N 

The action of potassium hydrosulphide on several cldoropurines has 
been studied by Fischer and his co*workers (Ber., tiJ, 431). They 
have shown that in the cases of triehJoropnrine, 7-methyl-2:6-diehIoro- 
purine and others the reaction with potassium hydrosulphide proceeds 
very smoothly even in the cold. The difticnlty observed in our case 
in replacing the chlorine atoms by MhioP groups was supposed to 
be due to the presence of the acidic hydroxyl grouping in the 
position 8. Accordingly, 2:6-diehloro-S-oxy[)urine was methylated to 
7 : 9-dimethyl-2 : 6-dichloi o-8-oxypuriiie (Fischer, Ber., oV, 2208), 
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whereby the substance completely lost its acidic nature. On treatmetit 
with hot alcoholic potassium hydrosulphide, one of chlorine atoms of 
the dimethyl derivative was replaced by a ^ thiol’ group, thus showing 
that the chlorine atom is rendered more labile by the suppression of 
the acid character of the oxypiirine. The thiopurine has probably the 
constitution, 

N^CSll 
OI C 

II n ^co 

N-C-N<ch, 

as Fischer (Ber., 30 , 2226 ; 31 , 104 ; 31 , 431, etc.) has shown that 
of the two chlorine stems in positions 2 and 6, the one at 6 is more 
reactive than that at 2. The extreme reactivity of substituents in 
position 6 is further corroborated by the fact that the methyl ether 
of the above-mentioned thiopurine, when boiled with potassium 
hydrosul]*hide in alcohol, is hydrolysed to the parent mercaptan 
instead of yielding the 2-thiol derivative as expected. 

2 :6-Dithio-7 :l)-dimethyl-8-oxypurine 

N«CSH 

us e 

II II ^CO 

N-C-N 

has been obtained from both 2:6-dichloro-7 :9-dimethyl-8-oxypurine 
and 2-chloro-6-thio-7 :9-dimethyl-8-oxypurinc by heating with aqueous 
potassium hydrosulphide under pressure at 130”. These mercaptans 
possess strongly acid character and form beautifully crystalline 
potassium and sodium salts. The hydrogen atoms of the ‘ thiol ’ 
groups are readily replaced by alkyl groups, producing alkyl ethers. 
2-chloro-6-thio-7 : 9-dimethyl-8-oxypurine gives with mercuric chloride 
a ehloromercaptide which crystallises with four molecules of ethyl 
alcohol ; the ehloromercaptide further combines with one molecule of 
mercuric chloride, as might well have been expected from the basic 
property due to the presence of several tertiary nitrogen atoms. With 
phenyl-hydrazine the chlorine atom is replaced, with the formation of 
the compound. 

N = CSH 
I I rjrj 

Ph Nn-NH C C-N< * 

)i II Ct) 

»-C-N<CH, 
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It is known that tautomerism of the type •C(OH)=N^CO— NH 
is exhibited by many oxypurines, but a similar tautomeric behaviour 
in the case of thiopurines has not been noticed by any investigator. 
The dithiopurines described above are expected to give the 
corresponding dipotassium salts but they actually produce the 
monopotassium ones. It seems, therefore, very likely that one of the 
' thiol ’ groups is in the keto-form, the other being reactive as usual, 
'i bus, 

N-C-SK Nfl-C:S 


S:C 

C-N 

or KSC 

c-N.cn, 

1 

II ^CO 

II 

D ^CO 

Nil 

-0-N <cn. 

N— 



The fact that titration with iodine indicates the presence of two 
' thiol * groups in the molecule, might militate against the existence 
of the thiopurines in the ketonic form, but instances of the enolising 
action of halogens are not rare. Dawson and Powis, T., 95, 

1860 ; i97, ; iOi, 1503. Lapworth, ii/ifL, 85, 30 etc.). It is 

thus evident that keto-enol tautomerism of the type indicated above 
may exist in the thiopurines, though it differs from the corresponding 
oxypurines in degree but not in kind. 


EXPERIMENTAL 

-9 ; G-Bithio-S-ox^piirine , — One molecule of 2 :C-dichIoro-S-oxypurine 
was just dissolved in a dilute solution of caustic potash. To it was 
added 0 to 7 molecules of a 10% solution of aqueous caustic potass 
saturated with sulphuretted hydrogen in the cold. The tube was 
opened when cool and the solution filtered and acidified with a slight 
excess of dilute hydrochloric acid. The precipitate was collected, 
washed with water and dissolved in the least quantity of a hot saturated 
solution of sodium carbonate. The solution was decolorised by animal 
charcoal and filtered hot. On cooling the sodium salt crystallised out 
in fine colourless needles. (Pound:Na=9* 77. C 5 l] 30 N 4 S 2 requires 
!Na=10*36 per cent.). 

On dissolving the sodium salt in water and acidifying with dilute 
hydrochloric acid, the free mercaptan is precipitated in very small 
yellow nodules. (Found:S = 3I • 19 ; N=27*7S; SH (by titration 
with iodine)=32*30*C5H4ON4S2 requires S = 32*00 ; N = 28*00 ; 
SH = 33-00 per cent.). 
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The mother liquor from the above sodiiun salt, on being treated 
with dilute hydrochloric acid gave a small quantity ol* a precipitate, 
whicli was Jiltcred off. The filtrate, when acidified with concentrated 
hydrochloric acid gave a crop of not very well-defined crystals 
(needle-shaped), insoluble in ordinary solvents but slightly soluble in 
boiling water from which it separates out as a flocculent precipitate. 
Attempts were made to purify it by dissolving it in sodium carbonate 
solution and acidifying with a large excess of concentrated hydrochloric 
acid. A crystalline product was obtained. (Koand:N = */J0- 6*2 ; 
Cl = 10 *70, 17-70; S = 29-00, 31*14 per cent.). The j)ereentage of 
nitrogen shows that the ring evidently remains intact — but the high 
percentage of chlorine indicates that it is a mixture of varying pro- 
portions of 2 :fi-dithio-S-oxy})urine and 2-ehloro-()-thio-8-oxypnrine. 

Dlmeth fl ether of 2 : G-hithio-S-o.ri/pnrine . — was prepared by 
heating on the waterbath under rellux a solution of the sodium salt 
of the mei\aptan in water with an excess of methyl iodide. The 
precipitate was collected and washed with water, t’roin acetone 
solution it separates in the form of minute crystals melting with 
decomposition at SSS-SS'^. (l^ound:N = 25*08 ; requires 

N = 24*56 per cent.). 

7 : d-l)imethpl-H-ox)j-2-chforo-(}-lhiopnrin (\ — 5 grams of 2 )otassiuni 
hydroxide in 10(1 c.c. of alcohol was saturated with sulphuretted 
hydrogen in the cold. To it was added 10 grs. of finely divided 
7 :9-dimethyl-8-oxy-2 : 6 -dichloropurine sus|)ended in about 100 c.c. 
of alcohol. The mixture was boiled under reflux for nearly 15 
minutes when a white crystalline precipitate consisting of a niixtme of 
potassium chloride and the [wtassium salt of tin; mercaptan separated 
out. The preeipllate was filtered, dissolved in water and again filtered 
from any insoluble ini purities such as suljdiides and treated with dilute 
hydrochloric acid in excess. The precipitated mercaptan was washed 
with hot water, dried and then twice refluxed with carbon disulphide 
to dissolve out any adhering traces of sidphnr. It was finally purified 
by crystall’sation from glacial acetic acid in which it is only slightly 
soluble. It is also very sparingly soluble in etliyl and amyl alcohol 
from which it separates out in the form of brownish-yellow rhombic 
crystals. (Found: S = 13*85; C1 = 16‘3G and N = 24’25*C7 H 7 ON 4 SCI 
requires S = 13*88 ; Cl = 15 *40 and N = .24*29 per cent.). It is a 
strong monobasic acid and readily dissolves in dilute aqueous solutions 
pf alkalies, alkali carbonates, and bicarbonates. It is perfectly 
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oilourless, bitter lo the taste and does not. fjjive tlu^ muroxidc* reaction. 
When heated it decomposes wltluml ineltin<^. 

Pofasainni Sa/t . — The mercaptan was dissolved in a dilute boilin*:^ 
solution of alcoholic potash and liltered hot. On cooling oolourlc'-s 
needles of the ixdassiam salt separates out. (Found: K= 14 • 53. 
C.n ,5 0N4SClK reipiires K = 14‘53 per cent.). 

Antwouiimi Salt , — The mercaptan was dissolved in a boiling solution 
of alcoholic .‘inimonia and liltered. The liltrato was diluted with ether 
when line silky crystals sc])a rated out. 

Inieraeiiou of 7 : U-hitnelhiif-H-oxfi-2-chloi'0-i)-(liioinirine and 
Mercitric Chloride. — 'fin* mercaptan was dissolved in hot amyl alcohol 
and filtered. To the hot solution was added with constant stirring 
an excess of an alcoholic solid ion of mercuric chloride. A. white 
curdy precipitate was at once formed and liltered off when cool. The 
residue was extract cd witli hoi amyl alcohol. The chlorornercaptide 
remained behind as a white precipitate (A). Whereas the other 
produet of rccaction {ruh- .snijrtf,) crystalli.sed out from the hot filtrate 
in colourless needles (If). This was recryslallised from amyl alcohol, 
washed with absolute alcohol and tlriod in a vacuum desiccator. The 
above experiment was repeated using an ethyl alcoholic solution of 
the mercaptan, 'riio precipitate ((.^) was collected, washed with 
absolute alcohol and dried. 

(Foiind:(A) (:=:^V70;i ll = 3-0(i; 1 1 g = 30 -40 and Cl = 10*47. 

(H) llg = o3-00. (^,ll/)N,SCl,llg, ve(|uires 
1 J O' = 5 1 • 34 per cent.). 

(C) lIg = 30 <S3. C,H,.(>N,CI,Sng. 4CJI,01[ 

reiiuires C = :27 -73; il= l •(*»■> ; llg = 30-80 and 
Cl = 10 • 90 per cent. 

It is thus evident that compounds (A) and (C) are identical and 
are jmre cldoromercaptides. The compound (H) is not formed when 
ethyl alcohol is used instead of amyl alcohol. 

JJisnijdiide. — 'riie thiopurinc was dissolved in aipioous potash and 
treated witli a solution of iodine in potassium iodide till the brown 
colour of iodine persisted. The prccii)i(ate was collected and dried. 

^ Tl»c pci’centa«?es of carljon and hydroj'an come out slightly low, duo to traces 
of alcohol oscajung oxidation as Ia often found to be the caso when compounds 
containing alC(»hol of crystal iisation are analysed. 
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It is obtained as colourless needles from hot toluene melting at 259°. 
(Pound: S = 13-77 and Cl = 15*92. CjJIj ^O^N^ClsSa requires 
S = 13-96 and C1=15-4C per cent). 

Methyl Ether of 7 : 9-l)imethyl-8-ory~2’Chloro-G4hiopunne, — The 
potassium salt of the mercaptan was dissolved in water and heated 
under reflux on the waterbath with excess of methyl iodide for 15 to 
20 minutes. The ether separates out from the reaction mixture in 
needles. It was crystallised from absolute alcohol in which it is very 
soluble, m.p. 179° (Found: N=20*49 ; C„Ht,ON 4 ClS requires 
N = 22*90 per cent.). 

The corresponding Ethyl Ethe) crystallises from 60% methyl 
alcohol in colourless needles melting at 133°. The n-Vropyl Ether 
is soluble in hot absolute alcohol and melts at 120°. (Found: 
S = 12-09. Cj^HjgON^ClS requires S = ll*74 percent.). 

Inieractio7i of 7 : fhDimeih jl-S^o.ry-S-chloro-G^thiopunne and Phenyl 
Hydrazine. — About 2 grs. of phenyl hydrazine hydrochloride and an 
equal ({uantity of sodium acetate was dissolved in about 25 c.c. of 
water. This was heated on the waterbath with about 0*3 gr. of the 
finely divided mercaptan for 7 to 8 hours with frequent stirring. The 
condensation product separated from the hot reaction mixture in the 
form of needles. It was filtered washed successively with hot whaler, 
alcohol and chloroform, and dried in a steam oven. It was found to 
be insoluble in all the ordinary organic solvents. (Found :N = 28‘ 10. 
requires N = 29-37 percent.). 

7 : 9~l)iniethyl-8-ojcy-2 : G’dithiopnrine.^Ehowi 50 c.c. of an aque- 
ous solution of potassium hydroxide (2N approx.) was saturated with 
sulphuretted hydrogen in the cold. 1 gr. of 7 :9-dimethyl.8-oxy.2:6- 
dichloropurine was suspended in this solution and the mixture was 
heated in a sealed tube at 130-40° for three hours. The reaction 
product, a liquid, was filtered from any impurities and acidified with 
dilute hydrochloric acid, when a yellow precipitate was obtained. It 
was crystallised from glacial acetic acid. (Found: S=r 27-98 
CyllgON^Sa requires S = 28*07 per cent.). 

It is a yellow crystalline substance, melting- with decomposition 
above 300°. It is a stronger acid than the monothiopurine described 
above. Like the monothiopurine it does not give the murexide 
reaction. This dithiopurine has also been obtained from 7 : 9.dim- 
ethyl.8-oxy-2-cbloro-6-thiopurine in exactly the same way. 
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The Potassinm Salt , — is best prepared by adding a cool and 
concentrated solution of aqueous potassium bydrosulpbidc to tbe 
finely divided mercaptan with vigorous shaking. The silky needles 
of the potassium salt are washed with absolute alcohol and dried in a 
vacuum desiccator. It reacts quantitatively with iodine. (Found : 
K = 14*76 and SH = 24*89. C.H^ON^SjK requires K = 14-66 
and SH = 24>*81 per cent.). 

The dimethyl ether crystallises from carbon disulphide in colourless 
prisms melting at 172-73°. (Found :N = 21* 28. C 5 jIlj,ON 4 S 2 
requires N = 21-87 per cent.). The diethyl ether separates from 
dilute alcohol in colourless needles melting at 104°. (Found: 
N=19-99. C, jH H.ON 4 S 5 J requires N = 19-72 per cent.). The 
dihenzyl ether crystallises from a mixture of benzene and ether in 
rhombic prisms melting at 168°. (Found :N= 14*06. 
requires N = 13*72 per cent.). These ethers have been prepared in 
the manner employed in the case of the other jiurine ethers described 
above. 



The Oxidation of Tjiietuvlene Teteasitlphide 
AV iTH Potassium Pekmangakate 

liY 

Sill P. C. Ray 

The oxidation of triethylene tetrasulphido with nitric acid has 
been shown to result in the break up of the molecule with the forma- 
tion of the corresponding disulphonie acid. Kach of the sulphur atoms 
situated between a pair of carbon atun:s is converted into a sulphone 
while fission takes place between the two coi»tii;iious sulphur atoms 
with the formation of tin* snl phonic acid. It seemed desirable to 
study the action of a less drastic oxidisirn:^ ai^ent like potassium 
permanganate, which might be expected to yio]<l the corresponding 
tctrasulphone. This expectation has been realised. The suljihone, 
however, conbines with the manganous sulphate formed during 
the reaction and a stable compound of the formula ii 
L MnSO j, is invariably formed. It 

has been found to be very sparingly soluble in the cold but dissolves 
readily in boiling water. Ry adding barium cliloride to this boiling 
solution the corresponding compound with harium sidjihate is at once 
thrown down. By a similar treatment compounds with the sulphates 
of strontium and calcium as also of potassium and lead have been 
obtained. With silver nitrate a compound witli silver sulphate is 
formed. Corresponding double compounds with the sulphates of 
nickel, cobalt and copper have also been obtained by the addition of 
the respective chlorides. Peculiar interest attaches to some of these 
compounds, notably the combination of the sulphone with barium 
sulphate ; on account of its extreme insolubility all attempts to 
combine this substance with other compounds have hitherto been 
unsuccessful. But by following this indirect* method, however, an 
additive compound with barium sulphate has been secured. The 
sodium compound could not bo isolated in a pure condition by a 
method analogous to that for the preparation of the potassium com- 
pouE^d : a special procedure was therefore adopted. 
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In all these compounds the proportion of the respective metallic 
sulphate to the siilphone holds simple inteji^ral relationship. In the 
ease of the barium compound alone tlie components are in the simple 
ratio of 1 : 1 ; whereas they are in the ratio of • 2:3 in the manganesCi 
copper, cobalt and nickel compounds. The ratio is as 4:5 in the 
potassium, calcium, strontium, silver and lead double compounds. The 
sodium compound alone gives a ratio of 4 : 1 between sodium sulphate 
and the sulphone. 


RXriCKlMENTAL 

The OA'iilafion of Tneihf/lene Teti'^RHfphidt: with Avid Potimiuni 
Pvnnaui/aeate . — The tcfrasulphide was treated with a mixture of a 
concent rated solution oV potassium permanganate and dilute sulphuric 
acid in small (|uanti<i<*s at a time and heated on the water bath. This 
process was continued till there remained a di.stinct excess of the 
permanganate. The oxidation was coin])lcte in the course of about 
four to six hours. The excess of permanganate was removed hy pass- 
ing a current of siiljdiur dioxide through the mixture. The solution 
became hot, leaving a residue of the unacted tetrasulphide, the latter 
was filtered off and the II It rate concentrated on the water- bath to 
nearly half its volume. On cooling, a colourless compound crystallised 
out. This was filtered, washed with cold water and dried. (Found: 
Mn = 7-38 ; S = ‘38-88. 1 U ]> ^InSO^, fUIgO retpiires 

Mn = 7* 1 5 ; S = '29* i t per cent.). 

Cnldnw CutopoinnL — The manganese compound was dissolved in 
boiling water and a concentrated solution of calcium chloride added 
to it. A white crystalliue calcium compound was at once ju-ecipitated, 
which was filtered and dried. (Found: Ca~7*()9; C = 10*81. 
U[(C CaSO^ requires Ca = 7*l;3 ; C=10*04 per cent.). 

Sh'ontiiihf CowpoiUid . — This compound was prepared by a process 
similar to that used for the preparation of the barium compound. 
(Found: Sr=14*08; (’= 1100 . 4 f SrS 04 recpiires 

Sr = l l 31; C = 14-S0 i)er cent.). 

Jifiritfm Compound , — This compound was also prepared like the 
calcium compound. (Found: Ba= 23*21 ; 8 = 20*25. [(CjH 4 

S 4 O BaSO^-HyO requires Ba=23-18 ; S=:17*00 per cent.). 

heml Cow]u)und , — Lead chloride was dissolved in hot water and 
the solution added to a solution of the manganese compound in 
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boilin«‘ vvator. The precipitate was filfceretl, washed with hot \vater 
and dried. (Found: Pb=:*28-H5. l.V[ (CoU 4 ) 3 S 40 h]. PbSO^ 
retjuires Pb = 2B’-t1< per cent.). 

i^ilver Compound . — On adding a very concentrated solution of 
silver nitrate to a boiling solution of the manganese compound a 
white ]>recipitate was at once thrown down. (Found ; Ag = 20.()8. 
U [(C.,H^).. S^Oh]. AgS 04 letjuircs Ag = *29*8l per cent.). 

Coppf^t'y Cohalt uud l^ivkd Compomuh . — These products wen* 
obtained by adding a concentrated solution of the resj»eetivc chlorides 
to a concentrated solution of tin* manganese double compound in hot 
water. The mixture on concentration and cooling gave crystals 
which were llltered, washed with a little cold water and dried. These 
compounds are fairly soluble in hot water. The copper compound is 
slightly bluish in' colour. (Found : (yU = 9’0M ; S = 29'r)5. li 
CuSO,, -tllgO re(piircs Cu = 8r>8 ; S = :5t)-25. 
per cent.). The nikel compound is slightly greenish in colour. (Found: 
Ni = 8*.5r); S = 81H)8. ih [(C j, NiSOp retpiires 

Ni = 7*SS ; S = 3048 per cent.). The cobalt compound has a slight 
pink tint. (Found: Co = 8*23 ; S = 'M)‘28. 1 J ' (C._, ), 

CoSO, -4115,0 recpiires Co = 8*00 ; 8 = 30*39 per cent.). 

Pofossium Componuif . — This compound was obtained as before by 
adding a concentrated solution of potassium chloride. There was, no 
precij)itate while the solution was hot, l)Ut on cooling a erystalliue 
compound separated out. Found: K =28-57. l.| [(C., II 4 )..S ]. 

K.^SO^ retpiires K = 29-07 per cent.). 

Sodium Compound . — An aqueou.s .solution of so»lium carbonate 
was gradually added to a solution of the manganese compound till 
manganous carbonate was com|)letely^ precipitated. This was filtered 
and the filtrate concentrated to a small bulk. On adding alcohol to 
this concentrated solution a .syrup was obtained, which crystallised on 
keeping in a vacuum desiccator. The crystals were di.ssolveJ in water 
and reprecipitated with alcohol. (Found. Na=JS*.2(J; 8 = 25*87. 
i [(('.jll j, NajSOplIjO n-tiuires Na=I8-77 ; S = 20'l^ 

per cent.). 
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spherical particles. 

G. Summary and conclusion. 

1. Introduction. 

A variety of interesting optical effects are known 
which arise from the scattering of sunlight by droplets 
of w'ater suspended in the atmosphere and have been 
discussed by writers on meteorological science. A good 
account of these phenomena and a discussion of them, 
on the elementary principles of geometrical optics and 
wave theory is given in Humphreys’ recent book on the 
“ Physics of the Air.” The character of the effects de- 
pends on the size and number of the droplets, their 
situation relative to the direction of the sun’s rays and the 
position of the observer. Of these the best known are 
the coronas seen round the sun or moon when viewed 
through thin clouds, and the familiar rainbows with their 
accompanying supernumeraries. Less well-known but 
not of less interest are the glories or brocken-bows seen 
when a bank of fog or cloud is viewed by an observer in 
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a balloon or on a mountain, looking away from the sun, 
nearly in the direction of propagation of his rays, Jinally 
we have the very beautiful iridescent clouds, which are 
occasionally seen isome 16° to 30° from the sun. The 
object of the present paper is two-fold ; firstly to con- 
sider the explanations of these phenomena that have been 
so far advanccdj critically from the standpoint of the 
electro-magnetic theory of diffraction, and to point out 
in what respects they are inadequate or erroneous: 
secondly, to describe the laboratory studies which have 
been made by the writer of some novel and hitherto 
unobserved features exhibited by iridescent clouds, and to 
consider tlicir relation to the meteorological phenomena. 
A summary of the resrrlts obtained is given at the end of 
the paper. 

2. Coronas and Iridescent Clouds. 

G. C. Simpson' has advanced the very interesting 
theory that the iridescent borders and irregular patches of 
colour occasionally shown by thin high clouds some 
15° or 30° from the sun or more are only fragments of 
coronas formed by exceedingly small underc oled drop- 
lets of very approximately uniform size. The experi- 
mental study of the light-scattering by such small droplets 
accordingly acquires some importance, and it was with a 
view to investigating the theory of iridescent clouds and 
other related phenomena that the present work was under- 
taken. The following experimental arrangement u'as 
adopted which is essentially the same as that used by 
Mecke.^ The condensation chamber in which the clouds 
are observed is a round-bottomed flask, having a diameter 
of about 18 cm. and containing a little dilute alkali. The 
flask is connected with two stop-cocks one of which 

* Q. Jr. Roy. Met. Soc. 38 p 29. 

* Alin, der Phys. Yol. 61, 02, 65, 
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opens to the outer air and the other to a vacuum chamber. 
By momentarily opening the stop-cock connecting the 
chamb 3 r and condensation flask, clouds are formed within 
the flask by the adiabatic expansion of the air saturated 
with water vapour. The vacuum chamber is connected 
with a manometer to note the changes of pressure. By 
varying this change of pressure, clouds containing particles 
of any desired size could be obtained. The particles of 
largest radius obtained were ab3ut 8 ^ and the smallest 
about 1‘5 ft,. 

A 1000 c. p. tungsten lilament lamp is placed at a 
considerable distance from the condensing flask, and a 
beam of light from it focussed by the lens placed in 
front of it, at the centre of the flask. When the vapours 
condense, the track of the beam becomes visible as the 
result of the scattering of the light by the droplets formed. 
If observations are made in a direction nearly parallel 
to the direction of light, the eye being placed on the 
side opposite to that at which the source of light is 
situated, one can see vivid patches of colour in the track 
of the beam, red and green being the most prominent 
tints. If the droplets are large, these coloured patches can 
only be seen in directions embraced within a small solid 
angle, but as the size decreases, they become visible at larger 
and larger angles. The colour of any patch changes as the 
angle of observation is changed and the track of the beam 
through the flask shows different colours at the different 
parts for the same reason, that is, the angle of observation 
is different at different parts. 

Very small particles are obtained with small expan- 
sions at a very low pressure. With very thin clouds 
consisting of small droplets, the coloured patches could 
be seen even at a large angle (30° — 40°). The observa- 
tions thus lend an experimental support to Simpson’s 
suggestion about the formation of the iridescent clouds. 
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When the lens is removed from the arrangement 
described above and the eye is directed to the source 
of light through the flask, the coronas may be directly 
observed when a cloud is formed by expansion. In order 
that the eye may not be unnecessarily dazzled by the 
direct light, some opaque obstacle— say the end of the 
finger may be used to screen it from the direct light. 
This does not in any way interfere with the observation 
of the corona. It is found that with smallest droplets the 
central field is coloured, its tint changing with the size of 
the droplets ; only with larger droplets (larger than about 
2/* in the case of water) do normal coronas appear in 
Avhich the central field is white with a slight-reddish 
brown edge and surrounded by the usual system of 
coloured rings. Some measurements were made of the 
angular diameters of the rings, and the results obtained 
support Mecke’s observation — that except in the case of 
large droplets, the diameters of the rings show anomalies, 
the size of the particles as calculated from the simple 
formula for the different rings showing striking differences. 

That the assumptions on Avhich the ordinary theory of 
coronas is based must fail in the case of very small drop- 
lets becomes evident on csireful consideration. In the 
usual treatment the droplets are treated as opaque discs 
and the problem of finding the diffraction effect due to 
them is handled with the aid of Babinet’s principle. 
Actually, however, the water droplets are transparent, the 
rays of light which pass through them emerging as a 
strongly divergent pencil. If the drops are large, it may 
be assumed that the rays transmitted in a direction 
nearly parallel to the direction of the axis have negligible 
effects. This however is not justifiable in the case of 
very small drops as the rays passing through the drop and 
those diffracted at its boundaries or reflected at its outer 
surface then differ but little in path and hence are capable 
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of interfering with each other. • An attempt has been 
made by Mecke ( /. c.) to take account of these 
complications, and he has obtained a somewhat complex 
equation for the intensity of the light scattered by the 
drops. But Mecke’s treatment is not satisfactory as he 
uses elementary methods, the applicability of which in 
the case of droplets not many times larger than the wave 
length of light is certainly open to question. The 
problem evidently calls for a rigorous treatment on the 
basis of the electromagnetic theory. This is given below 
in Section 6. 

3. Glories or BrocJcen-hoics and Iheir explanation. 

When favourably situated, one may see rings of 
coloured light around the shadow of his own head, as cast 
upon a neighbouring fog bank or cloud. These coloured 
rings or glories as they are called have been explained in 
Humphreys’ book {1. c.) as merely coronas due to the 
particles near the surface of the cloud scattering light 
reflected from deeper portions of the cloud, in other 
words, that the effect is of the same nature as the ordinary 
corona but due to se(;ondary s(!attering. This explanation 
of the brockeu-bow has beeu discussed by llicharz' and 
by Obermayer," and that it cannot be accepted as correct 
is definitely shown by experimental observations made 
with artificial clouds. Using the arrangement described 
previously, if the eye of the observer be placed on the 
same side of the cloud chamber as the source and 
looking down very nearly along the path of the beam pas- 
sing through it, a succession of colours is seen along its 
track through the cloud. These colours also change as 
the angle of observation is changed, and the smaller the 
particles, the greater is the angle from which they can be 

* Mot. Zeit., 1908, 12 and 14 

« Met. Jjeit., 1012, 
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seen. The complete system of rings is obtained on 
illuminating the cloud with a beam of suu light and may 
be viewed in a perpendicular direction with the aid of a 
plane sheet of glass held at 45° in front of the cloud 
chamber, so that the observer’s head does not screen the 
cloud chamber from the illuminating pencil. The observa- 
tions prove clearly that the phenomenon under discussion 
is shown by every portion of the cloud and therefore really 
arises from primary scattering by the droplets of water. 

That the glories or brocken-bows arise in a way which 
is quite different from that of the ordinary transmission- 
coronas is proved by the fact that the sequence of colours 
in the brocken-bows and in the transmission-coronas due 
to cloud particles of the same size are far from being 
identical. The normal corona due to large drops shows 
a central white field with a brownish red margin sur- 
rounded by the familiar coloured rings, but in the 
brocken-bows, the arrangement is different and varies 
somewhat with the size of the drop. It is sometimes 
found that just round the central spot (which is the image 
of the source of light reflected from the first surfaee of 
the observing flask) there is a distinct minimum of inten- 
sity exhibiting colour, then the intensity increases, the 
colour being greenish white, bordered by brownish red 
edge, and then folkiu s the usual succession of coloured 
rings as in the coronas. It is sometimes found that 
round the central spot there is a clear maximum and then 
a belt of minimum intensity and then again a maximum, 
in other words there is an oscillatory distribution of 
intensity in the central field. Sometimes it is also 
observed that in the central field of the brocken-bow only 
red and green rings or belts are present in different inten- 
sities, whitish yelloAV colour being totally absent, while in 
the corresponding coronal rings, the central field is 
yellowish white or nearly without colour. 
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In order to understand how the glories are formed we 
have to consider the light which travels back towards the 
source from the droplets. This arises in two ways, (1) by 
reflection from the front surface of the droplets, (2) by 
two reflections and one internal reflection. When a 
plane wave falls on the spherical particles and is reflect- 
ed back at its external surface, the reflected wave- 
front is strongly divergent and as a result, it merely 
adds a little to the general illumination of the field 
and does not give rise to any notable diffraction effect 
But wave-front (2) formed by internal reflection is not 
so divergent as (1) and is limited by a cusped-edge, at 
which it is doubled back. See Pig. 1, in which wave- 


Via. 1 



front (1) is indicated by dotted lines and wave-front (2) 
by heavy lines. When the droplet is small, the path 
differences the between back and front of the wave near 
the cusped edge are very small. Hence we may without 
appreciable error consider the wave-front to be a simple 
spherical cap of appropriate radius. As a sufficient ap- 
proximation, we may assume the centre of this spherical 
cap to be the image of a point, placed on the axis at an 
infinite distance, produced by two refractions and one 
reflection. Wo have now to find in directions making a 
small angle with the axis back towards the direction 
of the primary source the aggregate effect of this wave 
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cap. The problem now is the same as the diffraction 
produced by a small circular opening in a screen on which 
light is propagated in spherical waves from a point 
source. We take as the axis of symmetry the line drawn 
from the source to the centre of the opening and it is 
required to find the intensity of illumination at any point 
P of a plane screen parallel to the plane of the opening and 
at a distance from the latter. Consider now the position 
of the wave front of radius a which fills the orifice. Let 
i he the distance of P from the axis of symmetry and b 
the distance of the screen from tne nearest point or pole 
of the spherical wave of radius a and then using the usual 
wave equation, the intensity of illumination at P* is 
proportional to 

m*=Q*(u,>+u.*). 

Ui and TJj are calculated by means of Tables of Bessel 
Punctions, where 










27r a + 6 27r ^ 

X 2a6 X h 

\y and where p=r 
radius of the orifice. 


The above series for U, and are used if z>y but in 
case when y>z 


U,+V,=sin y+y) 
-U,+V„=cos j(y+j) 


' For a detailed mathematical treatment of the problem see Gray and 
Mathews, Chapter XIV, Diffraction of Light.” Also Lommel. Abh. D, K. Boyer, 
Akad. D, Wissenoh. XV, 1880. 
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where 

The maxima and minima values oE are^ i^i jiise for 
which 

l-’=o 

The solution clearly gives that the maxima and minima 
arc obtained when either - 

J,(z)=0,orU,=0 

Curves for as ordinate, and Z as ahcissae are drawn for 
^=7r, 4ir, Stt, and 9ir (Figs. 2, 3, 4, 5) • 

Fig. 2 

2/=7r 

imi* 

n 
10 
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Curves for y=w, 5jr, and 9^ as given in Gray and Mathews 
(l.c.) and for y=4>r are drawn, the last showing M‘=0 when 
2 = 0 . 

From the above expressions it is easily seen that 

M*=0, when y=4?i7r 

where n may bo 1, 2, 3 etc. 

The curves clearly show the peculiarities of the 
brocken-bow mentioned before. Curves for y=^w and 
Qv show in the central field a belt of minimum 
intensity round the central spot which is clearly a maxi- 
mum, showing the oscillatory nature of the intensity in 
the central field. In the curve 2 ^= 4 ? (also as it would be 
in the case of Sir, 12ir and so), the central spot is of 
minimum intensity which only increases from ^=0 
to some higher values of z. These two important 
peculiarities observed in the central field are clearly 
explained, the outer rings of the brocken there showing 
clear maxima and minima as appears from the curves.* 
Some measurements w'ere made of the position of maxi- 
mum and minimum in the glory — rings and the results 
are tabulated below. Considering the experimental 
difficulties and the assumptions in the theory the results 
agree fairly well with the observations. 

BEN250L. 


Position of the maxiviiiui. 



Observed. 

1 1 

Calculated. | 

Observed. 

! Calculated. 

4w 


6'’*8 

1 

10®’2 

Ky’-s 

6ir 


8^-8 

ll°-5 

18°2 

Oir 

8° 

7"'2 

1 


10? 6 


* For detailed description of the curves, see Gray & Mathews (loc. cit) and also 
Lommel, Loc. cit. 
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WATER. 

Positicn of the maximum. 


y 

Observed. 

Calculated. 

Observed. 

Calculated. 

2*5ir 

101 

9-5 

• •• 

... 

3-67r 

7-4 

C-9 

irs 

12-3 

4ir 

65 

5-9 

9*8 

106 


Intensities and Polarisation of Scattered Light. 

Using a lens to condense the beam of light travers- 
ing the flask as in the observation of iridescent clouds, it 
is noticed that when the eye is moved from ^=180° 
(the direction of the transmitted light) to ^=0° 
(i.e., back towards the source), the intensity of the light 
at first fluctuates forming coronas as described before, and 
then becomes very small some-where about 90°. It then 
increases again at first slowly and then very rapidly at 
about 6 = dil®, which is near the position demanded by 
the ordinary theory for the primary bow. Particles of 
size 8^ were produced within the condensing chamber 
yet no trace of colour could be seen in this direction. 
This position is indicated by a short maximum. Evidently 
particles larger than 8^ are responsibile for the colours of 
the rainbow. The intensity of light decreases slightly to 
increase again as ^ is still further decreased ; the exact 
angles are however difficult to indicate and also the inten- 
sity does not fluctuate so largly as on the other side. 
But a slight fluctuation could be noticed. This suggests 
the formation of supernumeraries. With still further 
decrease of $, the glories are formed which are described 
before. These observations of the sharp maximum at 
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aliout d/4i° are also consistent with tlie ordinary theory as 
deduced by Airy, Pernter, Mohius,' and others from 
which it follows that the rainbow bands produced by 
very small droplets are not only broad, but also feeble, 
and as their colours necessarily are faint, they frequently 
are not distinguished, the bow appearing merely 
white.* 

According to the ordinary theory of the rainbow as 
deduced from wave principles, the supernumeraries should 
appear, the distance between the maxima decreasing with 
the increase in size of the droplets. It should be remarked 
however, that in the solution of the problem it is assumed 
that the wavefronts are necessarily unlimited or infinite — 
compared with the wave length of light — on both sides 
of the inflexion point. This is only valid in the case of 
very large drops ; but as soon as we come to sizes not 
excessively largo in comparison with the wave length of 
light, the assumed extended character of the wavefronts 
has no counterpart in reality and Airy’s method of treat- 
ing the problem ceases to be justifiable and a stricter 
investigation is called for. The theoretical treatment of 
this problem will be taken up in section 5. 

The coronas or iridescent clouds show no trace of pola- 
risation, and indeed the scattered light from ^=180° to 
0 = 45° (nearly) is practically unpolarised. At about 6 = 45° 
the light is polarised, the intensity of |1' component being 
greater than that of the J- ■■ one.* With further decrease 
in 0 the intensity of ||' component decreases and that 


^ Pornter— Metcorologischo Optik. 

Mobius — Ann. der Phj^s., 1910 and 1913. 

* Humphreys (Z. c ), page 477. 

® The 11 ‘ component is the component having the vibrations in the plane 
containing the direction of the incident ray and the direction of observation. The 
vibration is perpendicular to tho direction of observation. The ± coiuponont, has ’ 
its vibration perpendicular to the above plane. Tho vibration is also perpendicular 
to the direction of obser ration i 
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of the other increases, and we reach a neutral point 
at which the two intensities are equal. The two compon- 
ents are differently coloured, generally red and green,' 
the colour also changing as 6 is changed. Beyond this 
the ratio of the intensity of the two components shows an 
oscillation with varying 6, the oscillations being most rapid, 
with the larger particles (3/* or more). With the smaller 
drops in passing through the smaller values of 0, the 
colour appears sooner in the two components than with 
larger drops, otherwise the general appearance is the 
same. The polarisation of. the scattered light is thus 
practically confined within the region fl=0 ° to 45° and its 
oscillatory character is quite prominent. The difference 
of colour of the two components is perceived at the 
largest value of 6 within this range when the drops are 
smallest. 


Eigorom Trealmenl of Eiffmetion Trohlem on the 
Electromagnetic Theory. 

Let us suppose that a beam of unpolarised light fails 
on a spherical obstacle with its centre as the origin and 
also let the light travel in the negative direction along the 
axis of z. Suppose we confine our observation to a hori- 
zontal plane {i.e. plane containing Z, X) at a distance 
r from the centre, and making an angle d with the incident 
beam. If X, Y and Z denote the electric forces parallel 
to the three axes in the scattered wave, then the vertical 
component of the scattered light is denoted by Y and the 

horizontal one by . Love’s solution as corrected 

r 

and modified by the late Lord Rayleigh* gives the follow- 
ing expressions for the two components. 


‘ Proc. Roy. Soc. Vol. 84, Ser, A* 1010. 
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In these equations, fr= ?? , x being the wave length of 

the incident light, ft=.coHe and P. oi- P. (^i) is a zonal 
harmonic of degree n whose axis is the axis of z, Mod Y 

^ .V Y 

and Mod give the amplitudes of the two compo- 

nents and their squares give the intensities. M. and N. 
are functions of the size and optical properties of the 
spherical particles. The complete expression for N» is 

-KE._,(,)+ ;K-i( )+t-..W j 

and for M« 

'hnKV) 


i.iv ) 

The expression for M. is obtained by 8ul)stituting h 
the magnetic permeability instead of K. In optical 
problems we may take K=1 so that the expression for 
M. stands as above. 

K is the dielectric constant of the material composing 
the spherical particle, that of the surrounding medium • 
being supposed equal to unity. K may he substituted 
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for m* where nt is the refractive index of the material 
composing the spheres, relatively to the surrounding 
madium and v'=’»v 

1-3 5-7-9 (2« + l)f - 4)"®--’' 

\ r) (III/ V 

and 

E. =(-!)’ l-S-S-y ^ (2« + l) f - 4 y 

\ 7 } (tri / 11 

so that (v)=*. (v)~« 'I', (v) where real and imaginary 
parls arc separated. 

In the case of the water droplets ni is taken to be i 
or 1‘3333, the surrounding medium being air, K=^ | ^ 

It appears from the above cxpres.sions that arithmetical 
calculations with higher value of v or (ka) are very heavy 
and tedious, but in order to have an idea about the inten- 
sity distribution, calculations have Iwen made with ka= 
12, a very tedious piece of work so far as the arithmetical 
computations are concerned. 

In order to calculate the values of E.(i 7 ) the sequence 
formula was used 

E.+,= [E.-E..,] 

V 

starting from Eo and Ei. This method is satisfactory 
as regards the real part of E.(ij) but as the imaginary 
part tends to equality, any error that may creep in is 
multiplied at the next step by a large factor (2»+l) 
(2«+3). This difficulty may be overcome in the following 
manner when the convergence is good. We may 
calculate the value of ^.^and^,. by a straight-forward 
method very accurately. Having obtained them, we may 
then use the sequence formula in a reverse direction to 
find the lower values without any loss of accuracy. 
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The values of 4 ' and ^ were calculated for ka=\2 and 
tabulated in table I at the end of the paper. The 
logarithmic values of M. and N. are tabulated in 
table II. 

1 he quantities « p.'-(2n+l) P, or B, and 

^ n {n + l) n (,w + l) 

P.' or A, are functions of v and h. Their logarithmic 
values for ;«,= cos fl=0, ‘I, ‘2, *3, •4, 5, ‘6, '7, '8, 96, ‘9, '95, 1, are 
tabulated and the signs of A. and B. have to be changed 
properly in obtaining arithmetical values when e is 
negative.* 



Curves are drawn in Pigs. G and 7, representing inten- 
sity or 

(Mod y)‘ and ^Mod y 

Coronas : It will be seen that in the transmitted 
direction, the oscillatory character of the intensity of the 


Proc. Roy Sor., Vol, S-l-, 1910. 
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scattered light is most marked, showing sharp maxima 
and minima. Clearly these are the positions of the 

Fig. 7 



_L component 

normal coronas, described before. According to the ordi- 
nary theory, the positions of the maxima and minima are 

given hy tlie relation Sin^=’" ^ . Where these numerical 

values for the positions of the maxima and minima and 
compared with those from the rigorous theory (in the 
case calculated), they are found to differ by 5° to 6°. 
This discrepancy is to be expected as we have seen before. 
It is of interest to compare those positions in the case of 
perfectly conducting particles. Arithmetical calculations 
for such particles (^'«=9 and 10) have been made by 
Proudman, Doodson and Kennedy, (Phil. Trans., A, 
Vol. 217) on the rigorous electromagnetic theory. The 
positions for maxima and minima are taken from their 
paper and wlien compared with the ordinary theory, are 
found to agree very well within a few per cent. 
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Intenaitij of the scattered light : — ^When e decreases, 
the resultant intensity decreases rapidly till at about 
90° it is practically nothing, and sharply increases at 
44°, which is near the position of the primary bow. 
With still further decrease in ^ , the intensity fluctuates, 
showing supernumeraries. Ordinary theory gives the 
position of the supernumeraries for various sizes of the 
particle (see Humphreys’ book page 476). But for the 
size we have calculated ^*a=12, the position of the next 
maximum will be about 8° to 9° from the position of the 
primary bow, but according to the rigorous calculation 
it is about 14°-15° from that position. No such sharp 
maximum as demanded by the ordinary theory at such a 
distance could be observed. The intensity of the light 
slightly diminishes only to rise again. Accurate measure- 
ments of the positions of the next maximum could not be 
made, but the approximate position agrees better with the 
rigorous theory than with the ordinary one, thus showing 
the limitations of Airy’s theory. 

PolarisaiioH of the scattered light : — From the graph 
drawn, it is found that light is not polarised in the direc- 
tion of transmission nor is it polarised in the direction 
^±:180° to 45° (about). Ate =45° the polarisation can 
be detected and the best positions for detecting it lie 
within the region ^=0°to45°. This includes the region 
where the brocken-bow is formed and the rain-bow which 
is also polarised. These facts agree with what is actually 
observed experimentally. As a contrast the graphs for 
conducting particles with ka~9 and 10 drawn by 
Proudmann, Doodson and Kennedy^ may be referred to. 
It is found there, that light is only polarised in the 
directions where the normal coronas are formed and is 
unpolarised in the directions towards the source. (.Tust 
the opposite effect is observed with dielectric particles). 

* Loc. cit. 
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Summary and Conclusion, 

The paper describes experimental and theoretical work 
dealing with the following optical effects shown by clouds 
of small liquid droplets (1) coronas (2) glories or 
brocken-bows (3) white rainbows and (4) polarisation of 
scattered light. 

The following are the principal results. 

(1) Simpson’s theory that iridescent clouds seen at 
large angles from the sun are really fragments of un- 
usually large coronas formed by exceedingly small 
droplets receives an experimental verification. 

(2) The glories or brocken-bows seen when a bank of 
cloud is viewed by reflected light are shown to be an 
independent phenomenon due to primary scattering of 
the sun’s rays by the droplets and are not coronas due to 
secondarily scattered light as has been suggested by some 
previous writers. They are experimentally found to 
possess a character different from that of coronas. It is 
shown that they are due to the integrated effect of the 
whole wave-front having approximately the form of a 
spherical cap bounded by a cusped edge emerging after 
internal reflection at the rear surface of the droplets and 
the mathematical theory is worked out and shown to be in 
agreement with experimental results. 

(3) The light scattered back nearly in the direction of 
the source within the region ^ = 0° totf =46° shows 
remarkable alternations of its state of polarisation in 
different directions. 

(4) A rigorous calculation on the basis of the electro- 
magnetic theory shows that the elementary theory of 
coronas is considerably at fault in the case of very small 
drops and also that Airy’s theory of supernumerary rain- 
bows ceases to be applicable in the case of very small drops. 
It also explains the effects observed under (3). The 
theoretical intensity curves show at a glance the relation 
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between the various phenomena and the rudimentary 
development of the white rainbow even in the case of such 
small particles as 1 in radius. 

The investigation was carried out in the Palit Labo- 
ratory of Physics at the University College of Science, 
and the author is indebted to Fi’of. C. Y. Baman for his 
unfailing interest and suggestions during the progress of 
the work, and especially for his encouragement during 
the period of tedious arithmetical work involved in the 
preparation of the paper. 

Calcutta t the 23i'd July, 1922. 
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TABLE I 


n 


* 

0 

■070325 

- -044708 

1 

-0097117 

-018512 

2 

- 0083374 

•0027290 

3 

•00033404 

•0051628 

4 

•0037938 

•0010647 • 

5 

•0023783 

-•0028174 

6 

-•0014056 

-•0038550 

7 

- 0051239 

-0014052 

8 

- 0065843 

•0043382 

9 

-0032758 

•012882 

10 

•0091670 

•023669 

11 

•041730 

•036181 

12 

•13005 

•049981 

13 

■41397 

•064698 

14 

1*5437 

•080034 

15 

7-0485 

•095747 

16 

39 100 

•111654 

17 

257 Ot 

•127609 


18 


1959 2 


•143601 
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TABLE II 


n 

M. 

N. 

1 

1 

i •67700-1 -81631/ 

1-09819-1-67104/ 

2 

r69021-l-60272t 

1-08343-1-80029/ 

3 

i'6»040-I- 77007/ 

1-07032-1-51060/ 

4 

1-61610-i- 33923/ 

i- 09840- 1-07673/ 

5 

l- 67701-1-53764/ 

1-59653-1-28630/ 

6 

i -50442-1 -20403/ 

1-53365-1-13009/ 

7 

2-90520-3-81322/ ^ 

1-45291-2 94594/ 

8 

1 •30900-2-63725/ 

2 -50959-3 -01964/ 

9 

-i •33569-2-09340/ 

-i--«526-2-86341/ 

10 

-1-69896-1-70228/ 

-1-55001-1-45906/ 

11 

-I-69838-I67595/ 

-1-09888-1-70788/ 

12 

-1-69868-1 -71434/ 

-1-49990-1-94811/ 

13 

j. 63080- 1-38105/ 

1-53006-1-13602/ 

14 

2 ■ 65045—3 • 30165/ 

-2-75577-3-51296/ 

15 

3-71746-5-57494/ 

2-00150-4-00300/ 

16 

4-92540-7-85000/ 

3-85100-6-78210/ 

17 

4-03062- 

4-39923 

18 

6-09800- 

! 

6-52403 
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TABLE for (Mod Y)* and ( Mod ^ 


fizzCOfiO 

(Mod Y)* 

(Mod*^-*^ y 

100 

34 1 

34-1 

0-95 

21*2 

36-2 

090 

28-9 

38-3 

085 

34-8 

28-6 

, 0-80 

4-8 

15-2 

0-70 

24-7 

34-9 

oco 

101 

9*5 

0 50 

4-8 

2-9 

040 

112 

91 

0-30 

4-4 

3-1 

0-20 

49 

4-6 

010 

11-2 

10-4 

000 

21 

2-0 

-0 10 

G‘3 

7-1 

-0-20 

• 20- 1 

20-3 

-0-30 

17-5 

18-1 

-0-40 

06-6 

68-4 

-0-50 

20-2 

21-1 

-0-60 

94-6 

95-1 

-0-70 

52 0 

50-7 

-0-80 

179 9 

181-4 

-0-85 

163 -6 

164-8 

-0-90 

130 1 

132-1 

-0-95 

280-6 

232-1 

-1 00 

848-6 

848-6 




IV. On the Chronographic Determination 
of Acceleration of Gravity 

Bx 

Durgadas Banbiui, M.Sc., 

DemoHslmtor iit Phi/isica, 

Unicersili/ College of Scieiice^ Cafctilla. 

fuh'odi(clioH 

In his well-known investigations with the phonotleik, 
D. C. Miller' used a chronographic fork giving a very 
brief flash of light through slits attached to its prongs 
once in each oscillation which was registered on the 
moving photographic film and served as a standard 
against which the fre([uencies of sounds recorded on 
the film could he determined. A similar device has 
been employed for oscillographic determination of fre- 
quencies in instruments constructed by the General Elec- 
trical Company.- The merit of the arrangement lies 
in the sharpness of the line.s representing the successive 
flashes on the film which permits the measurement 
of their i-elative positions to a high degree of accuracy 
and so surpasses, for all (|uantitativc purposes, the 
method of recording the vibrations of a tuning fork on a 
smoked paper ordinarily used in chronographic work. 
Various types of instrument* have been developed using 
the chronographic or fall plate method for the determi- 
nation of tlie acceleration of gravity, but all of them 


^ D. 0. Miller, “ Science of Musical Souiuls. Mnumillaii, 1914. 

® Journal of the Franklin Institute, 10^2. 

® Cf. Brown’s or Edelmann’s apparatus, School Science and Mathcinntics VTIl, 
p. 387, 1908. 
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suffer from the common defects — in that (i) the resistance 
offered by the smoked plate to the style of the record- 
ing fork is uncertain and (ii) the computation of distances 
of fall from the wavy nature of the records is liable to 
much uncertainty — and so there are, in fact, serious 
drawbacks in all quantitative determinations of the cons- 
tant from measurements of time and the corresponding 
distances of fall. 

In the following investigation the acceleration of gra- 
vity was determined by dropping a photographic plate on 
which chronographic flashes were recorded by an elec- 
trically-maintained tuning fork as in D. C. Miller’s work, 
the frequency of the fork being simultaneously determined 
by direct comparison against a standard clock by the method 
of the sub-synchronons pendulum* developed at Calcutta. 


Theory of the Method. 

The vertical distances of fall of a body from the 

point of rest being represented by Sj, S,, S;, and 

the corresponding times of fall by t, t-i-T, t + 2T...... 

where T is a constant such as the period of a fork, the 
following equations connect the distances of fall and time 
with the initial velocity (u), if any, of the body and 
the acceleration of gravity acceleration at the place. 

S.=ut+lgt'* ... ... ... (1) 

S,=u(t+T)-Hig(t-hT)=* ... ... (2) 

S3=u(t-h2T)+Jg(t+2T)* ... ... (3) 


• For fuller information vide Prof, C. V, Raman and A. Dey, Proc. Roy. 
Soc., Vol, 96, 1919, also Durgadas Banerji, Proc. I. A. C. S., Vol. VIT, Parts 
111 & IV. 
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Eliminating u and t from the above equations 

P=S3-S, 

fji2 

-S3~S. ] ... ... (i) 

Where h = frequency of the fork, and Sg-Sg and 
Sg-S, measure the distances of fall in two successive 
periods of the fork. The equation (4) being true only 
for vacuum, a correction term due to frequency is required 
to be added to (4) for fall under atmospheric or 
reduced pressure given by 

, VxO_(X)1298 B 
7w 

where V is the volume and M the mass of the falling 
body : B and t the pressure and temperature of the air 
respectively. The viscous drag on the falling body 
which is independent of pressure but depends on the 
velocity is not such as to affect the results seriously in 
the iniHal stages of fall of a heavy body, and the. cor- 
responding correction may be left out of account specially 
in work under reduced pressure. 


Apparatm and Expei'hnental Procedure and Resnlla. 

Sunlight falling on a rectangular horizontal slit is focus- 
sed by a lens on a pair of fine horizontal slits - forming a 
stroboscopic arrangement— attached to the prongs of a tun- 
ing fork (frequency CO/sec.), so that, when the fork is not 
vibrating, a well-defined horizontal slit of light diverges out 
from the back of the slits. The stroboscopic slits may be 
made by fixing in juxtaposition the sharp edges of cut 
Gillete-razor blades so as to leave a slit of l/6th mm. width 
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in metal plates rigidly fixed on to the prongs of the fork. 
The light passing through the slits is focussed by another 
lens through a glass-window in a vertically fixed cast-iron 
pipe in which the photographic plate could he dropped hy 
electromagnetic release in a vertical plane containing the 
point of focussed light. The pipe is closed below and might 
be evacuated through an air pump connection helow 
after closing the top with a ground glass lid fitted air- 
tight by a paste'' of rubber grease and paraffin. A wood- 
en lid of the pipe fixed below the glass lid holds an 
electromagnet which could be operated from an outside 
switch and from which is hung, in.bifilar suspension of 
strings, a rectangular slide constructed so as to hold in 
vertical position a half sized photographic plate just 
above the point of focussed light in the same vertical 
plane with it. The exact vcrticality of the hanging slide 
was ensured by attaching counterweights on the back- 
side of the slide. The slide after being loaded and tested 
for verticality could be enclosed in a paper cover ivhich is 
taken out after hanging it in position in the tube. 

The procedure adopted in measuring the frequency of 
the fork accurately is to run in maintained oscillation a 
100 cm iron rod pendulum by an electromagnet in series 
with the interrupted current of the fork. The pendulum 
lieing hung in front of the standard laboratory clock, 
determinations of its frequency could be made each time 
before and after a record is taken, by noting the coinci- 
dence period — for the same phase of motion— of the reflec- 
tion of a bright source from the mercury bob of the clock 
pendulum and the shadow of the sub-synchronous pendulum 
rod cast on a tissue paper scale fixed so as to have the 
two amplitudes on it equal. The reflection of the slit o’f 
light being focussed on the tissue paper hy a lens, 

A snitable paste is made by mixing together 20 parts of India rubber, 
10 parts of greaie and 4 parts of hard paraffin oyer a slow fire. 
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computations of the coincidence period could he made to 
within a fifth of a second. Calculations of the frequency 
of the fork are made from the relation «=/»N where m 
is the constant frequency ratio (an even integer), and N 
the calculated frequency of the suh-synchronous pendu- 
lum estimated to have an accuracy of 100,000. 

In the measurement of the distances of the sharp 
edges of the records on the Adam Hilger comparator 
microscope reading to a thousandth part of a mm., the 
possible sources of error were the discrepancies due to 
random and systematic errors of setting the cross wire on 
the edges of the mark and. were sensibly minimised by 
taking a large number of settings on parallel lines near 
enough and taking the mean. The frilling of gelatine 
on the photographic plate was not such as to affect the 
readings to the third place of decimals. 


TABI-E I. 


Serial 

No. 


-2k, 

X 10* 

Calculated 

ajtpnrent 

g. 

Buojaney 

correction. 

Correct. 

g- 

Remark R. 

1 

3027001 

3232 

978*54 

0*23 

1 »78-77 


2 

3027008 

3232 

978*51 

0*23 

»78'7l 



3027*001 

3232 

978*54 

0*23 

97H-77 


4 

3020*115 1 

3233 

978*44 

0*23 

oo 

-is 

Plates under 
atmospheric 

5 

3020*001 

3233 

078*50 

0 23 

; 978*73 

j pressure. 

fi 

29o0'858 

3309 

978*42 

0*23 

' 978*05 . 


7 

2919*782 

3352 

978*71 

1 0*05 

978*70 


8 

1 2919*240 

3353 

978*72 

j 0*05 

j 

! 978-77 

' Plates under 

9 

2920*754 

3351 

978*74 

005 

97879 

pressuroB 15 to 
20 ems. 

10 

2919*782 

3352 

978*71 

O’OO 

978 77 , 



Table I gives a few typical measurements from plates 
for fall with air under the atmospheric pressure and when 
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reduced to 15-20 cms of mercury by a hand pump. The 
accepted value of g for Calcutta being 978*76, the results 
obtained are fairly correct to the first place of decimals. 
It will be noted that though the buoyancy correction has 
been reduced considerably, under diminished pressure, the 
viscous drag on the falling plate is not such as to affect 
the results to the first place of decimals, in pressures of 
air considerably reduced. It is hoped to continue the 
vi'ork in much higher stages of vacuum when a suitable 
opportunity arises. 

In conclusion, I have to express my best thanks to 
Prof. C. V. Baman, for the great interest he took in 
the work. 


University College of Science, 
Calcutta. 



V. On the Oscillations of Spheroidal Drops 
and the Phenomena of the 
Spheroidal State. 

By 

IIajknbra Nath Ghosh, M.Sc., 
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CONTENTS 
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drops. 

1. Calculation of the natural frequency. 
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3. Theory. 

Synopsis and Conclusion. 

Part I. — ^The Oscillations op Spheroidal Drops 
1. T.ntf'oduclion, 

It is well known that when the upper surface of a 
vibrating plate is covered with a layer of mobile liquid, 
the surface usually presents a beautifully crispated 
appearance, A full account of experiments on this 
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subject was given by Paraday in the Philosophical 
Transactions of the Royal Society, 1831, Another series 
of beautiful forms arc observed when, instead of a layer 
of liquid, we take a drop which docs not wet the surface 
and rests on it in the form, of a spheroid. These seem 
to have been first observed by C. W. Batdorf.' In the 
present note an account is given of the quantitative study 
of the vibrating drops. The natural frequency of 
oscillation has been investigated, and it has been found 
that the amplitude of motion must be taken into con- 
sideration in deducing the frequency. The relation 
between the vertical motion of the support and the 
horizontal oscillation of the drop has been determined. 
It has been found that the maintenance falls under the 
class of those under forces of double frequency as in 
the cases discussed by Faraday where the motion of 
the liquid surface is vertical. 

2. Experimental Details. 

In order to study the oscillation of the drops Prof. 
C. V. Raman’s Motor Vibrator “ was used Muth a slight 
modification. The rocking lever was made to vibrate in 
a vertical direction. Attached to this was a ivatch-glass 
which was capable of sliding along the rod and of being 
fixed in any desired position ; large variations of its 
amplitude of motion could be made by shifting the crank 
pin along the slot (see p. 447, Physical Review, 
Kov. 1919), and finer adjustments of amplitude were 
made by moving the watch-glass along the vibrating 
lever. The frequency of oscillation Avas kept constant 
by a sliding rheostat, atfd a stroboscopic fork. The 
frequency was kept constant at alwut 00 oscillations per 
second, and clean mercury drops rvere used. 

^ C. \V. Batdorf, Bliyaical Review, Dec. 1912. 

. “ i*rof- C. V. Raman, Physical Review^ Nov. 1910. 
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In order to measure the diameter and the amplitude 
of vibration of the drop, the following arrangement was 
made. Light from an arc lamp was reflected through 
the bottom of the w'atch-glass, and by means of a right- 
angled prism, an enlarged picture was obtained on a white 
screen by a good lens. This arrangement is suitable for 
showing the phenomena to a large audience, and for 
photography. 

When the support oscillates up and down, the drop takes 
the form of a peaked star, the number of star-points 
depending upon the frequency of vertical oscillation, and 
on the dimensions of the drop. The crests and troughs of 
the marginal wave succeed each other so quickly, that we 
cannot detect the different phases of the motion. Hence 
we observe double the number of star-points actually 
present. By changing the dimensions of the drop, the 
number of star-points may be increased, the frequency of 
vertical oscillation being kept constant. 

Plate I shows some of the star-flgures obtained. Pig. (1) 
represents a two-point star, photographed as a four-point 
one. The circular figure of equilibrium assumes an 
elliptical shape. The vibrating part of the drop is easily 
recognised by the half-shaded portion. A figure (not 
reproduced) shows a three-point star, the shape of the 
disturbed figure being an equilateral triangle. Pig. (2) 
shows a four-point star, the disturbed figure being a 
square. Pigs. (3) and (4) shows five- and six-point stars 
in which the disturbed figures are a pentagon and 
hexagon respectively. 

8. Betermimtkm of the frequency of the star-points. 

To find out whether there was any definite relation 
between the frequency of vibration of the star-points, 
and that of the vertical oscillation for different cases, 
an electromagnetic vibrator was brought in unison with 
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the vertical oscillation, and its movement and that of 
the vibrating star-point, were simultaneously photographed 
as wavy eurves. Pigs. 5 and 6 show simultaneous records, 
from which it is evident that the frequency of vibration 
of the star-point is half that of tlie vertical oscillation. 
In this way, when by varying the diameter of the drop 
the number of star-points was changed, it was observed 
that the above relation remained true. It was also 
noticed that the motion of the star points was not 
symmetrical and simple. The nodal points also Avere not 
places of absolute rest, but a slight regular motion was 
perceptible. 

4. Calculation of the natural frcquencij of oscillation 
of the star-points. 

I he motion of the star-points is practically confined 
to two dimensions, and then the calculation becomes very 
simple by llayleigh’s method of energy. Let us represent 
the radius vector at any instant in the form 

»0 + 2I “n COSM<^ ... (1) 

The potential energy duo to capillarity from the 
configuration of equilibrium is given by 

V=J JT T tt.« o ... (2) 

whore a = radius of the drop 
T= surface tension 
n = number of the star points 

The velocity potential of the liqpid motion is given by 

+ \ ^ + l 9 =0 

©r'** / dr T* 00* 


0=Ar" cos n 0 


( 3 ) 
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where A is determined from the condition 

0 1/' 0 r , 

Q-,wl.or.,-=a. 

The kinetic energy is l)y Green’s theorem 



■=J- p A* i( a*". 


On putting tlie value of A wo obtain 



( 4 ) 


From (2) and (1) the frequency N is calculated and 
found to be given by 


p(f^ 


(5) 


Formula (5) is only true when the amplitude of 
motion of the star points is small. Dr. Bohr ' has given 
a formula when the amplitude of motion is finite and not 
infinitesimal. TTis formula is given by 





an® . (^® 

KJft® 


I) “■ 


Nvl.cre 

p(l^ 


approximately. 


Erom (5) and (6) it is evident that the effect of the 
finite amplitude of motion is to diminish the natural 
frequency. Table I shows a comparison of the calculated 
frequencies from formulae (5) and (6) respectively. 


Pliil, Trail?. Royal Society, Vol, 209. 
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Tabm I 

Merctiry Bropa 

Frequency of the vertical oscillation 60 per second 


Number of 
star-points. 

Diameter 

cm. 

\ 

Amplitude 

1 

Calculated 
frequency 
from (5). 

Calculated 
frequency 
from (6). 

Observed 

frequency. 

S 

•51 

•08 

37 

29^6 

30 

4 

•71 

•07 

36 

31 -0 

30 

5 

1-0 

•05 

31 

29-1 

30 

6 

1‘08 

•08 

36 

29-1 

30 

7 

1-32 

•07 

34 

30-0 

30 

8 

1-42 

•08 

37 

30-0 

30 

9 

1*49 1 

•08 

1 

32-0 

30 


The frequency of the star-points should he about 30 
per second, and from the table it is evident that the 
calculated values for formula (6) are much greater than 
the observed values, while formula (6) agrees well with 
them. 


0 . Maintenance of vibration of star-points. 

The up and down motion of the support disturbs 
the figure of equilibrium of the drop. The simplest 
disturbed figure from a circle is an ellipse. This means 
that when there is contraction of the circular boundary 
in one direction, there is extension in another, and vice 
versd. As the support is moving upward, let us suppose 
that the liquid is also moving away from the centre of 
drop in a horizontal direction. At the instant when the 
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support is at the extremity of its upward journey, the 
liquid still moves outward on account of its inertia, 
stopping when the support is at the extremity of its 
downward journey. At this instant the restoring force 
is very large, and as the support moves upward, the liquid 
moves inward ; this inward motion comes to an end w’hen 
the support is at the extremity of its downward journey. 
This outward and inward motion of the liquid shows 
up as star-points. It is now clear from the nature of the 
motion of the star-points that the period of oscillation 
is double that of the support. It is also evident that the 
motion cannot be symmetrical since the inward motion 
is to some extent resisted, hence the oscillation curve 
of the star-point, see Eigs. 6 and 6, is asymmetrical. The 
curve also shows presence of harmonics. 

Part II. — The Phenomena op the Spheroidal State 
1. Inlrodiicfion. 

The phenomena of the spheroidal state of water 
engrossed the attention of the early physicists whose 
first object was to establish whether the drop of water 
touched the surface of the hot plate or not. This being 
settled, the question arose as (o how the drop is enabled 
to float on a cushion of its own vapour. In 1878, Johnstone 
Stoney* put forw^ard the theory of polarised stress arising 
from the difference of temperature of the small gap on 
its two surfaces. His expression for the stress S is given 
by 

91 . 

pt 

where Q represents the heat conducted across the gap 
per second, P is the vapour pressure, and T the absolute 
temperature of the gap. Q can be calculated if the width 
of the gap, its area, and the thermal conductivity are 

‘ British Absoc. Report, 1878. 
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known. Hence if Stoney’s theory be correct, the width 
pf the gap at different temperatures of the hot plate must 
be capable of calculation,* With a view to test this, the 
investigation of the theory of the spheroidal state 
was undertaken at the suggestion of Dr. Kaman. The 
experiments resulted in establishing a definite relation 
between the width of the gap and the difference of 
temperature between the hot plate and the drop, and 
some interesting facts were also noted concerning the 
gap and the star-form oscillation of the spheroidal drop. 

2. Experimental arrangements, 

A simple arrangement was made for the observation 
of the gap. The drop rested on a polished convex plate 
of silver u'hich was heated by a Bunsen burner, and is 
anchored by a fine wire held above it, to which the drop 
sticks Avithout interfering with tlio phenomena at all. 
A powerful beam of light from an arc-lamp passes 
through the narrow gap between the drop and the plate, 
and a magnified image of the gap is focussed by a 
camera lens on a screen Avherc its behaviour can bo 
observed. All superfluous light can bo cut off by suitable 
screens placed behind the drop. The temperature of the 
hot plate was noted by a thermo-couple soldered to it. 
The temperature of the drop almost remains constant 
at 95'6°C as has been shown by Batdorf,® hence the 
difference of temperature between the hot plate and tlie 
drop was simply obtained by noting the temperature 
of the hot plate, and subtracting 96°C from it. 

In order to study the variation of the width of the 
gap with temperature, the mass of the drop was kept 
constant by keeping the size of the image the same on 

* £eo also Maxwell’s expression ^or the polarized stress, Phil. Trans., 1879, 
p, 252. 

“ physical Review, Dec. 1912. 
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the screen. Careful measurements of the gap at various 
temperatures were taken, and a taVle was drawn up. 
It was found that the width of the gap wes definite at 
a fixed temperature of the hot plate when the size of 
the drop was the same. Table I shows tl e wic’ ths of 
the gap at various temperature differences U. 


Tabi.e I 

Size of drop kept constant at /•“7'5 mm. 


No. 

// in mill. 

D-'c. 

1 

1-25 

224 

2 

140 

804 


IGO 

400 

i 

1-50 

8(U 

5 

1*40 

804 

G 

1-25 

224 

7 

*75 

104 


In the course of these experiments, it was observed 
that a fine droplet when thrown upon the hot plate 
began to jump like an elastic ball. This led to the 
enquiry if the spheroidal drop actually oscillates up and 
down in a vertical plane. This point was ascertained 
by photographing the gap on a moving plate. The various 
phases of the gap were at once evident from the picture. 
It was found that the gap was not stationary ; hut opened 
and closed periodically. The rate of the periodic opening 
and closing of the gap depends in a compound manner 
upon the difference of temperature between the hot plate 
and drop and the size of the drop. Fig 7 in Plate I 
illustrates the periodic closing and opening of the gap, 
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the simultaneous record of a style attached to an elec- 
trically maintained fork making 60 vibrations per second 
indicating the frequency of the motion. Since the 
hot plate is stationary, the closing and opening of the 
gap must be duo to the vertical oscillation of the drop, 
the frequency of the latter being the same as that of 
the closing and opening of the gap. The asymmetrical 
character of the vertical oscillation of the drop is clear 
from the figure where the white space (when light passes 
freely through the gap) has a greater width than the dark 
space, i.e., phase of obstruction to light. 

It was found, however, that there are in fact two 
types of the spheroidal state. (1) In the first type (100“ 
difference of temperature, more or less), the drop is sta- 
tionary, no oscillation takes place, nor is any ripple motion 
observed on the surface of the drop, though convection 
currents may be visible. (2) At about 200° difference 
of temperature the drop begins to oscillate up and down, 
resulting in periodic closing and opening of the gap. Fine 
ripples appear on the surface, and vigorous motion of the 
drop sets in ; sometimes the drop takes the form of an 
elongated spheroid, moving bodily from place to place 
If this motion is stopped the drop takes a star-shaped 
form. Batdorf has given a complete study of these star- 
forms. The peaks of these star-forms vibrate in the 
horizontal plane, but on account of the persistence of 
vision the drop appears stationary. Stroboscopic observa- 
tion renders the oscillation apparent. The number of 
these star-points, i.e., the peaks observed is double the 
number that is actually present. The number of these 
star-points depends upon the temperature difference 
and the size of the drop. It was found that by slightly 
moving the burner, and thus decreasing the temperature, 
the peaks begin to decrease in magnitude, and then 
suddenly another pattern starts up, the size of the drop 
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lemaining nlmost the same. If vve keep the temperature 
constant, we obtain a series of forms in which the star- 
points diminisli in number, as the size goes on diminishing 
by escape of vapour from the gap and evaporation. 
Por the success of these experiments, distilled water 
should be employed, and the plate must always be clean 
and polished. To shirt the star-forms, sometimes slight 
coaxing is necessary. .'Vs soon as the body-motion of 
the drop sets in, it must be concluded that the drop 
Avill soon take up tlie star-form. By employing a shallow 
plate and a large drop, big star-forms are obtained. 

J{. Theorjj of SijheroUlal Stolo, 

A relation betueen 1) and A can be obtained on the 
assumption that the whole (juantity of steam formed per 
second escape.s from the gap according to the laws of 
viscosity, and that the radial velocity of steam is zero at 
the surface of the hot plate and at the bottom of the drop. 
^Vith these premises, we have the quantity M of steam 
escaping per second 


when' P denotes the exce.ss of presure within the gap 
over the outside, /. is the density and the viscosity of 
the steam. 'I’lie heat conducted across the gap per second 
is given by 

... (s) 

where K represents conductivity, and o the radius of the 
drop. Hence the quantity of steam formed per second 
is equal to 

= ... ( 9 ) 

h L 


L — Ijitent lieai of Hteam. 
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Equating v,3) and (5) ne hare 



Equation (10) which is dimensionally correct shows that 
h is proportional to D it' the term in the bracket remains 
constant. For the same si-^c of the drop, the term in the 
bracket is almost a con.slant ; from the observed values 
of h and U for a given size of the drop given in Table I, 
a graph was drawn with //‘ as ordinate and 1) as abscissa. 
The curve is found to be accurately a straight line. Hence 
the dilference of temperature between the hot plate and 
the drop is directly proportional to the fourth power of 
the width of the gap. '1 he ab.solute value of h can be 
calculated from (10) by assuming that the pressure inside 
is greater than outside, such that P. is (siual to the 
weight of the drop. The calculated value of h comes out a 
little higher, probably on account of the uncertain values 
of the constants in the circumstances, and moreover 
there is always evaporation at the surface. At any rate, 
we can regard equation (10) to be approximately true. 

We have seen that the spheroidal drop oscillates 
vertically ; the formation of the star-forms with vibrating 
peaks can now' be explained in terms of the vertical 
oscillation. Let us recall the behaviour of a drop of 
mercury resting on a w'atch-glass made to oscillate verti- 
cally discussed in Part I of the paper. The drop takes 
the form of a star with vibrating peaks, 'the frequency 
N of these peaks vibrating in the horizontal plane, must 
lie half that of the vertical oscillation N', tlierefore 

x=Nv, ... ai) 

and the number n of the peaked points is determined by 
(I " — =0 ' ... fl2) 

wlipre T i.s the capillary tension, p the rlensily ami a the racliiis of tlie 
limp. 

* Rfiyleijfh’H TIuvut of Sniiii.(1, Vol. II, p. nr)5. 
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Table II has been drawn up from (11) and (12) showing 
the values of N, a and n the numlier of peaked points. 


Tabi.k II 
II filer Dro/iK 


No. ! 

N 

f! fill. 

7/ 

1 

no 

• 71' , 

•1 

2 

100 

•72 

5 


■{on 

•n:! 

<; 

4 

no 

• 12 

• 1 

0 

100 

•57 

4 

(; 

:{00 

51 

n 

7 

i 

i 

• »0( ^ 

-.10 



It is observed from (1), (2) and (3) that for about the 
same size of the drop when the frequency of vertical 
oscillation is increased two times and three times, the 
number of peaked points increases from four to live and 
five to six respectively. For the same value of N, when 
the size of the drop is halved, the number of peaks is 
also halved, as .shown l)y (3) and (7). The number of 
peaks is approximately proportional to the size of the 
drop when N remains the same. 

Just as mercury drops are thrown into vilirating star 
forms by a vertical motion of the support, the same effect 
occurs in the case of spheroidal drops of water. On 
account of the vertical oscillation, the drop takes the form 
of a vibrating star. The frequency of these vibrating 
peaks being always half that of the vertical oscillation, 




44 


ll.VJEXDUA XATn RHOSH 


the number of the star-points is determined by the size 
of the drop. For a given size of the drop, when the 
temperature rises, the rate of vertical oscillation N 
increases, so also the number of star-points, as shown in 
Table II, and remarked above in the preceding paragraph. 
When the temperature remains the same, and the i*ate 
of vertical oscillation remains constant, the frequency of 
the star-points has the same value, but the numl)er of 
star-points increases with increasing size of the drop. 
But when the size of tlie drop is inereased to such 
an extent as to change the rate of vertical oscillation, 
the resulting change in the number of star-points is a 
complicated one and cannot bo calcidated from (12) as N 
is indeterminate, /.c., the function upon which N depends 
in the case of splieroidal drops of water, is unknown. 

The number of .star-points is always an integer. 
Hence, when it so happens that the size of the drop is 
such that equation (12) is not satisfied with ii an integer, 
fine ripples appear u])on the surface, vigorous motion sets 
in, till the size changes by (ivaporation and escape of 
steam from the gap, and equation (12) is satisfied. Then 
the star-form begins at once. These ripples and body 
motion of the drop are also observed in the case of 
mercury drops oscillating vertically when (12) is not 
satisfied. 


Synopsis and Concltt.sion. 

Part [ of the paper discusses the theory of the star- 
form oscillations of mercury drops resting upon a verti- 
cally oscillating glass plate. It is shonn that the 
frequency of horizontal oscillation is half that of the 
vertical oscillation. The presence of harmonics whose 
frequency is r2 times that of the vertical movement is 
also noticed. It is shown that the large amplitudes of 
motion maintainerl in practice have a very sensible 
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influence on the natural frequency of the drop and must 
be allowed for, and that they also result in a distinct 
asymmetry in the oscillations. 

Part II discusses the theory of the spheroidal state. 
It is shown that there are two types of spheroidal state, 
one in Avhich the gap between the drop and the hot plate 
is stationary, and the seconds type in which the gap opens 
and closes periodically. The second generally obtained 
when the temperature of the plate is high ; the drop in 
fact e.x:ecutes a vertical oscillation with a frequency 
which may he a few hundreds per second. If the fre- 
quency of vertical oscillation of the drop be approximately 
twice that of a possible horizontal oscillation, tlic drop 
commences oscillating in a star-form, in other cases its 
surface is merely thrown into ripples. It is shown, that 
for a given size of the drop, the fourth power of the 
width of the gap is pro))ortional to the difl’eronco of 
temperature betw een (he plate and the drop. A quanti- 
tute explanation of this result is given as due to the 
viscous flow of the steam outwards through the edge 
of the gap under the excess presure which sustains the 
M’eight of the drop. 

The experiments described above, were performed at 
the Laboratory of the Indian Association for the Cultiva- 
tion of Science, and the author begs to record his deep 
thanks to Prof. C. V. Itaman for his interest and help 
during the progre.ss of the work. 
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Geometrical Construction for the Limiting 
Centres of a Cubic 

BY 

GiiiiuDAs Buar. 

In my paper on “The Osoulating Conic at Infinity” (Bulletin 
C. M. S.i Vol. XT[. No. 4), 1 defined a limiting centre of a curve as the 
centre of a conic osculating the curve at infinity and proved the theorem 
that the three limiting centres of a nnhic with three real asymptotes a)e 
collinear. The following simple geonif-trical construction for the limiting 
centres of the cubic will be found intej*esting. It furnishes at the 
same time an elegant proof of the above theorem. 

Suppose the tlireo real a.symptotes BO, AB and AC meet the curve 
again at P, Q and R respectively. Then P, Q, R are known to be 
collinear. Wo sliall show that the corresponding limiting centres 
P', Q' and R' which lie on BC, AB and AC respectively are such 
tliat 

PC--=P'B 

QB=Q'A 

RC=R'A. 

[jet the equation of the cubic be as before 

(7j + a^ x—Pi) (?/— Ua '^0 + + + 

let A bo the origin ; B(y, AB and AC be the asymptotes 

2/=«i 

y=a, 5*5, 

and y=0 

respectively. If the co-ordinates of P, Q, R be (Xi, (X,, T,), 

(X„ Y,), those of P', Q', R' be (X/, Y/), (X,', Y.'), (X,', Y,') 

1 
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and those of A, B, C be (Xa, Y^), (X^, Y^), (Xj, Y.) we have 


x,=- 

Ifix+n 

1 

la^ +w * 

Y,= 

W)3i— Wttj 


Za^ +ni 

X, = ~ 

n 


Za, -f-wi ’ 

Y. = — 

«a. 


Zaj+w 

x,=- 

n 


m 

T,=0. 



Also (see my paper on The Osculating Conic at Infinity). 
X ttg) 

ttj (aj— a,) (la^+m) 

Y (Za, +m) + (ai— g,) 

^ (a^— a,) (/a^+m) 

X '= n(ai— tta)— /3, (/tta+m) 

(aj— a,) (Za,+w) 

Y '= (ai-~ag)""aa (^ ag+m) 

* (tti—a,) (iag+m) 

’ 

Y.'=0. 

Further 


X. =:0, 

Y. =0; 



T,=0. 
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Therefore 

X —X =— ^ -f- — yio-i — 

^ ttj (Za^+m) ’ 

X '—X = “"^1 (Za, 4-t>i) + (ai “-q^) (wa^ 

* a, (tti— a,,) (Zaj+wi) 

(la^+m) ’ 

or X,-X,=X/-X, ; 


and Y,-y,= , 

la^ +m 


V > V — +»^) + (ai— «») (naj 


(«1— «a) Ga^+m) 


Zttj 4" w< 


or Y,~Y,=Y/-Y, ; 
hence PC=FB. 


Again 


Xj-X, = - + 


n 

la^ +m 


n(ai —gg)— (/g, +m ) 
(ttj— a,) (Za,+w) 


Y ' Y — ““^-a) l^i (^®* ■4“'^^^') 

• (a,-a.)(Za,+m) ’ 

X*-X,=X,'-X«, 


and 


T,-y,=-55iA + 

tti-o. 


na, 

Za, 4-m 


n a, (ai— g,)— ttg Pi (Za , 4"^ ) 
(o,— a,) (ia,+w) 


Y '_Y — «a« (“i— <*,)—«»« Pi (Za, + 7I7- ) 
* * (®i— “«) (i“i+»») 


— +_£l_ 

“i— ®» 


“i— “» 
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or Y.-Y.=Y.'-Y.; 
therefore QB=Q'A. 


Finally X,-X, = - +^= , 


?Wtt, 


y f 1 j 


or X,-X,=X 3 '~X„; 

and Y,-Y^=0=Y^'--Y„ ; 

therefore RC = R'A. 


It follows that the three liinitiiig centres 1*', Q', R' are collinear, as 
P, Q, R are collinear. 

In conclusion, my host thanks are duo <o Professor S. Ariikho- 
padhyaya at whose suggestion and under whose guidance this papei’ 
was written. 



Note on Certain Properties of I egendre 

POLYNOMINALS OF THE SECOND TyPE 


BY 

K. Basu. 

§ 1 

A study of tlie second type of solution uf Lej^endre’s differential 
equation has recently been made by Prof. Nicholson^ who had to 

1 

evolnato the deliiiite integral I [y«(/A)]‘'* connection with the 

-1 

problem of two conducting disks : tlio capacity of an electrical condenser 
of this type depends on an integral involving Q functions. This short 
note is an attempt to iiivestigato into some of its special features with 
reference to the analogous behaviour of the function (/a). The 
function has been studied by Jjcgendre,* Schlatli,’ Heine/ Neumann/ 
Whittakar,” NicliolsoiP and others. Prof. Nicholson has established 
very recently certain irnpoi tant results of which 1 liave made use of 
the following : — 

1 

l (.M-) (,ii»i+2H + 2j ’ 

-1 

1 

('0 i (/^) l\. (I-) ’ 

-1 

^ Phil. Mag. Yol. 4a. Jan. 1922. 

^ Calcul Integral, t. II. 

■* Ubor die zwei Ueino’seheu Kugclfuuktiuiien (Bern, 1881). 

* Crelle, lid. XLll. Handbuch dor Kugelfunktioncn (Born. 1878). 
s ibid, Bd. XXXVII, p. 24. 

“ Modern Analysis, Chap. XV, Second ed. 

^ Loo. cit. 
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1 

(»«) j Q.„ (/.) P..„ (^) . 

0 

1 

W j* Q*».+ 1 (m) ^\n (/*) '^^=(2m~2w + l)T2m^ ' 

0 

1 

(v) J P, (/x) Q, (/a) dfi=0, in all cases in which and q are both 
-1 


odd or both even. 
(vi) Qam ^/a) 


^ ^a*+i (f^) 

Q (2m— 2w — 1 ) (27 h+2»+2) ^ 


( vii ) 


Qa^n+l 


> (^^+ 1 ) Pan (m) 

( 2m — 2w 4- 1 ) (2?>i H- 2?i 4- 2) ’ 


the last two foiiiiulae are convergent when fx is between 
exclusive. 


( viii) 

81A1 H 

1 

il 

V*.' 

s 

(x.) 

oo 

Q/aiii+i (p-) =— ^ 


(4?t4-3) (fi) 

a— 2n— i ) (2m4-2?i4' 

(4n4-l) P\n (h) 


+ 1, both 


§. 2. 

When a is a positive integer oi* zero, Q„ (fx) is defined by : — 

1 


Q» (m) 


= 2^-, la-**)" 


dt. 


1 1 


this gives ^ Q. (/i) t//t= ^ | (l—l*)' d/x 


-1 -1 


= - l + 

w («4*1) 

=0 or ^^tjn (w4*l), 
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according as n is even or odd. This was obtained by Nicholson by 
another method. The recurrence formula 

(n+l) Q.+i (/*)— (2n+l) /i Q. (/i)+nQ._,(,ii)=0 


gives /tQi« ('/t) = {(2m+l) Q,„+, (/t)}/47/i+l. 


or 


1 



(/i.) d/x= 


2 m + 1 
4m +1 


-2 

(2m-j-l) (2m +2) 


2m -2 

4m +1 (2m--l) 2m 


= [ _J_+ . J_ ] 

4?a-ft ^2m + 2 2m— 1 j 

= — l/(m— 1) (27a— 1) 


also 




1 

1 QsM+a W 'V 

-1 


+ 


2m -fl 

47a + 3 


1 

Qai.. W dfx=0. 

-1 


1 1 

f I 

that is I /xQ, (fl) d/jL= J^O, when n is odd 

-ll } — 2/f7i + 2) (7i — 1), when n is even. 

Again ( 7 i+l) (/a)-(274 + 1) (/a) + w/a Q«_, {/a)=0 
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Suppose n=2w, 

1 1 

(2?71 + 1) (/aQ2«+i fp.) — (4wi + l) 

-1 


j 

-1 


X 


(/*) rf/* 


1 

+ 2 to 

_1 


(/a) dfx=:0 


.L 

■■ I"’'’- 
-1 


(1^=0. 


Next suppose ?2=2??i+l 

1 

.(2m +2) 


~1 


(/a) d/i—(4m + 3) i (/a) (Jfi 


+ (2m + l) 


X 

-1 


X 


__(2m+2) -2 

(2wi+4) (27/1+1) 


-1 


(2m+l) -2 

47yt+3 (2771+2) (2?7?--1) 

1 ( 2771 + 2 2771+1 

4777 +8 I (777 + 2) (2777 + 1) (771+1) (2m — 1) 


Secondly take the recuiTence form ula ; — 


(m“— 1) Q'. (m)— »Q.- i W- 
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Suppose w=2m 

1 


thus 


i (m’—I) Q'«". W dii=2in i /iQ,, (jn) dfi— 2m, 1 Q,„_i 

-1 -1 -1 


=5i2m. 


-2 


— 2?/i. 


-2 


, — , 

(2m+2) (2m-— 1) (2m— 1) 2m 

= - 1 I 

2m— 1 I (m+i) m ) 




Next, suppose n=2m+l, 

1 


thus J f/t’— 1) Q',«+i 
-1 


(/x) ^/x=(2m+l) 


X 

^ MQs m+l 


(fi) dfi—(2m+l) 


X 

X I Q*™ (/*) c^/*=0. 

-1 

[-0, when n is odd. 

4/(w-f-2) (w— 1), when w is even 


1 


that is I (/X* — 1) (J'n (/*) 

-1 

Thirdly tile recurrence formula 

Q'. + I (M)~Q'n-l (/x) = (2«+ 1) Q. (/x) 
gives, Q'n-i (/J-)— Q '«-3 (/x) = (2?/.— Jl) Q,_a (/x) 
Q;.-3 (/.) = (2n-7) (/X) 

Q'n.« (./x)-Q'-7 (/x) = (2,^-11) Q,.„ (/x) 
etc. etc. 


•■•Q'.+i (ft)=(2»+l) Q. (m)+Q'.-i W 

=(2»+l) Q, (,4) + (2»-3) Q... (/*)+Q'.-, W 
=(2«+l) Q. (ai) + (2«-3) Q... M 

• -f(2w — 7) (P') + Q\-5 (/*) 

and BO on, until the last term is attained. 
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When n is even 

r;.)=(2w + l) Q„ (/x)^ (27.-3) (>) + ... + Q/ (^) 

When n is odd 

Q'.+i W=(2«+l) Q. U) + (2 h-3) Q,.. (^) + ...+Q„' W 

Now Q„ C/*) = J log 

II - -1 

q, (/.)=i,.iog /i±-J -1 

II— 1 


••■Qo' (/-)= 



Qi' (/*)=5 log 



Hence Q',+, (;i)=1 


(2n+l) Q, (ii) + (2n—'3) Q._, (/x)+... 

1 


+ • (n odd) 


}-(2h+ 1; Q. (/t) + (2)i— 3) Q._, + 

+ 2 log ^ .(jieven) 

/i— 1 1—n* 


§. 3 . 

O 0 (u.) — 5 (4'lt+ 3) Paii + i (ll) _ 

Q,™ W w,r ( 2 m- 2 n-l) ( 2 m+ 2 «+ 2 )' 


“ J4p.l-3) 

(2r-2i-lj (2>+2p+2) 


X 

•• |Q.«(/‘)Q.r 

-I 


(p) dp 


= 5 


r 4 t*+ 3 )’ 


«=0 {2«i-2»-l) T^»+2n+2) ( 2 r- 22 >-I) (2y+2p+2) ' 

1 


jp*.... 

-1 


{p) dp 


00 

^2 5 


4 » 8+3 


„^0 (2m-2n-l) (2w+2w+2) (2»— 2^-1) (27+2;;+2) 
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1 


Similarly I (fi) Q*r+i (/a) dfi 

-1 


=2 5 

n=0 (2m— 2ri-f 1) (2w + 2w-f-2) (2y— 2« + l) (2y+2w+2) 


X 

i. 


Q.« (w Q«r+i (m) 


4 >i +3 


=0j[>=0 (2jn— 2?i— 1) (2m + 2n + 2) 

1 

(/i) rf/i 


4jo4-l 


( 2 r — 2 p 4 'l) ( 2 r+ 22 )+ 2 ) 


j i ^»*+i 
-^1 


=0 


1 


Again from^P„ (/a) T\ ^//x= 
0 


*1 l/ 2 fi+l 
0 


_n/x 4 -v 


K-) 


... (A) 

(m=») 

(7/1— even) 

li! m.] 


2 "‘'^"”*(n— 7 /i) (;i 4 -m+l)' (v!)* (/x!)* 

( W=:2v+1 V 
or ) 

m:=z2fjL ^ 


1 

j 


Q«« W Qjr (/*) A\>- 


5 5 (‘V+Ji' 

«=0;)=() (2wt + 2// + 2; (2/— 2/(-l) (2/-+2p + 2) 


1 


Similarly, 


^ Qa w+i 
0 


(/^) Qar + i (/^)=0 


1 

(/*)<iM =0 

6 
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J. 

1 


Q.- (i^) Q.. 


(ti)dn 


; 5 5 (4»+3) (4p+l) 

w=0 (2wi+2»4-2_) (2?* — 2^+1) (2)*+22>+2) 


1 

X ^ Pj B + l MP % P W d/l 
0 


. Z Z (4»+3) (4p+ l) 

n=z023=0 2»— 1) (2w+2» + 2; (2?— 2^+1) (2/-+2^+2) 


„ ( 2j>)! (2 » + l)! 

2a("+i») (2?i— 2/? + l) [2n-^2p + 2) (n!;* (p!)* 

1 

Similar result for 1 Q...+1 W Q.f (/*) dfi. 

0 


Lastly, since 


1 


i P,- (p) P,- 

-1 

1 



(m) Q” 


( fi) dfi= 


^0 


2»+l 


t. dfi 


(n + m)! 
— m)l 


rzfsn 

r=:7l. 


^ ~ ~ (4n + 3) (4p4-3) 

'n=0y=0^^”‘~^”~^-> (2»i+2n-i-2; (2s— 2j3— 1) (2s+2y+2) 

1 

if+i (/*)<*/» 


^ i l*'^tii+i (/*) P'^ti 
-1 
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~ (4«+3)* 

(2m+2n+2) (26— 2»»-l) (2s+2n+2) 


y _2 (2» +l+r) ! 

4w-h3 (2n — r+1)! 


(r beinf< an integer). 


o 5 C‘in+3) ________ 

2m— 2w.— 1 ) [2in-i-2?i + 2) (2s — 2h— 1) (2s + 2ti + 2) 


y + 1)! 

( 2 h: 1 /.+ 1 )! 


Similarly. 


1 



M Q 


,.+i (/*) d/i 


- 5 

11=0 (2j»— 2)1+1') j2))i-i-2)t+2) (2.V— 2)6+1) i2s+2)/.+2) 


_2 . ( 2)6+r)l 

4?i-fl (2w— r)! 


_ S (4n + l) 

'”7i=0(^^''~2iz + l)(2m + 2^^ + 2)(2^~2n + l)(2^’+2» + 2)' 


( 2 H+r)! 
( 2 ??--r )! 


It fan be proved very easily from above 


1 


1 


Q' 


8 m 


-1 


(m) (/*) <l /*=0 


1 

i Q'.«+i (/“) Q'*- (/*) 



K. BASU 


14 


X 


Ml* <*/* 


-1 


=2 5 ,v 


4 w -|“3 


(2w+r+l)! 


(2m“2« — 1)“ ( 27 ?i-f- 2 ?i + 2)* (2?i — r+1)! 


X 


W]‘ 


-1 


=2 I 


( 2 n 4 ’ 0 ' 

(2m— 2n+l)* (2m+2» + 2)* (27i— r)! 


§. 4. 

If m and 7i are positive integers and m ^ u, Adam^ found out 


p. 0) p. (.-)= i ( 

7’rrO -^n + m-r \ 


271 + 2m — 4r + 1 \ p 

I 


2?i-f 2r+l 

where A„ = l'3‘5 (2?>7,— l)/m! 

The above can be written in the form 

P» (0 p. (■-) 


9 z + m 
q=:n-~m 


27 + 1_ 


A 


n + w-lV 


* 2 ' 


2 


A 


2 ' 


p, (^), 


n + ?n 

= 5 • [A] P, (0, 

qr=:n—m n, m, q 
where [AJ 

7<, 7 / 1 , q 

^w + g-m 

= 27 + 1 2 2 2 

m+M+3+1 ■ ■ ■" A,+.+, 

“2 


* Proc, Roy. Soc. XXVII. 
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whence. (fi) Q,, (^l) (/a) 

_ “ “ (4» + 3) (4p+3) 

n=0 p=0 (2m-2n-T)'(2m-|:2«+2) (2s-2;.-l)'(2s+2y+’2) 




Now P,.+, (n) P„+, (/i) P,, (/x) 


= 5 [A] . P, r,.) 

q^U’^m 2n + l, 2j9 + l, ^ 
w+m 

= 5 [A] 5 [A] P, (^), 

q=n—m 2w-hl, 2^ + 1, ^ /=2r--^ 2/*, / 

if 

This can be expanded by the scheme pointed out by S. K. Banerji.^ 


Also Q 2 m (m) Q.. Cm) Pj , (m) <^M 


. °° “ (4n+3) C 4 y+3 ) _ _ 

jj^Qp^Q(2)rt — 2» — 1) (2»i+'2m+2) (2s — 2p — I) (2s+2p+2) 


Cm) P.P+i (m) 1%. (m) 


Cm) P«p+i (m) Cm) 


A A A 

« + 2 p-a >• + « p+8_f-8 >» -^a r - 

2 "2 ' 2 
2?l+2p-f 2/- + 3 Aa^+gp+gr + a 

2 


2 Ap.|.r^, Ay — M— P — 1 

2w + 2jp+2r+3 A,+p;^+i 


* Bull. Cal. Math. Soo. Vol. XI, No. 3, 1920, p. 180. 
^ Banerji, 2oc. cit. 



If) 


K. BAStT 


I 

Similarly the values of Qiw+i (m) Qi* + i (/^) Par + I (a*-) 


] 


1 1 

Qa M+ 1 (/A) Q 

a • + ! (/a) ^'^ar (/a), J Q,m (m) Q a * + 1 (/^) Pa.^ (A*)» etc, 


-1 

can be written down. 


-1 


Proceeding as before the values of 


1 

I Q,n (/a) Qn (/A) Qr (z^), 

-1 

for all possible combinations of m, n, /•, according as they are even or 
odd, can be found out in the form of series of functions of w, n, and r. 



On the steady motion of a viscous fluid due to 

THE llOTAaTON OF TWO SPHEROIDS ABOUT THEIR 
COMMON AXIS OF REVOLUTION 


BY 

N'lUPKNDRANATir SkN, M.Sc. 


1. In a memoir,' Dr. (t. H. JelTory lias complciely solved several 
eases of steady moi-ion of a viseons fluid due to various rotating bodies 
ineludin»v the ease of two spliores rotating about tlieir lino of centres. 
The object of llie present paper is to present the solution of a more 
diHumlt pi’oblerii ri:. the jiroblem of the steady motion of a viscous fluid 
due to the rotation of Iavo spheroids, both prolale or both oblate, about 
their common axis of revolution. The problem has been completely 
solved first for two ]*otatiii,«^ prolate spheroids with no limitation as 
rc^aids their G(;centri(M( ies and central distance and the solution for tlie 
case of two rotatiup; ohlate sph(*roids has been deduced therefrom by 
suitable subsf itiitions. The success of tlic problem depends on a 
transformation theorem in Spheroidal Harmonics*-* proved in (8), (9), 
(10; and (11) of the present paper. 

Tlie pi’eseiit problem in its much simpler aspect has been attempted 
in a previous issue of this bulletin.'* The results obtained there are 
deduciLle as particulai cases of the general problem here studied but 
they are found to differ widely in many respects from the results 
deduced L’om those obtained by me. 'J’he reason foi* this difference 
is duo to mistakes in approximation in tliat paper on its author’s part^ 
which have been clearly pointed out and explained at leiigtli in 
(5) and (b) of the present paper, where the correct solutions of tliose 
problems have also been given. 

^ (3. B. Jeffery. — *■ On the steady motion of a solid of revolution in a viscous 
Iluid” — Proe. London Math. Soc. February, 1915. 

2 Also aeo Bibhutibhiishau Datta.— “On a transformation theorem relating 
to spheroidal Harmonics” — Tohuku. Math. Jour. Vol. 15, 160-171, 1919. 

=» Bijon Dutt.— “ Bui. Cal. Math. Soc.” Vol. 10, 431-63, 1918-19. 

3 
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Two PROLATE SPHEROIDS ROTATING ABOHT THEIR COMMON AXIS OP REVOLUTION. 

1 i_ 

2. Let (1— " (A-i®— 1) ® cos w;; 

( 1 -/^ 1 ®) ® sin ir; 

*» 

■'’a=^’a (l“/^9*) “ COS U’. 

2/9=^2 ■" W’. 

w 3 — /» j| /X 3 A 2 

be the two sysfonis of cc-ordinjites referred io the centres of the two 
spheroids as origin and j be the two systems of ovary 

spheroidal co-ordinates so that Xj=Xjo, X 3 = Xaj, on the surfaces of 
the given spheroids whose semi axes arc (Im {a^ > and a,, 

(gj > Ca) respectively. Also let .v=distanco between their centres so 
that > Gj +^a f^od w^, be their angular velocities of rotation. 

If (p, <1>, c) bo the cylindrical co-oi'dinato.s of a point, Dr. JeiVery' 
has shewn that rrz velocity in Die direction of </>, 

=/ (p, c) W'here r sin is a .solution of Laplace’s 
equation 

V* (i’ sill ... (1) 

and ^'—P\ (I— /a,®) " (X,®— 1) ’* 

overX,r-Xj„ ... (2) 

’•=P, (1— 1) “ 

overXa^Xa,, ... (S) 

The problem is, therefore, to tiinl an expression for r satisfying the 
conditions (1), (2), and (3) and the further condition r=0 at infinity 

i.e. Avhen X=oo ... (4) 

^ Jeffery— “ On the Bteady motion of a solid of revolution in a viscous fluid*® 
Proo. Lond. Math. Soc. Feb. 1915 . 
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Assume j>= S {A. I’,' (/a,) Q.* (A,) + lj, P, ' (/a,) 41.’ (A,)} (5) 

W = 1 

where A.„, are arbitrary eojistaiits. 

Evidently (5) satislios (1) and (4). To detcjriniiie tlie sets of 
eoiistantAS A„, B, so as to sati.sfy the boundary conditions (2) and (3). 

Now, it may be proved that 

f , (T (w + o") ! ^ I , I) . X I> o- , 

(-> ^r-\r) ! + («»+.)!'"' ^ ^ 

... (. 6 ) 

when and >aa 


where ( »i, //) = J 


=• j'M'r)-- 


^ ^ 'iJ ^ 


' " (2h.+1)!'* ^ ■' 

+ !!:(■&) I v.«.) 

H ~~ C ^ (I t' /i" ^ 

wherOfJi‘-*= * = -*« - *., « where Cj, arc eccentricities 

«i **i 


of the generating elli]»ses of the two spheroids and 


^ andI),/=;‘ 


/I 

For, I* Q. ( j ,,-o.s ^ „ ,/« 


= I Q« A, + ('/Aa*— 1) ” (Aj*— 1) “ CO.S (H — n)) C' 0 .s att (hi 


... (7) 


= 2ir (/A,) Q.*^ (A,) 1-08 O-IV 

(» + cr) ! 

with Hobson’s definition of associated Legendre’s functions. 


Whittaker — ‘Mod. Analysts’ 15’71, Exainplo p. 323. 



^0 


nripbndbanath sen 


Choosing 2;-axes suoh that z^=s~-z^, we liave 

^0 _ ^*1 (** — i nos n + iy^ sin n) 

k\ A'j 


Remembering ill at 


(^2+*-' 2 oos U’\-iy^ sill 


=(-)" 


m=0 


='■■*' (t 

(2w + l) P„ ( -' 


__ — r.»*i cos u—iy^ sin n 

— ix^ cos n — /?/j sill u \ 


Q.(^) ... 


defining as in (7), we have 




os (T H till 


2"|m 


(2m + 1) 


2.(2w + 8) 


i (2m + l) l’„ ( - '''" “ ) 

1=0 ^ *•. ^ 


.T-s 


4 * etc. [(;os (T n iJn 


— ^ 
m—0 


(«., ») (2m+l) " ^cos cr „ , 


( 2 m-|-l) <.,, (m, u) !>„*" (^,) P„'^ (A.) oos <r 


with Hobson’s definition of associated Legendre functions. 

‘ Todhnnter— “ The fiirictious of Laplace, Lame and Bessel ” ji. 88. 


... ( 10 ) 
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TT 

I r> / Zy—lA‘, COS — 17/, sin 7t) \ 

V I P» ’ j cos <r « 


du 


j 


rr I P„J — (/^i* — 1 ) “ (^ 1 * — 1 ) ^ 


=27r (-)^ p/ (/xj P,."^ (XJ cos 0 - w ... (11)' 

wifcli TToljsOn’s delinitioii of tlio associated Legendre Functions. 

.*. From (8) and (10), we have, 

P.*" (/-,) Q/ a.)= i C-) (*.i+l) C«., n) 


P/ (/^x) P/ (X,) 

witlj eitlier ITobson’s or Ferrer’s delinitioiis of associated Legendre 
P’litictions oi* with both the definitions siinnUaneoiisly always taking 

care to stick to the dennition or tlefiiiitions used. Thus if P„*^ (/x) 

be in Ferrer’s definition and Q„^ (X) or P„^^ (X) be in Hobson’s 
delinitioii, — which is usually tJie case the theorem (0) is still true. 

Substituting the value of (f^a) Q»^ ('^a) 
have 


S {A„ P/ (/xJQ/ (X,) 
a = l 


p II ( 7^+1 ) 

i->« ^ : 7“Y\ ''b 

»i=l 

Hence, from the surface condition (2*, 
r=h\ (X,,,*— 1)^ to, (1— (X,,,’’ — 

oo 


( hi , ii ) I’,,’ (/i,; 1’,,' 

1)“ to, 1’,' (/*,) 


(X.)} 


= ^ {A. P.* (X,„) 

7^ = 1 

-ii. I (2m+l)o,, (ttt, «.)!•„* 0^,)P»‘ (X.o)} 


* Whittaker — Mod. Anal. 15'7. 
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This musfc be true at evciy point of the surface of the spheroid A, 
Equating, therefore, the co-eflicients of tlie various zonal 
harmonics of /x^, 

h (Ko‘-h Q,‘ (A.„) 


—I 2 «(»+!}«., (1,«)P/ (X.„)B. ... (la) 

»t = l 


0=A,Q/ (X,,) 




;/ (w + 1) o), (?>,«) 1\* (\,„) B. ... (,1S) 


p <P + 1) „ = 1 

(^=2, 8, ... ad iuf.). 

The cori'osporidiiijT sol of e<jnation.s j'iviiii' B,, Bj cte. in Ici'ms of 
A’s fan be written down from symmetry from (12) and (18 1 . Thus, 


:1 


n H + 1) <Oj (1, h) P/ (A,„) A„ 


0=B,Q/ (A.,„) 


2p+l 


where *>. 


P (P + 1) M = 1 

(j)=2, 8, ... ad. inf.). 

1 

(m, k) = .i ^ ^ 


(U) 


(« + l) o>, (p, a) P/ (A,„) A. ... (15) 


r« 


=<-)■ 12^ [>'..■+ a-., £+3, i>..- 

+ etc.] Q„ (f,) 
... (16) 


n ^1 / ® D” 

k, ’ r, ’ ~ d„- 


The two sets of equations (12), (18) and (14), (15) are sufficient to 
determine the two sots of constants A,, A,, etc and B,, B,, etc., as 
will be shewn presently. 
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To determine A,, Aj, eto., substitute tlio values of B,, B,, etc. 
in (12) and (13) from (14) and (15). After a little simplification, 


Aj— 2 A,=ffi 

n=l 


... (17) 


A,— S d,, A,=dp (p=2, .‘1 ... ad. inf.) 
n=l 


... (18) 


where d. 


^n(n+l) (J^l) P/(A,o) 5 

?Mjj+i> Q, ■ (>;..) ,„=1 


(2bi + 1) (I) I (;i, w.) (I), (»i, )i) 


i’»' (K«) 




-■ ?,(p+l) tX,.,) (i, - (X,„) 

(,>=2, .3, ... ad. inf.) 


... (19) 


The coiTcs|)oiidin.i>’ cciuatioiis B|, B,, et(\ eaii bo vvi’iiten 

down easily from (17), (18) and (Ul) Tims, from symmoiry, 


B,- ^ e\, B,=f/\ 

7/=:l 


... ( 20 ) 


B,~ ^ 0i=2,:b ... ad iiiF.) 

■n = l 

where 0 ',,^ 


... (21) 


= !?. (’'.itl} ^ (2»4+1) w, (^<, 7u; 01, H/i, ») 

]> (p+i) V. (X,o) ,n=i 

P«‘ O-.o) 

Q»/ (Xio) 

ji I. ,,,, Pi' (^ 5 o) I •{ 1 . ,,. (1 1 , 1 * 1 * t^ao) P) ' (^lo) 

“» q;. (x,„) +" ‘ ti.'-(x,:)-tyr>-(Xi„) 

</' — ^ (2p+l) ^ , j, P, * (X,o_) P, ' (X,,,) 

7(;,+l) Q.> (X,..) y/ (X,..) 

(^7=2, 3, ... ad. inf.) ... (22) 
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The tlieory of solutions of the equations of this class has boon 
worked out by ITill,^ Poincare,® Vonkocti,® Teoplitz,** Hilbert,® and 
others. Hence, A’s and B’s can be completely evaluated and tho 
problem thus becomes determinate. 

8. The complete algebraic values of A’s and B’s thus determined 
are not much suitable for numerical calculations. But the constants 
may be calculated to any degree of approximation as follows : 

2-|u 


+ _ f.’ 

2 (2»+:{) 


l),,"'»+et.c.| (/,) 


\vliei-np,= h ,/,= - 

Ly I 


2"+* |ui \n + 



, «+ 1 
2 _ 
i + I 


'2,m + n 


7. 2 /• 2 \ + + 1 

4 - 1 4 - - 

2hi+:{ 2»+:w -- tiw+x s* 


l\* . 2I-, 

(2wi + :i) ( 2 «i + r)) (2m + :5) (2 h + 3) (2» + :’.) (2» + 5) 


1 ( it/ 

2-4-G:m+^/ (2»i+5) (2»i+7) 

: U\* -iki' If,* 

(2?/i 4-3} (2wi + 5} (2?i4-3) (2wt+3) (2?i+3j (2?t4’G) 


+ 


/.•/ 

(2»+;{) {2,i+:>) (2,1+7) 


\ +elo.J 


(substituting tlie value of Q,„ {t,^) and simplifying). 


(23) 


» Hill— “Acta Math. S, 1-30, 1880. 

® roiiicare— “ Bui. Soc. Math. Franco” 14, 77-00, 1880. 

® Vonkocti— “ Rend. Circ. ili Palermo” 28, 2.'35-200, 1900, 
♦ Teoplitz— Do. 28, 88-90, 1909. 

® Hilbert GoLt. Nachr.” p. 157-227, 1900, 
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Thus the lowest order of (w, n) is ^ - 
and therefore the lowest order of is ( - 

\ C( 


linear dimension 
central distance / 


ision \ 
mce / 

ision \ 
mce / 


and therefore the lowest ovdov of 0,. is T Y*'** 

\ central distance / 

putting w=l in (19). 

The corresponding expression for w, (m, n) can be readily written 
down from (23) by interchanging l\ and A*,. 

(A) If the spheroids are so separated that we can neglect the 
terms of the order ( \ and higher powers, we have 

\ ccuiii'cil Qis&fiiiC0 / 


A — (^lo) 


Ap=0, (p=2, 3, 4... ad. inf,) 


From symmetry , Bp=0 (p=2, 3, 4., .ad. inf.). 

Ql' (^2o) 


To this order of approximation, we have from (5) 


>=fe. rt'* vM 

I I O / 


htl v.^2 0/ 


... (24) 


(B) If the terms of the order ( 'j and higher 

' \ central distance / 


priwers are neglected, we have fi’om (17), (18) and (19), (23) 

A „. 1*1’ (^in) J-gL n ^ 1 * (^in) 

q;iYa— ) Q.Mx;-) Q.* (x.„) 

— Ife «• (^lol J.± 2 - JO (^ 10 ) Pi * ( ^.qI 

* Qi^lX") ‘ ’ Q,‘ (^.o) Q.' (^. 0 ) *“ 


A — t le P. * (A.,)P.» (Ko) fe.* 

* Q.^ (X.„) Q.* (A.o) s* 


A,=0, 


(p=3, 4,. ..ad. inf.). 
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The corresponding expressions for B,, B, can be written down from 
symmetry 


Bj=i, IP, 


P.* (Ko^ 
Qi^ t^#o) 


+ * *■« tOi 


P. » (X.o)P.> (X.„) 

Q/ (X.„)Q.‘ (Ko) 






P. * (X.o) P / 

Q. ‘ (A.o) Q.‘ (Ko) 


B,=0, 


(jj=3, 4,. ..ad. inf.). 


Hence, correcfc to 


( 


linear dimension 
central distaiice 


we have 


e=A, P,' (^0 Q/ (\,) + A, P,‘ (^,) Q.> (X,) 

+B. P/ (/..) Q/ (X.)+B, P.‘ (/.,) Q,> (X.) ... (25) 

where Ai, A,, B,, B, are given above. 

(C) If the terms of the order ( dimens ion \ 

\ central distance / 

powers are neglected, we have from (17), (18), (19) and (23) 


A, =1, tVi 


l \' (A.o) 
Qi* (^.«) 




+31-, to, (tf, (1, 1) 


P. » (X..)P/ (X., ) 

Q. * (^.,,)Q/ (^,o) 


=k, w. 


P. * (^ .o) 

Q. ‘ 


(1+5- 


P.* (A, «) P/ (^.n) 

Q/ (^.o) 


) 


+ A P.' (^.o)P/ (^.o ) fe. 
’ Qi* (A.o)Q.* (aVo) 




A,=d,=:^ fc, ir. 


• fe.* 

«* 



)] 


P.* (A.o) P.» (X.n ) 

Qi‘ (A.„) Q.‘ (X.o) 


A,=<1.=-^.- *, w. 


p.» (A,o)Pi» (X .J 

Q.‘ (A.c) Qi* (A, 7) ■ ■ 
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* CX.jQ/ CX.„) 

A,=0 (p=&, 6. ..ad. iiif.) 

The values of B’s can be written down from symmetry. Thus 

' * ’ Q,‘ (aV„) ^ q,*T^.„)qV‘ (^. o) ‘ ■ / 

P .» (X.J P,» (X,..-) k,jw, ,, , „ + Y 

Q.* (A.«)Q,* (Ko) ' ^ s*- ) 


i\' (Y^p,_Y{x^ 
Q,‘lYo)Q.*.(Yo) 


Bj — vj w'l 


P.'iY,,') P.,' (^,«) 

Qi^ (^lo) Qa* (^>o) 


2. s /. .1 
" 1 ” s 

s'* 




p.‘ a.n) P.iiM 

Q,’ (Ko) 


I-* h 


B, = B. = ...ctc.=0. 


Hunce, correct to 


( 


linear dimension 
central distance 


>■ 


4 4 

rr= ^ A. l\^ (/.,) (XJ+ 5 B, (X,) ... (26) 

91=1 n=l 

where A’s and IV:] are given above. 

In a similar way v can be ootained correct to any order of 
approximation, 

4. K {'.prcsslons for r in spherical hnnnomcs. Tlie solutions (24), 
(25), (26) etc. can bo expressed in spherical harmonics by the help 
of the following theorems. 
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From (8), we have, with Hobson's definitions of associated Legendre 
Functions 


(/*«) (^») cos o- w 

TT 

_ 1 l^^ + cr 1 ( + i «’4 COS M + iy, sin u \ 

- In:^ y‘\ k, ■ ) 


cos O' tt du 


4 'll (T n d 

® J (^a + ^a cos sin 7/)*+^ 


=2^ (-1/ 


|7i — a 

\n 


p/ (cos g.) 

«. *+l 


cos cr UK 


with Hobson's definition of 


Hence, (X,) (fi^) cos <r ir 

(n + or 2" |7l |w 
27r|» — o* * |2?7 4^i 



(7 .+ 1) (n -f2) 
2- (271+3) 


1 

11 + 3 


+ ... } COS (T U dll 


writing for (?, +^.Ca cos n + iy^ sin v) 


2* jn \n + (r 

= (-)^ A- 


!2?j. + 1 


. ( P.*" (cos 0,) 


*.» P.+, ^cosfl.) , , , 

• .5 — .V - ox +etc.} cjs f/ tr. 

«— o- 2-(277 + 3) r "+® ^ 


•(277+3) 

t.c. Q.*" (\.; p/ (/*,) 




2" [n j w + c7 


l. .+ , ( P.*^ ^'cos 

OT 


<?.) 


+ P.,/ (cos <?.) 

l «-«r 2 0+3) r,*+» ^ "• 


* Whittakor-mod. analysis, 16’61. Example, p. 320. 
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With Hobson’s definition of (X,) and Ferrer’s definition of (/x) 

and (cos 0) (extracting and cancelling the factor from both 
the sides). 


Also 


P/ (X) ^ ^ ^ (3p^TJ3p+^Y 

Q/ (A) rf 2^' (f,+l7e*?+> 

I «' <« 


n_ (p-^) ■_ fy-i) (y-2) (p- 3) (^^-4) 

^ 2(2p-l) ' ^ 2-4-(2^-l) (2^)-3) 


c*~-etc.} 


(1+ (P+2) (P+-) . (p+2) (p+3) (p+4) (p+5) * , , , 

^ ^ 2(V+3) ^ ~ 2-4' (2p+3) (2p+5) ' ' 


[•.•x= 


e being eccentricity] 


. (23) 


5. h\vm (27) and (28), fc. m. 1’,* (p.) Q.‘ (XJ 

=«, */;. [(1-4 ,-,«) (7 (^0 1 

?'l I’j J 

neglecting e* and higlier powers always. 

Similarly, fc, w, 

=..• [(!-! .■.•) + “Af ] 

'9 tl /j J 

Hence (24) gives 

(a-f.') 


+a, 
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If the equations of the sphei’oids be written in the form 
; =a P, (cos 

r=a' [l+^s i’a ^a)] 

evidently a—a^ (1— ) ; a'=r/g (1— ^ “ ^ 



Also, rtj'* (1 — 5 correct to Cj. 


(1—5 ^ ^ correct to Cj. 

5 + 5fi€„ 


, 5— €. 1\ ^ (cos^,) , , j. 1\' (cos 


(cos ^j) 




"izl* 

5 + 2c, 


l\,Mcos fl.) IV 


1>,* (cosV) 


(29, 


Under the above conditions r/:. ncglectinf^ c^* and higher powers 

and { ~ ^ and higher powers, this problem has been 
\ central distance / 

attempted in a previous issue of this Bulletin.' The solution for r 
obtained there does not contain the 2ii(l and 4th terms of the right 
hand side of (29). This is due to the omission, through mistake, of 

the co-eflicients of and (cos 0,) ^^Qi^rect to the above 

r,' r,‘ 

orders of approximation, — which is also obvious from the author’s own 
own calculations of those co-eflicients correct to higher appi'oximation 
given in his results (43) aud (44) from which the co-cfiicienfs of 

and are respectively 

' 1 'a 

3?c, a® Cj _ a'® (5— c,) c, 

“5--8cj “5^(5+^2 c 7)" ■ 5-8cj 

and 

3 ti\ tt'® €, ___ it\ a'® a® 5“”«i «2 

5-^8c, * 5Hf^€j ‘ 5-8c, 


Bui. Cal. Math. Soc. Vol. X, No. 1 ibid. 
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From these two the co-efllcionts correct to above orders of 

approximation arc respectively *1 ^ .— and ^ which are 

5 5 

identical with those obtained by me in (29). These cannot evidently 
be neglected in the expression for v correct to orders of approximation 
already referred to. 

6, Again from (25), Aj (ftj) (\j) 

-Ja- iKo) \ 

‘Q.MA.o) " ‘ ‘ (^.o) Q.‘ (A.o) j 

P,' (/‘.)xQ.‘ iK) 

=a,» «’» (l-S 'S*) (1-S «■.*)} 

S 7 ^ 


+ ?4i.‘ 

5 6*® 


neglecting and higher powers. 

Also, proceeding similarly Ag P,' (/x,) Qa‘ (AJ 


s* 


_3 v®»;’ «, p*' 


Sii.iilarly writing down the expressions for B, I’l’ (/a,) Q,* (X,) 
and B, i',' C/*.) Qa‘ 0«) f’’"'" synn'etiy. we Imve from (25), 

„=«.» {(1-S (l-« r.*) (1-Je.*)} 5-*.'-^ ' 

A * 1 

_ “lliV’ (1- >;■ r.*) a-? e,>) P.'_[£^'> 


, ' e. • , rt, ’ x P, * (cos a, ' o. » 

+ — Tr~ :r — rri ' ** 


1\» (cos^,) , 

7“^ 
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_V^«. (1_.-0,,.)(1_A,,.) Zilic^) 


, aj« e-* f a * . V P.*(co9^-) . a • a,’ 

+ -4-*- (».- «.) -t - 4 -*- «. 


p*' (costf,) , 

“5 — 


... (30) 


Then remembering that Ci*, €i «a» «»* and higher powers are always 

to be neglected, the co-efficient of a» 

r/ 5-f2€j 

* «* 5+26j'* " 5+ 2c, 

This difFers from the corresponding expression of Mr. Diitt which 
does not contain the last term, the omission of which is also due to a 
mistake in approximation on his part. This omissiou has, as I shall 
presently shew, affected the correctness of Mr. Dutt’s expression for 

co-efficient of ^’5 — ^}) as well. 


The co-efBcient of 

V S 






a® a'* ?r, 5 — c, 


('+ 7^, ) 


Theco-efficientof 

74 ® 8* 


=-^ ‘1 
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The last two results are identical with those obtained by Mr. Dutt. 
But the eo-efficient of — (?(;,— ?i-! w,) 

m 

^ 3o’ 10, _ 3a’ a'’ *, 5— e, 

5_8*^ - - "» 5_87; ■ • 

( V €^*, €i €.^ etc. and higher powers are to be neglected). 
The corresponding expression obtained ))y Mr. Dutt is 

rt® a'-'* o— c, 

b — SCj .s-’’ + 5 — S €, 


The reason for this difference is to Ins wrongly omitting the term 

j; .1 1 / linear dimension , xi* • j. .‘P,^ (cos^,) 

of tlio order ( — - - ) ir the co-efhcient ot > ^ —iJ, 

\ central distance / r,* 

For, according fo his notation, the equation 1 42) giving the co-efficient 

A, is 


W, n' €, = -{ — • €,-f€, 

a v* 


H, 


If A, be wrongly taken equal lo ic, 


fi" 


D-€, 

5-f 2e; ’ 


H ,=2 


IV ^ a •’ 

“5 


S . A., is obtained in the form obtained by Mr. Dutt. But if on 

5 + 2c, 

the other hand wc? take the value of the co-efficient correct to 

( \ which cannot of course be neglected coirect to 

\ central distaiuie / 

tbe order of approximation already referred to in the Case (B) i.e. if in 
his equation (42 ), 


A ^=7/’ I a* 


5 + 2c^ 


a'^ 5--c^ 

5 + 2€j 


= — ^ , we obtain 

5 + 2e, 


— 3 li — . 5 — il , which is the value 

5-8€^ s" 5-8 €i 5h-2c, 


obtained by me. 
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Thus fi‘om his own equation, vre get the correct value of the 

co-efficient of - ? — by using the correct oxpi'ession for the 
^*1 

co-efficient of ^ . 

^1* 

In a similar way other expressions for v may be oxpressetl in 
spherical harmonics by the help of (27) and (28). 


Two OBLATK SPIIKROIDS RoTATlNO ABOCT THKTI? COMMON AKIS OP RKVOLUTION. 

7. Let (l-At/)'' cos /r. 

«inir: 

; j = A* I A j ; 

r.^ =/»•'., (I— (A/'-fl)-^ cos^r 


(1— /i.,*)® (A,®-t-l ® sin ic 


I — 2 /^a 


be the two systems of co-ordinates referred to the eenti*cs of the tw(t 
spheroids as origin and tA^, ?r), (A.^, /Xj, ir) bo the two systems of 

planetary spheroidal co-ordinates. It is easy to see tliat if ‘ J be 

written for and /A for A in the prolate splieroidnl co-ordinates, 
the corresponding expressions for oblate splicroidal co-ordinates are 
readily deducihle. Hence, angular velocities etc. remaining same, the 


expressions for r in the present case are at once obtained by writing 

and /A for k and A respectively in the coi-i’esponding expressions for r in 
prolate spheroidal case discussed }>efore. 



4 

On Caustfcs formeb by Diffraction 


BY 

Panciianan Das, M.Sc. 

From the exaiiiiiiiatiou of various iliifraotion plates of the Fresnel 
elass, Frol, V. liamaiF arul Dr. S. K. Mitra*'® came to the conclusion 
that these patterns exliibil a imirked <*oiicentratioji of Iniiiinosity along 
curves agreeing generally in position and form with the evolute of the 
shadow, that slioiild be formed according to geometrical optics, of the 
diffracting boundary. They also observed a series of fringes running 
parallel to tlie curves of maximum luminosity and found in fact that 
these curves presented a marked similarity with the caustics formed 
by reflection and refraction. The new class of caustics here arising 
may be referred to as delfra(jtion (caustics. The object of the present 
paper is to discuss tlic theory of the foi'ination of these caustics and to 
place the same on an exact mathematical basis. Iii order to illustrate 
the subject, a photograph * of the <liffriW‘t ion -pattern of an one-anna 
coin, which has an undulating eilge, was also taken, vvdiich showed 
these <;austics beautifully. JJy assuming the equation of the boundary 
of the coin aforesaid, to be of the form 

1 1 H-c cos uO), 

a calculation of the distance between (^msecutivu fringes was carried 
rut and it was fonml to agree fairly with that actually measured from 
the j dates. 

The analysis is based on a paper by Rubinowicz. ' the substance 
of which may, for convenience, be repr<xluced here. 

All diffrjictioii problems lead to an ecpiation of t he fm’m ; -- 
V* + ''=0. 


* Phys. Bev. 13, lt>19. 

- Phil Mag. .July, HUB. 

•' This was first done by Dr. S. K. Mitr:), h>f*. i‘it. 

* d. Physik. Bd. 53, pp. 257-1917. 
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Let u (.f, tfy z) be a finite, differentiable solution of the above equa- 
tion. Then the surface-integral, 


1 ( V 

J (^) J ^ 9 ^ ^ ^ dn ) 


over any region vanishes or equals u. according as the pole of r is 

a 57 • 

without or within the region G, w'here u and ~ are values on the 

o« 

surface of Gr. 


Kirch-hoff assumes that on the shaded side of the screen S, the 
light-disturbance is 



where F is the diffracting aperture. 


If the source of light L, 
(fig. 1) be a point-source 

then «= " - - where p is 

n 

the distance of a point on 
F from L. Let K be the 
surface of the shadow-cone 
due to F bounded by the 
line B. 

Then the integi*al (1) 
extending over F and K. 
becomes the discuiitinuoii.s 
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which equals — in the region (directly illuminated) bounded by F 


and K, and vanishes outside. 

So, (“incident” u) is the 
which neglects diffraction. 

A 

Thu.s, on the surface K, ~ 

0w 

a / iKt‘ \ ^ / t#cr 

)=i ' 

Ow \ r J o>‘ \ 

(IK 1 \ LKr 

==V r - r 


disturbance of geometrical optics, 



j cos ( M, r } 


So from (2) ainl (3) we got for Kiivh-hofFs’ diffraction integral, the 
expression 


n:=u 


K 



P 


I cos fu. r) df 


... ■ (4) 


This is transformed into a line integral round the edge K. Call it 
diffracted ’’ //. For orthogonal surface coordinates, let us take 

p, and the section line <r of K with spheres p=const. If a linear 
element ds of B is distant p, from li, then (fig. 1), 


dfr= - sin (p,, ds) ds. 
P* 


.*, df=dpd(r= 

P» 


sin (p,, ds) ds. 


If r, be the distance of any point V fi-om ds, we have 

(p--pO*+‘^'’. (p—p») cos (/•,. p,). 
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also, cos (n, /;= cos (n, •//,). Thus, 
/• 

[*dv. sin (f),, fls) cos (?/, 


ft j-i 


oo 

j rfp (p+' ) ( 


I (p+>*) ts . 1 (I ( i 

IsowJ . </p=J - . - .. 


dp 

i 0+ i )' 


( IK «p+^') > , 

' ^ > • - t/r 


= i i . 'Jp 

(ip I > {r+p—p. +r. COK (r,, p,l]-r' 


Hiid 


i 

P. 

d 1 I 

dp {r-^p—p,+i\,c()H(r,,p,)}r /•'* 



d ( IK 1 _ _ I fjp 

j dp i i>' + p— P p + f*ns 0',, p,)]r ' 

P* 

^ IK {p,+l\ I 

r/-* ri+cos (/•,, p, )] 

Thus, u=:f{ 

^ I ( " cos (u, /’a j sin ( />, , (/«) 

tir I p, /’, {l + oos (/*,. ^i/)| 


riie diffraction wave due to the (dement ds is then 

sin (p,, ds) ds 


1 LKp^ LKt\ 

" -tir p, 


/•, 1+cos (/•,, p.) 
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We shall suppose that both 
the source and the screen are 
at larp^e distances compared 
with the maximum diameter of 
the diffracting aperture or 
obstacle. In oi-der to evaluate 
the integral of (6 j for the most 
general boundary wo shall have 
to effect some led actions and 
simplifications. 

Let the equation »)!' the 
boundary referred fo the 
tangent and normal as axes, 
at any })oint 0, be 




If the screen be hold parallel 
fo the aperture at m <li.stnn<‘<* 
//, the coordinates of any point 
P on the line of interseel ioTi of 
the screen and normal plane t(j 
the boundary curve tlirough 0, 
ai*e (0, K, /?) say. 




Through P draw PP' in the plane of the screen parallel to the 
tangent OX. liot the angle POr'=0, whore 6 is small. Then wo 
have 

0P* = P*-f and 0I>=/, .say. 


Then 0P'=Z sec 0, and PP'=/ tan appi'oximattdy. 

'riie cool'd i nates of M are (.p, y, 0) ; those of P are iW, H. h). VV'e 
also have 

MP'*=( 

=/* + 0c-.Z^)»-2R(6..Mr “...) 

.\MI''=Z{1+ ^ I approximately. 
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Let the source of light be Q, (.»*o, yo» ‘o^- 
Then 0Q» =(.j*o® + r,,*)=L*, say. 

And MQ* = (ro-i)* + (yo-y)* + 'o* 

= L* — +c,rj® ) + .» *. neglecting higher powers 

of .r than tlie cube. 


Hence + j . 


Therefoi-e, 


MQ + MP' 


2/ 


+ 2 1' (6,v>+c,i:»)}. 


With an object in view which will be seen latei* on. we equate the 
coefficients of and < * to zem : thus : — 

... ( 7 ) 

and + bz^'‘ =0 ... (8) 

I 1 j 

Thus the point P' (W, R, h) is d^derniined uniquely with reference 
to the origin 0 by the equations t7j and (8). If we now regard 0 as 
ta variable point on the boundary the corresponding point P' describes 
a curve loons. We shall first show that this tuirve locus is approxi- 
mately the evolute of the geometrical shadow of the boundary. 

Let the point N ;</^ -*) be the point on the geometrical shadow 
of the boundary (roiTOsponding to the point A'l (.c, y, 0) and let 0' 
correspond f.o the origin 0, on the boundary; then we have 



Eliminating .»■, y with the help of the equation 
yrzbu* 4.c.» s + we get 

y'z, + hy„=b + (■ L ^o. +hoo)' +... 

» + h ^ (»o+A)’ 
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Substituting ^ , and y'=i]— , we get 


This is the equation of the geometrical shadow of the boundary 
referred to parallel axes on the screen, of which the origin is 

(— ^ reference to original axes. The form of (9) 

^0 *0 

suggests at once, that the ^—and ij—axes are the tangent and normal 
to the geometrical shadow of the boundary at O'. 

Ijet the coordinates of the centre of curvature at 0' referred to 
and 1 ^— axes be (0, Ri), where Ri=radius of curvature at O'. Then 
from ' 9), we easily see that 


it ,= I (1+/} ). 


Hence referred to the original axes, the cooitlinates of this centre of 
curvature arc 


’ 9J, ■ r ’ 


' ’ 2ft 2h:„ r., ' 

Now, if we regard .<’o, as small co.npared with so that 
li=rg, and /=/£, appn)xiniately these coordinates luiglit be written 

/ IjSn 1- I ^ . 7 \ 


/ IJSo A 4- 1 . — i . 77 h) 

^ fj ’ 2ft 26 h 


Calculating the values of 0 and R from (7) and (8) respectively, 
we see that the point P' given by (f6, R, h) and the centre of curvature 
at 0' are identical. Hence, the locus described by the point P' as the 
origin is shifted, is the evolute of the geometrical shadow of the 
boundary. 

We now proceed to show that the locus of P' traces also the general 
outline of the region of maximum intensity in the diffraction pattern. 

The light-disturbance du from an element ds of tlie boundary is 
given by (d). Let us discuss in detail and calculate the value of du 
for the elements of tlie boundary near 0 at the point P'. 

If we expand du in terms of the element dg or rather .r, and retain 
only a few terms of the expansion, we shall find that the change iii 

the periodic factor will be psti'emely rapid, wliile the 
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changes in the ofcliei* factors are negligible, as f varies slowly. Thus 

we shall look upon ^ as the only variable Tacior and the rest 

as constant. 


Now let p, + >',=0(, + aj 
2t 

Then since A'= -- . where X i.s the wave-lengtli we have. 

A 

* 

(p. ^x X X 

If X or .» * be of the same order of magnitude as X, then the above 

expression changes extremely I’apidly with .r, and thus c 

being an oscillating function, will, on being integrated witli refereruie 

to .r, have in general an inappreciable value. But if =03 =0, then 

and the highei' powers become negligible, so that ^yjjj 

have a constant value correct to the order of , and tlic integral will 

have an appreciable value. This fact lias an important bearing on 
the formation of diffraction patterns. 

If P', instead of being uniquely determined with reference lo the 
origin by (7) and ( 8 ), were any ])oint chosen at random near P' as 
detennined by (7) and ( 8 ) then the constants Uj, a.^ would not in 
general be zero, and hence tiu \vould not have an appreciable value at 
P'. But if P' is determined by (7) and ( 8 ). the value of <ht is appre- 
ciable there and is in fact a maximum. Hence the locus traced by 
P' as the origin is shifted will be one of maximum illurninatioM in the 
diffraction pattern. But w^e liave seen above that the locus of P' is 
the evoliite of tlie gcouietrical shadow of the boundary approximately. 
Ilencc the diffi action jiattern exhibits a .strong illumination along tlie 
evolute of the shadow of the boundary of the diffracting aperture or 
obstacle. 


We next give a tlieoi*y of the diffraction caustics that are formed 
close to the pimninent lines of the pattern. 

Instead of determining the point P' uniquely with reference to the 
origin, let us now abolish the condition (7) hut retain ( 8 ), so that the 
position of the point P' is a function of the small angle 0 occurring in 
fig. 1. Then we can write du thus: — 


da=A p 


</.• 


IK (p,+r,) 
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(MQ+MF) 




1 )!.<- 


= A' «"* + /*■'=’ dr. 


... ( 10 ) 


In order to integrate this we assume, as is generally done, that the 
influences of the elements of the boundary at an appreciable distance 
from 0 annul each other, and integrate the expression between +oo. 
Thus, 


oo 



— oo 


( 11 ) 


This is the well known Airy integral, and its properties have been 
discussed by Mascart.^ Me shows that as a is varied a senes of 
brilliant fringes appear, separated by dark intervals. Obviously a 
is a linear function of 0 and varying 6 means studying the light- 
disturbance in the neighbonrliood of the main diffraction pattern. 

An examination of the boundary of the shadow of the coin shows 
that the part of the waving contour between two successive points of 
inflexion may ha taken as a small arc of an ellipse. The part of the 
diffraction pattern corresponding to this element is easily seen to have a 
cusp just like the evoliite of an ellipse. 

In order to have a rougli estimate of the spacing of the caustics 
we may assume that the equation of the boundary of the coin is of the 
fo'*in : — 

r — a ( 1 + € cos hO) 

where c ‘S small and /) = TJ. 


'Po (ifcteriniiie c, tin . maxi muni and minimum diameters of the coin 
were measured by means of callipci’s and flic valiu's of a. and c were 
calciihited from tlicso values. 'Pliiis, 

2n (l4'c)=20*6 Dim. 

2n (1— c)=19’5 mm. 

whence a = 10 0*2 vim. and c=*0*27 approx iniately. 


Traito d'Optiqao. Torn© I, pp. 39.1*4. 



44 


panchanan das 


Now in order to evaluate the integral (11) for the above boundary 
we have first to find the equation of the curve with reference to the 
tangent and normal at any point on the boundary as axes. 


Now we may regard the curve as a superposition of the displace- 
ments and where as a function of x represents the equation 
of a small are of a circle with reference to axes parallel to the tangent 
and normal at any point and y^ as a function of x represents the usual 


harmonic curve with proper dimensions. Thus let 


and y, =— a£ cos n 




yT+/=^ 


Then y=j/,+y, = — r+g*) 


-«.{co8 (1- )-sin ( .«i- )] . 

= — /-fy*— ac cos i +M€ sin w^o)*+ 4 T*( 1 +^** < cos u^o),c* 

\ Cl uCl 


_ n‘ € sin H$„ 

“ * 

Now let the values of / and ij be so adjusted that the absolute term 
and the term in x vanish. 

Thus y=6.T5* 

where 6=^- • cos nS,,) 

- sin nOn 

and c = - . 


The integral, we have to study, is 

or taking the real part only, the expression under the integral sign, 
is 

coB{/f(5+^ T^lf ’ 
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Put 


It 

2 


“’=Kt 



n 


and 



Then the above expression becomes cos g (w®+:w), which form has 
'been exhaustively studied in Mascart’s book. It follows that 




V ? +2^ 

U* \ l.h J 


2^ 

We remember that Arr and it follows from (S) tliat 
A 


l ^li 2b V /. ^li / 


Thus 



If the first two maxima coiTespond to the values 6 ^ and Zi, 
respectively, we have 


* a - 3 


(i + n 

326 V / L / 


If d is the linear distance between these two maxima, then 

== f , approximately. 

I 

The values of and (Mascart) corresponding to these values are 
5*14 and 3*47 respectively. From an examination of the pattern it 
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was estimated that the pomt on the boundary for which the value <1 
was actually measured corresponded to the value 71 ^ 0 = 
mately. If we now measure everything in millimetres, then 

X for yellow light =‘000587/t7u. 

/=1330, ri=20rA h- % c=-3G. 

Substitution of these in the formula readily gives 

/Z=:*r)6 mm. approx. 

An actual measurement of d was carried out by means of a travel- 
ling microscope and the mean value Avas about ‘ihiun., thus giving a 
fairly good agreement betiveen calculated and observed values 

My best tbaiiks are due to Professor 0. V. liaman for his continual 
help and active interest in this paper. 



ThK (jrKNKKALIZEl) ANfiLK CONCEPT 


BY 

Dr. l^iiiLip Fkanklix. 

Ill 'a paper entitled “ On tlie Ani^le-Coiicept in a-dimensional 
Geometry ^ S. Ganguly suggested the problem of studying the inclina- 
tions of two A-spaces in an ?i-space (A-<a), and gave a complete dis- 
cussion for the case A==2. In this paper we shall extend his results to 
the general case, and incidentally develop some relations concerning the 
the volumes in the /r-spaces. 

We shall obtain our results by ihe use of tensors, and shall accord- 
iilgly recall the necessary delinitions and elementary pi'operties. In a 
Kuclidean n--space, the vecdors drawn from a fixed point form a set 
linearly dependent on n independent ones. We start with one such set 
and call them the unit vectors, although they need not be of 
the same length or at right angles to one anolher Avhen interpreted 
through a Cartesian system in the ordinay way. A second set of unit 

vectors (cj ..e„) will be related to the first set by equatiors of the 
form : 

(1) ■ =SA;>, or 

A: 

a. we shall in fiitme omit the summation sign, it being understood for 
all indices whicdi ap|)ear twice. To obtain the new eorn[)onents of .a 
vector .'j' we expres.s it as a linear combination of the r s : 

( 2 ) 

and apply (1). This gives : 

(:l) x’=Ai.r* or .«* = A{a?' 

where the matrix of the A’s is the inverse of that of the A’s. The 
transformation (d) is said to be rout rag red i cut with that of (1), and the 


‘ Uiilletiu of the Cnlcutta Mathematical Society, Vol. IX, 1018, p. IJ. 
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are accordingly called contravanant variables- The e/s, orany 
variables yi transformed by the eq nations : 

(4) y, = AJy* or y.=Afy* 

transformed crigredicntly with (1) are called covariant variables- 

If a set of functions jjii, constants in any one coordinate system, and 
defined for all cooi’dinate systems is given, which are such that the 
expression 

(5) 

is the same in all coordinate systems, where .n and y are any covariant 
valuables, and c and u are any contiuvariant variables, the set of p’s are 
the cmnponents of a tensor^ contravarUinl in and / (in general in the 
superscripts) and coim'iant in k and r (in general in the subscripts). 
(5) refex’s to a tensor of the fourth order ; the generalization to n-indices 
is obvious. Since (5) is an invaiuant, if it has a geometrical signi- 
ficance in one system, in terms of that given to the variables (r.y., we 
may regard the contravariant onea as components of vectoivs, the 
covariant ones will be interpreted presently) it will maintain its 
significance in all systems. 

From our definition of contravanance, it follows that 

is an invariant, and lienee tliat the (contravariant) components ot a 
vector ai*e the components of a tensor of the first order. As a tensor of 
the second order, consider tJie length of a vector. As we are dealing 
with oblique coordinates in Kmdidean space, its square will be a 
quadratic form ; (which may be taken as a symmetric form) ; 

(7) 

This will give rise to a bilinear form : 

(^) 

the “scalar product” of the vectors a? and y. Thus the are the 
components of a tensor, whose significance in terms of the two vectors 
used is the product of tlieir lengths by the cosine of the angle between 
them. If we form 

(•0 jX and iUj = y, j .i ' 
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in view of (8) we sec that the r, are covariant variables, the covariant 
components of the vector .c' : by solving (9), we obtain : 

(10) it'=giye,{\\g‘‘\\ the inverse of ||;/i,||) 

enabling us to calculate contra variant components from co variant ones. 

There are several methods of forming new tensors from given 
tensors. Thus the sum of two tensors of the same order with corres- 
ponding indices is a tensoj*. (r p ' -f /y ' ‘ Likewise the product 

of any two tensors is a tensor (e.y., 0- Tlieso facts are 
easily proved by noting that the expression for / to be shown an 
invariant is the sum or product of the invariants for p and q. Further 
the results obtained from a given tensor by equating a covariant and a 
(jontravariant index and summing for this index (contraction) are the 
components of a tensor, {e.g., p ^ =r ^ ). For t ' x ly j =p i ^ .c , y , is 
invariant since both py* \r and are invariant. We shall 
use these methods to build up, from Qi j and vectors an invariant which 
bears the same relation to A-space that the scalar product does to the 
vector, and shall obtain our results from this invariant. 

Let a A'-space i)e determined by the A’ independent vectors a' Jj' ...q‘ , 
'J'hc product of these will be a tensor, and liy permuting the indices and 
adding or subtracting the i*esuUs, we find that : 

a' ... a* 

(11) : i : 

I 

i 3* 7^ •• 7' 

is a tensor. Since 

(12) K* = K ' ■"■•',7,w7,n..-!/. r' ..r/ 

is invariant, we may obtain a new tensor : 

(13) K„,„..,,=K'^'-y.„,7,.....7., 

and since from (11) is zero if two of tlie indices are equal, and 


changes sign when two are 
may write in place (13) ; 

interchanged 


f., is skew-symmetric), 

a’ 

a' 

.. a* 


1 if i M Ujm .7 « WJ 

(14) ! 


: 



i 7* 

7-' 

a' 


ii X t y J f ••• y • t 
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By multiplying the tensors given in (11) and (!•!*), and contracting with 
respect to all the indices, we obtain the invariant : 

a” a* ... rt' I a' ... a‘ gj^ ... g,„ 

(15) A!v*-,= ; ! ! 

1 q” q' ... fj* . q' q' ... ' Hit g^t ... y.t 

Y a- q is the volume of the hdtuiensioual paiallelopiped formed from the 
vectors a\..q' . For if we use a Cartesian coordinate system (for which 
j=zhi j=l or 0 according as or =f=j) whose first k axes are in the 
I'-space determined b}’ a' ... 9 *. (15) reduces to the single term : 

a* ... tt* » i 1 0 ... 0 

(16) /.! i : i I : i i 

9 ' 7 * ... 7 * i 1 0 0 ... 1 

after the terms resulting from the diiferent permutations are combined, 
and the first determinant is the expression for the volume of the 
jt-parallelopiped in Cartesian coordinates, A + l of whose vertices are the 
origin, and the exti’emities of the vectors a\,,q* drawn from the origin.' 

For two ^spaces, one given by a\h' ,,.q‘ and the other by 
we may form the expression (11) for the first, and (14) for 
the second, and by multiplication and contraction form the expression 

a' ... rt' . A‘ A' ... A* I ; gj,, ... g,^ 

(17) AIS i i i i i i i i i 

7" ... q' i . Q’ ... Q* 1 u.f yjt ... y,t 

aiialagous to (15), which is the generalization of the scalar product. 
If we write 

( 18 ) cobO=. 

cos Q is independent of the particular set of vectors used to fix the 
/r-spaces, only depending on these A:-spaces. For, replacing one of the 
a '... 7 ' by a linear combination of them will merely multiply the 
determinants involving these components by a factor, which wdll appear 
once in both Y and ^ and hence cancel out. But by such 

» For a simple proof of this formula for w-sjiace sec the Mathematical Gazette, 
Yoh X, 1921, p. 324. 
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replacements we can go from any set of rectors a\..q^ to any otlier set 
determining tlie same A-space. O is the “ angle of pmjectivity ” 
between the A;-spaces. 

If we use the Cartesian coordinates previoasly introduced, whicli 
makes the first one of the cooiflinate A-spaces, the inimeiator of (18) 
will reduce to a single term, containing V„_, as a factor, and on 
cancelling this out, we shall have : 


(19) 


C0S(1=: 


A" ... A* 


Q' Q* ... Q‘ 


' A-Q 


which shows that cosfi is the ratio of the volume in the a' ...q‘ 
space formed by projecting the volume , to tin's last volume ; 

where by projecting the volume we mean taking the components of the 
vectors used to form in the a '... 7 * space for the pi*ojected 

volume. Since we are using Cartesian coordinates, ihe denominator is ; 

A' ... A* I* (Each combination 


/ 


(20) Vt 


counts only once in 
the summation.) 


v'" j Q‘ ... Q' ' 

as follows fi*om (15) since q, j—^i j> This shows that cosf 2 <l also that 
if wc formed expre.ssions analogous io (Ij^) for all the coordinate A'-space.s 
(“direction co.sines” of the .Ji-space A— Q) the sum of their squares 
would he unity. 

Finally, if wc take two A’-spaces given by sels of vectors of nnb 
length (m'...m*) and (u' and determine the maximum or 
minimiun values of the angle ^ between two lines, one in each space; 
using a method entirely analogous to that given by (ranguly,^ we 
obtain the equation (in tei’ms summed for /, 

( 21 ); 


cos^ 

m ] VI ? cos^ 

w| w! (’Osfi 

1/1 1 11 ! 

>v] w! 

m\ m ■ eoafl 

ill! C09^ 

111! »«■! vofiO 

11' ! « 1 

. tv ! V £ 

nl m] 

n ] in T 

71 ! iw! 

COS0 

)l' Vi’' cosfl 

71; m- 

11; in: 

w! w*! 

11;. n] cofid 




* 1. c., p. Hi. 


, 
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which shows that the product of the k values of cor* 0 is : 


( 22 ) 


I 'in] nj I « 

I m‘i m*i I I wj n*i 


in which we have merely written the term in the 6-th row and /th column 
in each determinant. But in Cartesian coordinates, (17) js^ives : on 
replacing a* ...q' hy and A‘...Q,* by n)...n] : 

(23) s„_.= I I I I = i m] n‘, | 


where the sumiimtion gtc tends over all c()ml)inations of k integers out of 
n each combination counted once, and the second equality 

follows from a well-known matrix idcntit}'.^ This shows that (22) 
is equivalent to Vi = 008 ^* 1 }, and hence that the angle of 

projectivity of two A-spaces is the product of the k extremal values of 
cos 0. 0 being the angle between a pair of lines one in eacli space. 

Wo have thus shown that the invariant S, which is a function of 
two sets of ^-vectors expressed by (17) in oblique coordinates, and 
by (213) in Cartesian cooi dinates is the generalization of the scalar 
product, being equal to the product of the volumes of the two 
A-parallelopipeds constructed on the two sets of vectors, by the cosine 
of the angle of projectivity of the two A-spaces determined by them. 
The cosine of the angle of projectivity of two A-spaces is equal to the 
ratio of the volume of a A- parallelepiped in one of the si)aces to that 
of its projection in the other space : it is also equal to the product of 
A extremal values of the cosine of the angle between a pair of lines, 
one from each of the A-spaces, 


Scott ami Mathews, DoterminaTitR, pp. .W-Sl. 



On the motion oe two Seheroihs in 

AN INFINITE LIQUID 

BY 

Nrii*bni)Ranath Skn, M.Sc. 

The fii'st writer to attempt the prohlcm of the motion of two 
spheroids or ellipsoids in an infinite liquid is Prof. Karl Pearson' whose 
method does not, howevei*, admit of further development and does not, 
therefore, lead to tlie complete solution of the problem. In a previous 
issue of this Bulletin,® Dr. Bibhutibluisan Datta attempted the problem 
of motion of two spheriod s of small eccentricities in an infinite liquid 
along tlieir common axis of revolution. Tn a recent issue of the 
American Journal of Mat hematics,® Dr. Datta has solved the more 
general case of the same problem r/r., the motion of two spheroids of 
any eccentriciiies in an infinite liquid along their common axis of 
revolution. 

The object of tlie present paper is to present the solution of a much 
more difficult problem r/r., the problem of the motion of an infinite 
liquid due to arbitrary movement of two speriods, botli prolate and 
oblate, having a common axis of I’e volution. The problem has been 
completely solved first for two prolate spheriods, having any velocity of 
tran.slation together with any velocity of rotation with no limitation 
regarding their ellipticitie.s and central distance, and the solution for 
the case of two oblate speroids has been deduced therefrom by suitable 
substitutions. 

1 have shown that Dr, DatWs results of the problem referred to 
above may be deduced as a particular case of the general problem dis- 
cussed in the present paper. 

' Karl Pearson — “ On the motion of spIicnVal and ellipsoidal bodies in fluid 
media Part 11. Quart. Jouin. Math. Vol. 20. 

* Bibhiilibbushan Datta, D.Sc.— On tlie motion of two spheroids in an infinite 
Ihpiid alon» the common axis of revolution ” Bill. Cul Math. Soc., Vol. 7, pp, 49-60. 

» Bibhutibhushan Datta, D.Sc.— “ On the motion of two spheroids in an infinite 
liquid along their common axis of levolution,” .\meric. Jonrn. Math., Vol. 43, 
pp. 31-42, 1921. 
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Motion of two prolatk spueuoips ha vino a common axis op revolittton. 


2. Ijefc 0^, 0, 1)6 centres of the two spheroids, Oj 0, the common 
axis of revolution taken as r— axis and let the two systems of 
co-ordinates referred to parallel axes at 0^ and Og be 


ajj =#(^(1 — (^J— I)** COSO) ; MS)® COSO) 

j/,=Ki(l— /I*)^ (A,*— 1)“ sinu; !/, /^S)^ — 1)®^ sinw 

W'here (Xi,/Xi,<id), (Xj,juL^,<u) are the two systems of plolate spheroidal 
coordinates so that X^ =Xjo, X.^ =X 2 ,) on the surfaces of the given 
spheroids at 0^ and Oj whose semi-axes are ai,c^(aj>Ci) and 
>Ca) i-espoctively, wdiose eccentricities are respectively 

and central distance 0i02=.s*. Let and 

be the components of motion of the two spheroids, whose rotations about 
: — axis have not been taken into account here owing to the fact that 
there will be no motion of the liquid due to such rotations. To find the 
liquid motion due to such motions of the spheroids. 

The problem before us is, therefore, to find a velocity potential 
satisfying the following conditions vi:„ 

V®<#)=0 ... (1) 

<j(»=0 at infinity ^.c. when X=oo ... (2) 



oX, oXj / J L — 2 )b 

+ Icosoi-lK.f/ — J P*i(/x,) 

— Jlh£i — . sino) when X,=X,„ ... (3) 

3a? -1)7 J 


3(X;-1) 


sa!-!)' J ^ rX!-l)7 J 


3(x;-i) 




when 


(X«-l)7 3(Xj-l)» 

^8 — ^»0 


... (4) 
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3. Assume 

oo 

n=l 


+ Pi(/^i)Qi(Xi)(B.cosa» + C,sina)) 


+ Pl(/Aa)Ql(^a)(^«COS<i) + C«sillCD)} 


srj 


(5) 


Evidently this value of satisfies (l)and(2). Now. lo determine 
A’s, B’s, C’s etc., so as to satisfy the boundaiy conditions (3) and (4). 

It has been proved in a previous paper' of the author tJiat 


ap 0 OO 

P>,)Q>,)= 5 (2.U+1) 


)m- 


jm + o- 




xP*^ (/*,)P‘’' (X.) 

VI ' ' ^ VI ^ 


(»’•) 


for all +rc integral values of cr including zoj'o, 

where ^,(m,u)= + 2 :( 0 +^l^^+ - ]«»(^) 


whei’c 


t - " d" - 
‘“ii-,’ fi~(K 


... (7) 


Substituting the value of (^«) when <r— 0, in (5) from (ti) 

>ve have 


oo , oo 

</>=2 ) A.l’.(/i,')Q.(X,)+n. 5 (‘2w+l)<i),()ii,n)P„('/A,)P„(\,) 
»=1 ^ i/t=l 


+ i’i(>.)Qi(A.j)(B.cos<«+C.sin<«) 


OO 

— (/).co8iD + <‘«simD) 5 
m=:l 


n( + 1 ) ( 2m + 1) 


,.,^(,U,.0Pi(Pl)Pi(^l)] 


1 Nripendranath Son-" On tlio steady motion of a viscous Huid due to the 
rotation of two spheroids.” “Bui. Cal. Math. Soc.” Pretail issue. Results (6), (8), (9), 
(10) and (11) 
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Hence from the surface condition (3), we have, 

-A-,M7,P,(/t,)--J + — i J-i 

f, X.oPKm,) fcJp.PUAt.) ■> . 

— i J-siuw 

aajo-i)- 


= 2 ■) A,P,(/A,)Q'.(\,o)+tt. 5 (‘2OT+l)w,(w,jt)P'„(X,„)P,(ju,) 


+P'.f/‘i)Q'l(^io)(P.cos">+C..siiio)) 


— (6.coso.+ r,8in<D) S ” L” jll} ^ ^«-> i ( »t,») P « (X , o ) P » (/* i ) I 

at every point of the spheroid i./>. for all valiie.s of /jl^ and o). 

Equating the ro-efficfients of co.sw, sinw, and co^ efficients of P,\s 
and Pi’s, we have 

oo 

-A*,n^ = A,Q\(A,,) + 3P\(A,J ^ a,.co,(l,?0 ... (8) 

n=\ 


n~l 


(yi=2,3,--a(7 inf,) 


... 00 


niKo) ^ n(n + l)o^,{Xu)b,(lO) 
(X;„-1;“ ^ »=l 


^i^-.=B,Q'j(X,„)-^ P';(X.„) 5 ,t(«+l)a,,(2,n)&. (11) 

3(X.„-1)“ <> „=1 

0=B,Q'KAio)- ^n{n+\)o>,{i,,n)h. (12) 

(;)=3,4,...<i(Z inf.) 

,=CiQ';(X.„j~|P';(X,„) i „.(n+l)«,(l,«)r. (13) 
(^!o-lr •«=! 
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^IPl 


5 n(in+l)o>,(2,n)c, (14) 

^(^10 — 1)* w = l 


0=C,Q'i(A..o)- P'K^.o) i <n+l)o.,(p,»)c.... (16) 

(p=S,4^..,ad Inf.) 


The corresponding equations giving a\s, ?>’s, c’s can be written down 
from symmetry from the above equations or from the boundary 
condition (4). Thus, 

oo 

~-A:aW^a=aiQ\(A.^y) + 3 ^ A^ojJl,^) ... (IG) 

n=l 

0=:a,Q'/X,,) + (2^) + l)F,(X,J i A.o>.(p,n) (17) 

n=l 

(pz=2^S...ad inf.) 


-h.u, ,=fc.Q'l(X,„)-^r'{(^.o) 5 n(«+lK(l,»OB, (18) 

(X'o-l)" «=1 

__?i93_,=j,Q<i,A,j_»P'j(A.„) 5 n(» + l)«..(2,»)B.... (19) 

3(x;„-i)“ «=1 

0=6,Q'J(X,„)— 5^»(»+l)«>,(p,»)B. (20) 

{p=z3,4!..,a(l inf.) 

oc 

-h,v. — =^Q'^x,J-»P';(x,„) 5 «(»+i)«,(i,»i)C. (21) 

(xio-i)^ >'=i 

_Ji£«_,=c,Q'j(\„)-AP'J(X,„) 1 »(»+l)<«,(2,n)C. (22) 

3(X|o-l)'' “=1 

0=c,Q'K^.o)-p(j|}] ... (23) 


(^=3,4, inf.) 
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where w,(m,»)= Pi"*' [ 




A ^ i. 

“ dt: ® 


The equations (8) to (24) are sufficient to determine sets of unknown 
constants A’s, B’s, O’s etc., as will be shewn presently. 

To determine A’s and a’s, subtitute the values of u’s in (S) and (9) 
from (10) and (17). We, then, have after a little simplilication, 




A„- s -T—j- -- - - 




(f)=2,3,...a(i inf.) 


where ^„. = (2i>+l)^ 2 (2m+l) <»,(p, »»)<«,(»»,?») (27) 

Nt lA^i 0/ 9>i=:l V'w’Aan) 


The equations giving a’s can be found out independently or may be 
written from (25), (20) etc. Thus fix)m symmetry, 


a _ 5 6' a =— 4 ■ I- qo 


5 = (2p4-l) hlVq 

?i = l 'x p\^2n)^ 


... ( 29 ) 


(p=:2y3,..,(id inf.) 


where ^'„ = (2p4-l))ji4T— \ ^ (2 to4-1) 
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To find B’s and 6’a, substitute the values of h's in (10) and (11) from 
(18), (19) and (20), we have, after a little simplification, 

B,- I = 

n=l (A;o-1)*Q'}(^io) 

3P'{(\. o)X.o.o.(l. l)fc.» , 3F} (X .o)a),(l,2)A;7. 

B,- i <#...B. = 

n=l 3(X?„-1)’'Q';(X.„) 

5 P'i(X,„)V,„«.X2,l)M, _r, P';(X..,)o.,(2, 2)A-|7 , 

Q'i(x.o)(X?o-i;“Q':(X,„) =5 Q'J(X,„)(X*„-i)^Q'ia,„) 

(32) 

B — 5 6 B = — xf 

„=i ' K/'+i)Q'MX.«) L (A|„-1)V|(X,„) 


^ <"i(p. 2 )Al 7 , 

(X|o-i)“Q'i(x,„) 

(jij=Sj'lf>ad inf) 


] ... (33) 


whei-oA - (2p+l)P'KX,o) 


2 »j(M + l)(2w + l)a>/y,w)w,(w,»)^ I 


... (34) 


Aiso fi’om symmetry, 


6 - I f 6 =- _ 3P'i(X.„)X.„u..(l ,l)A,«, 

‘ «=!*"' (XJ„-1)%{(X.„) Q'{(X.„)Q'J(X,„)(X;„-1)-^ 


. 3P'U X.o).> .(1,2)A» 7, ^ 

Q'KX.o)Q' 5 (X,„)(x«„-i)“ 


'^2 ^ ^2II^I»'“ ~y-Vf 

«=1 3(X*„-1)“Q'1(X.„) 

_5 P'i(X.., )X,n<-). (2,l)A-,n. _5 l''i(X.o1<->.(2,2)fc»7. 

2 Q'J(x.7)(A!a-i)»Q'{(X.„) Q'j(^.o(Q'Kx..)(x;„- 1 )^ 

(36) 
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' Jr'* *" ^TpTD Q'i(x.o)L(x.„-i).VKx.„) 

^ «-> .(p.2)^!gi 1 

(X!o-i)“Q'i(x,o) -• 
(jo=3,4,...afZ inf.) 


where 


( 37 ) 


S (•2ot+ l)«),(p,m)a), («(,»»)? ” A» « ) 
1=1 'si»(X,o) 


(38) 


Proceeding in a similar way, we obtain the equations giving C’s and c’s. 
Thus, 

* Ji '* ' (X!„-l)*Q':(x,„) Q'1 (X,„)Q'J(X,„)(a;„-1)^ 


C,- 5 4>,.C.= - 

«=1 3(A*o-1)^Q'5(A,„) 


... . 

Q'1(a,c)(xSo-1)%KX.„) 

*iPi 


... (39) 


_5 P'i(.X„.)A.o«^.(2,l )4,f. _^5 FKA.o)a»/2,2)A-;p, 

Q'1(a.o)Q'Kx„.)(a;„- 1)^ Q'i(X.„)(A;o-i)%J(x,o) 


(40) 


„ ^ w. r — 2_(2p+i) p:i(Xioi . r 

air* '" P(7+l) Q'i(X.„) L (x;„-l)%.(A,„) 


_ <-> ,(p, 2)A;p. 

(A|o-l)“Q'J(X.o) 
(p=3,4,...ad inf.) 


]... (41) 


Also, 


^ ^ fj/ *(•, 3P^}(Xgo)\ioO)^(l,l)A;ii?^ 

»=1 ‘* *" (XJo-l)“Q'}(A,„) Q'J(X,o}Q';(Xx„)(X*„-l)^ 


3FKX.Jo..(1,2)Hp, 

Q'{(x.o)(x;o-i)%j(x.o) 


( 42 ) 
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c. 


- 5 *'..C.= 

« =1 




5 

3 


P'i(X.o)X,„w.(2.1)A-.t>. 

Q'l(^.o)Q'}(^.o)(A?„-lp 


_^5 P';(X.oK(2.2)A;p. 


(43) 


oo 

C,— 2 </>',. C. 
n = l 


?>(p+i) Q ' i (^. o ) L (a;„-1)“Q';(x,„) 


1 ,44s 

(p^ 3,4 ,».ad inf ) 

where <^'pn ai’e defined as in (34) and 


Each of the above sets of equations giving A’s, a’s, B’s, C’s, c*s 
nuiy be solved deteniiinantally and it is plain tliat A’s and «’s are linear 
in u\ and ?r, Jl’s and Z/\s are linear in 7/,, and q^^ and G s and c’s 

arc linear in r, p^ and p^. The theory of solutions of such equations 
has been worked out by Hill, Poincare, Von. Koch, Tooplitz, Hilbert and 
others. The constants can, therefore, bo determined and the problem 
solved. 

4. The complete algebi*aic values of A’s and B’s and other constants 
thus determined are not much .suitable for numerical calculations. But 
the constants may be calculated to any degree of approximation as 
follows ; — 


From (7) 


where 





s 


2»'+«*)7n jn jm + n 
\2m 4* 1 + 1 


^^m+n+l 


1 + 5 




2 ,vi + n s 


1 ( *>* +_kL ^ 

’ \2ot + 3 2m+3 / 


2A,« A.* 


| ot4-w + 4 j - 

'^2'4‘ |»i+« s* + (2m+5) (2»n + 3) (2»-f 3) 

4. "I +610."] 

^ (2«+3) (2n+5) J J 


( 45 ) 


substituting the values of ti„ (<.) and simplifying. 
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Thus the lowest order of o,, (m, n) is ( 

\ central distance / 

and such is the case in w, (?», n). Hence, from (27), the lowest value 
of 


^,n=3 i 2 p+l) 


P', (X | o) Ml (p, 1) to, (1, n) 

Q'i (X.D Q', (A,„) 


taking m=l 


2»+- Ip |n |p^ 

3 |2p I2n+I 


Q', (.^io)Q'. (X,o) 


... (46) 


The lowest value of is obtained from (46) by interchanging 
and ^10 ^to* 

From (34), the lowest value of 


3 (2p+l) n (n4"^- ) (^lo ) 

V (i^i-1) Q'p' (^lo) 


<0, (^, 1) ti>a (1, 70 


(^.o) 


2*+*’ n (ti+1) \p-l If If lf+1 

3 |2jp 274+1 


QV‘Uio)Q\^ iKo) 




(47) 


The lowest value of is obtained from (47) by writing for fc, 
and vice versa, and interchanging X^q ^lo- 

5. (A), If the spheroids are so separated tliat we can neglect the 

terms of the order ( dimension \ higher powers, we have, 

\ central distance / 

from (25) to (29), 

Q'i(A.o)’ Q\(Ko) 

Ap eto.=0, ap=:0, (p=2,3...ad. inf.) 

From (31) to (37), 

B,=- ^ 0* ;B,=- 

(A.o) 3(X.,*-1)*Q',' (X.J 


B,=0, 


(jp =3,4...ad. inf.) 
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6a 


/l 

X,o U, 

/i — — 

K* 9 . 


(X.„>-1)» Q'/ (X,„) 

3(X.,*-l)^Q',« (X.. 

6,=0, 

{p 

=3, 4... ad, in/.) 


From (39) to (44), 



c,-- 

^10 ^'1 

. C — 

^ 1 ’ Pi 


(^.o‘-i? Q',* (X,„) 

3 (X.„*- 

-1)’ Q'.’ (^. 0 ) 

0,=0 

(p 

=3, 4... ad. in/.) 



X,a k, ®, 


J'.’j’. 


(^..,’-1)^ Q\‘(X,o) 

3 (Ko* 

-1)^ Q'.‘ (^. 0 ) 

c^=0 

(^=3, 4. ..ad. m/ ) 



Hence, from (5) ^=A, P, (//.J Q, (X,)+(i, P, (/»,) Q, (X,) 
+ 1*1* (Mi) Qi ' (^i) (Bi cos w+C, sin <a) 

+Pi' (/^i) Q»* (^i) cos "+C, sin <i») 

+ Pi* (/“>)Qi‘ (^t) (*i cos oj+c, sinw) 


+P«* (m») Qs' (^») (^« cos «+c, sin w) (48) 

where A,, Oj ; B,, B,, 5,. ; C,, 0,, c^, e, are given above. 

(B) If wc neglect terms of the order f lirS?£d^ion 
^ ° \ central distance / 

higher power.s, then we have from (25) , 

From (28) or from symmetry, 


— — 


Q\ (x.o) Q'l (^.0) Q’. (^.0) 

) A»-^Q'. (X,o)Q', (X.„) '• 

_t P'. (^ 10 ) ^ 1 * r vu, ( 2 , 1 )= A 1 

(X.o) Q'. (^.o) ** L • ^ “ s* J 


Ai, fe,* w, 


A,=0, 


(^=3,4,... ad. »»/.) 
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From (29), 

„ -• *ul.V 

Q', (A.o)Q'. (^>.) ** 

a,=0 (p=r3,4,...ai. inf.) 

Also from (31), (32), (33), 

o % ^ 1 * ( ^ 1 o_^ 0 

(Axo’-i)“Q'.‘ iKo) ' Q'/ (^.o) Q'l' (^.o)(>-,„>-i)“*» 

_ , P'l' (^ .n ^ g. ^1. ' 

Q\‘ (^.o) (>^,o*-l)“ Q'.* iKo) 


3(X.„»-1)* Q',' (A.o) 

1* ' .^ (A.„)A.o^- . . 

Q',‘ (X,„) 

B,=0, (p=3,4,...a(l. jh/) 

Similarly, ti = — 

(X,o’-1)'’‘ Q\‘ (K„) 

_ . r',^ (^.o)^. 0.1, . 1 A, » 

Q'.* (x,„)Q'.MX,oUX,o‘-1)“ 


P'.* (A.o)gi fe , fe. 1“ . 

Q',' (lo*-i)“ Q'.' do) 

^ 2 P a(^ao)^io^\ ^^i 

3(X|„-i)%i(x,o) ^ Q'Kdo)do-i)”Q'(^,o) 

6,=0, (p=3,4,...«(7 inf.) 

From (39), (40), (41), we have, 

,, ^1 o^,*i^i 2 ^ i(^i fl )^80^a ^’a ^1^'* 


(x;„-l)%!(^.o) ^ Q'l(^.o)Q'ldo)do-l)“ •*’’ 

+2 P'?(^io)p .^iA-, Jet 

® Q'}(^.o)(^lo-l)%i(^.o) 


8 ‘ 
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0 .= 




2 P 


KK 


Cp=0, (;3=p3,4,5...atZ inf,) 

Also, 




“8 






Mo-i)"*Q'}(A,o) Q'j(x.o)Q'}(^xo)(x;o-ir 




^2 P'{jC^2p)Mi£i . 

Q'K^.0 Q'i(>-.o)(xj«-i)^ ** 

2 


3(\i„-l)«Q.'>a,„) Q'i(X.„)Q'l(X.o)(X!o-l)“ 


<■,= 0 . 

Hence from (5), 


(23= 3, 4, 5... mi inf) 


5 {A.P.(fi,)Q.a.)+«.P.r^,)Q.(\,) 

W = 1 

+Pl(/[i,)Qi(X,)(B.coso)+C,8in<i)) 

+ Pl('/t,)Q‘.(X,)(6,cosu+c,sins))} 
where the constants are f'iven above. 

( 

highers, powers we have from (25) and (45), 


(49) 


(C) If we neglect terms of the orfer ( 

' ' ° \ central distance ) 


3cu,(l,l)A-,«i, 


_ C,.n ). 3. 

•" Q'i(Xio)l ”) Q'.(-^,o)Q'.(A.„) 




h+^ 1 

“ I 9 qv:x.„)q7(X,„ "*• ;• 


From (26), 

.2 P',(\, „)fe.tc. A-tAj (, 10/ t« a; \) 

’“3 Q';(X.„)(4',(X.„) s* L ^s*V7^5 Ji 

A _7 P',(^,«) “.(3.1) Ir, = l r'.(^.o )!•.«■. 

(i',(,X.„”) Q',(X,„) • • 15 'y,(X.„)Q'.(X.„): s» 

[■•-<•’■'>= 1 ® 
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A =9 ^ 

* Q'4(A.o)Q\(A.o) * • 

=A r •*0) ^41') — ^i/L* 1 

^1 Q'4(A,jQ\(A.J > L • » ^-189 J 


A,=0, 


(p=5,6...fifi «7i/.) 


Similarly, 


a. = -_l»ig»-. 
* y',(A,o) 


(l+4 1. 

I 9 Q',(X.o^Q''^,») > 


■‘■3 Q',(X,„)V.'X„) 


I 5 s* ) 


« =2 A 

’ 3 Q\TX.„')Q'.(X,„) 


l;?A|(i KY/.-4A?\] 
s‘ r^**' 7^5 X 


, =8 P',(x,„)A.«.. a;;,; 

’ is Q',Xo)Q',(A,„) «- 

, =i /'lit 

* 31 Q',(A,JQ\(X,„) »« 


a,—0, 


(pz=5,6,...ad inf.) 


From (311, 


B. = - (' 1 +^,.] 

_? a;+aj \ 

Q'{(^.o)Q'}X«X^lo-i^' V *’ / 

2 ^ K'^io f a \ \ 

__ ._ A.'.M> / 1.4 ‘^{AinH’'IXo) W \ 

(X*o-l)“Q'l X,<,) V 8 Q'} X,„)Q'|(X,„) «• } 


2 ^ Cf 1 o)^9 0^^^«_ _ 

^ Q'{Xo)Q'}X«X^lo-i/' 

2 .^'{A««AA«2» 

Q'l(^.o)Q'JXo)(Mo-i)‘^ 

/ , 4 I* 


P'K^.oXo^-.'*. M;/ 1 6 a« +a; n 

^.„)Q'!(^.o)(-Vi„-l;*‘ ^ 5 «• ; 


Q'!(A.o)Q'!(^.o)(^l 

P'i(io)^>*:i9i 


a)fr)fc, g, ( 1 j.iP/ M i \ ) 


Q'!(^.«)Q 
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B.=- 


k\q^ 


P'liKo ) KoK*^, kj}:l ( 1 . 10 / y . \ ) 




i-ni 




Ti __i P'»(^.o) r 

"»- 45 Q'S(A,;) L 




1111 


(X|„-1)^Q'J(X.„) * 

^ >hK i?ij 

(x;„-i)^Q';(X,..-) 


y __.A Ill’; 

Q'j(^.o)^a«„-i)“q':(x„.) 

Bp=0, (p=^bfi...(til inj.) 

From (85) to (88 \ wo liave in a similar way, 

A- ... My««. /i.'* P'il'^.o)P'{'^.«) HH \ 




i«i k,k\/ c 11 + 11 \ 




6 , = - 


2 r';(x.,)i:,A,,, ___ iKi.iO/^ il\| 

^ Q'}(A,„)Q'i'X.„)(x;„-i)-^ 1 ^ 

^'a 7 « ^ a (^8 { ) )^ 1 o \ 1 

’ 3 (X 5 „-l)%u^.o) ii'i(^..,^Q'l(A.,„)(x?o-lF 


1111 




1 P'i(^o) r 

'45 Q'J(X,„) L 


1 ’.'.J!.W* 17 > 

Q'UA,.,)Q 1 x,„)(X*„-l)" 
^1 qI'i **! 1 "? 1 « 

(M«-i)“Q'!(^i«) 

+ 


1111 

s“ 


7 il 1 


i»A» 


(X?„-1)*Q'J(X,„) 
X^ol’i^i I.*! • 


A _ -i P'U^.o) _ 

♦ i05 Q'i(^.o) (X»„-1»=Q'UX,J 


fc,=0, 


{jt=b,6,...ad mf.) 
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From (39) to (44), we have, 


c.=- 




Wo-l)='Ql'Aio) 


P'?iAxa.?jiAso) 

^**■9 Q'{aio)Q'K^, 


») 

o) ; 


c,= 


2 

“3 

Q'{(^.o)Q'}(Jt,o)(^;o-i)^ 

A-,A-}. 
«» 1 

. 6 fc'A* \ 

^ ^+5 *•" ; 

2 


A*A-1 


+ 5 

Q'l(^i«)Q'i(A.o)(^5o-l)* 

S* 


A*p, 2 

P'J(^. 



9 


a; A* 




8 

'45 




ms 


45 Q'j'X.o) L ‘'''' 

P.^-i 1 


0, = - 


105 


_ _P'j(x.„u 


S 0^%^^ 


i-n-i 


i)*Q';(^»oi 


0 ,= 0 , 


(2i=hfi,...ad inf.) 








i+f 


P'^X, 

Q'K^i 


jP'}(^ 

)Q'J(A 


,_o) 

) 


>0 


s” 


* Q';(X,„)Q'l(X.„)(x;„-i)“ 
_^2 P'1 (^»o)*'3^.Pl 

Q'{(^,n>Q'{(^.o)Wo-l)'= 






Hpj_ 

3:X;„-l)%J(>>.o) 


2 

’9 


P'J(X,o'^.„V-, 

Q.'i(^,o)Q'{(x,o)Wo-l)'* 


A?A> f W 
s* ( ‘■’"s* 



8 0 )A 'Pj 

^ Q'J(\«)Q'i(^,.)Wo-l)^ ** 
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s» 


Pl^'\ ^1^’? ”j 


4 


®* 105 


Q'I(A.„1 (X^-1)%J(X,„) 




c^=0, 


(p=::5,6,...mi inf.) 


/.From (.5), 

4 

<#»= 5 {A,PJ/xJQ,(AJ+aJ\(/x,)Q,(\J 
w=l 

+ T’l(/^i)Ql(Ai)(B^coso)+C*8iTia>) 


+ PI(/^2)Ql(A8)(6«cos(D+c«sir}u>)} 
wliere tlie constants are determined above. 


(50) 


In a similar way the expression for 0 may be determined correct to 
linear dimension 


- / linear dimension \ 
anypowerof(^ — > 


6. <l> in spherical harmonics, 

<l> may also be expressed in spherical liamionics by the help of the 
followinj^ theorem : 

,cr 2*l«l»+<^ f 




l.+a-, 'V+a^' ] 

^ 2i2'» + :0 + « ^ J 

for all intejrral values of a including zem ... (51) 

Also, . — =^ 1 , — =rg, 
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7. Motion of two oblate spheroids. 

If in Art. 2, we write for k and for A, 

t 


we have, :ri=//,(l— /i*)® (A* + l)*‘*cosoj 
1 / , = A \ ( 1 ~ /A* ) « (\; + 1 ) * sino) 

.<■ , = A', a “ (A* + 1 ) ^coso) 

y, = A',(l-/x*)^‘(AJ + ]j'*sinco 

”a — A a/AjAj 

where (Aj,/Jii,(ii). ( A 2 ,/ 1 j,,(j) } jii'e two s 3 ^stems of planet aiy spheroidal 
co-oixiinates so that Ai=Ajj, and A^^A^,, on the pfiven splieroids. 
// 

Hence, by writing -7 for k and /A for A in (5) and the expressions for 

* i 

the constants in the case of jirolate spheroids, tlic eorrosponding lesults 
for oblate spheroids are ootained at once. 

8 . If rj, v/j, i'g, Pj, gf,, pg, <^2 are all zero, evidentlj^ the ju'ohlein 
reduces to tlnit of the motion' of two spheroids in an infinite Ihpiid along 
their common axis of revolution. In this case, we have from 5f^ A \ 


A -- u 




and from 5(B', 


A - 4.2 

’ mKo) ^ Q'AKomKo) * 


Mi 

.5 


A a ^^3 I ^ A I k 2 A’ * 

q:.(Ko) ^ (rJKo)Q'^Ko) 


All B’s, C’s, i>’s, c’s are zero. 


Both these results have already been obtained by Dr, Datta.* 


' Dr. Bibhutibhushaii Datta. — “ Amerii; Joui ii. Math.” ibid. 
“ Araeric. Journ. Math.” ibaZ., p. 141. 



On the evaluation of some factorable continuants 


BY 

SaTISCHANDRA CllAKRABARTI, M.Sc. 

There is ii special class of continuants which are resolvable into 
linear factoi‘s, the earliest continuants of this class being those of 
Sylvester^ and I*aiavin.‘‘* Subsequently Dr. T. Muir'* and W. H. 
Met.ler* took up the subject in right earnest and obtained some 
continujints of this class. Karipada Datta in his paper, “ On the 
i?\iilure of ircileniiaiin’s Tlioorein pointed out that ** foi every finite 
series we obtain a Factorizable continuant.” In the same paper of 
Mr. Datta, a continuant derived from recurring series has been given 
Here in this paper in artiede 7, we have evaluated this continuant 
deteririinantally. riiorc} is anotlier factorable continuant obtained from 

^ ^ wliicJi is also treated in ai-ticles b and d.'* In evaluating 

the second continuant we are to apply some algebraic relations which 
arc first established. 

‘ Sylvester J. J. “Theorenie siir Ics dett*riniuiuits do M. Sylvostor.” Nouv 
Annals do Math., j), Ii05 ; or TIio Theory of Dctormiiiaiits iu the Historical Order 
of l)ev(ilopmtjnt by Muir T., ¥«>!. 2, p. •1'25. 

' Painvin L. “ Sur mi <rnrLuiii systemo <requatioii8 lineaircs.” Jourii, (do Liouvillo) 
do Math (2) iii, pp. *11-40 ; »)r The Theory of Deteriiniiants in tlu! Historical Order 
of Uovclepiiiont hy Muir T., Vol. 2, pp. •W2-434. 

Muir T. “Continuances resolvable into linear factors ” Trans. Edin. Boy. Soc. 
41, 1906 (343-358). Muir T. “ Factorizablo continuants” Trans. S. Afric Philos. Soc. 
16 pt. 1, 1904 (29-33). 

* W. H. Met/ler. “ Sonio factorable continuants,” Edin. Proc. Roy. Soc., 34, 
1914 (223-229). 

* Proc. Ediii Math. Soc., Vol. 35 (part 2), session 1910- 101 7 ; or University Edin. 
Math. Depart, session 1917, Research paiier No. 7, p. 12. 

* 11 aripada Datta “ On the Theory of continued fractions.” Proc Edin M..th. 
Soc., Vol. 34 (imrt 2), session 1915-1916; or University Edin. Math. Dept, session 
1916, Research i»nper No. 4, p. 9, Ex. 2. 
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1. { (,! + 1 ) (.♦’ + 3) (,i H- 5 ) . ..(ic+ 2r — 1 ) } 

4-(8+2/-l)'C,{0^~S)(w~S-2)...(.r--8--^4)} 

+ (8+2r-l)(S+2r-3)*-CjCr~8)(.r--8---2)...(.~8--2r~6)} 

+ ... + {(S+2r--l;(8+2r-3)...(8+5)(8+8)}’-C,.,Cr-8; 

+ {(8+2r— 1 )(8H-2r— 3).../'S+3)(S'f 1)1 identically ... (1) 

Let ns take the particular case, 

(ic+l)( ''+3)(.r+5)(./' + 7 j = (.<* — — 8 — 2)(aj— 8 — 4 (aj — 8—6) 

+ (8+7)"C,(..-8i(r-8-2)0-8-4) 

-f(8+7) 8+5)-C*(.<-8)(«-8-2) 

4(8 + 7)(84-5)(8 + 3)"C.,(r~S)+(S+7;(8+5)(8+3K8+l) ... (2) 

and let a and fi rospectively denote the left-hand-side and the ripfht- 
hand-side expression of (2). 

When .4=8, a=^=(8+i)^8-f 3)(8-f 5,(84-7 ; and when ? = — 1, 
tt=0,/3=( — 1) ‘(8-t-l;(8-f3)' 8-|-i))(8-f 7){1-— *0^ + “”*^8 + *0^ } =0. 
When .1 = — 3, —5 or —7, we can show, by means of dift'erence formulae 
that in each of these substitutions a=^=0. Tlius the equation (2) i.s 
satisfied for more than four values of .»* ; hence it is an identity. The 
general case may be similarly proved. 

2, {(a + 2r — l)(a + 2r-|- 1 )...(a+4/ — 3) | 

= {a(a+2)(a+4)...(u-{-2r-2;|«’-C,, 

+ l-*^C.,,_3{(^^ + 2;fa+4),..rn4*2r-2)} 

+ l-3-«''C\,_,{(«+4)(« + 6)...(a+2/— 2)}-h... 

+ {l-3-r)...(2;— 2A-3}*’^Ca*+,{(« + 2r-2A--2)(a-t-2r-2fr)... 
(a+2r-2)} + ...{l’3...(2r-3)}»-'C, (« + 2r+2) 

-f {1*3*5. ..(2r—l)}* *^00 identically ... (3) 

Suppose 

{ (tt-f 2?*— 1) (a -f 2r-f 1 ; . . . ( a-f 4r-- 3)} = {rt(a -h 2). . . (u -f 2r — 2)} 

•4-Aj{(a + 2)(u+4) ...( a-f-S/— 2)} + ^ a4“4)(a4-6) ,,,(a-|-2y— 2)} 

+ ... + A,.*_,{(a + 2r-2A-4;(tt+2r-2A-2)...(a + 2r-2)} 

•4* A ,._;t { t ttd" 2/*— 2/r — 2^ (o-f- 2i* — 27i’ ) ... (a 2?*— 2) } d" » . , 
•fA,.(a+2r— 2) + A,.+, 


... ( 4 ) 
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where A^jAg,... + ^ which ai*e indepeudeut of a, are to be determiued. 

In (4) put tt=:— 2/-4-2, then A^+j = {1 •3*5...(2r— !)}• ’ Cq 

a=-2r4-4, A, = {1 •3-5...(2r~3)}* "C, 

a=:-.2r+6, A,_, = {1 •3...(2r~5)}« 

Thus we see that there is a formula for A,+j, A^ and A,_^.. Let us 
assume that this formula is true for all cases finm A^+i to A^.*, It is 
required to show that the formula also holds in the case of 

In (4) putting a= --2r+2/r+l>, we liaA e, 

{2-4-6...(2A-4-4)}A,_,_,=={(2A + 5)(2A + 7)...(^^^^^ 

-|4-()..j2A^+4)[A,_,-{(v8...(2A+4)}A,., + ,-^ 

--{(2A---2m+Gi(2A-27a+8)...(2A'+4)}A,.„H.i---... 

-{(/2A‘+2j(2A+4)}A,.,-(2A+4)A,-A,+ , 

= {(2i + 5)(2/, + 7) ..'.2r-l)}[ {(2/ -|-l)(,2/+3)...(2<-+2/,+;i)} 

_ {•1-(5...(2A-4-1)}{1-3...(2A+3;} Jr 

|(“2r-l)(2r-3)r.:(2/— 2A--1)}' i3':-3/^2'i2Aj+2 

{6-^(2A+4)]jl-3.,.(2A+3)} 

~{(2/— l)(2r-3):..(2r-2A-+l)} | 2f-2A- i2A- - 

{(2A— 2m+(i)(2A — 2w+8)...(2A+4)}{ l:;...(2A-+;{)}lgj- 
](2/-— 3)...(2r— 2w + l)} j 2r— 2m ]2/a 


( 2A-+4){1 •:^l2A'^)} _Jr _ 
■ 2r-l l-ir- 2 a 


-{l-3...(3A+3;}] 


= {(2A+5)(2A + 7)...(2,--l)}[{(2r+l)(2i-+3;...(2c+2A-|-3)} 
-(2A+3)*+'^C!,{2K2<— 2)...(2/— 2A)} 


-(2A-+3)(2A + l)*+*C,{2/(2(— 2)...(2)— 2A+2)}-... 
-{(2A+3)(2A + l)...(2m+l)}‘+*0*-„+,{2K‘2>--2)...(2r-2iH+2)} 

— --{(2A’+3)(2A’4-1)***^ + 

-{(2A + 3)(2A + 1)...3'1}*+>C»^.,] 
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{(2/.— aTO+6;(2/.-2«t+8j...(2A4-4)}{I- 3...(2t +3)} |2r 

{(2r — l)(2r — 3)...(2r — 2w+l) j2r— 2m |2m 

x= {(2fc -^m + 6)(2fc~2w + 8)...(2fc-» 4)} {l-3...(2fc + 3)}{:>(2r~2)...( 2r - 2w4 + 2) } 

!2w 

__ {2n2r— 2)...(2?*— 2m+2)} 

""■^2 • 4 • 6 . . . ( 2 ^ + 4) f 1^' *■ 

=={(2A’+3)(2/;+l)...(2m+l)}‘+*C*.,,+2{M2»'~2)...(2r-2wi + 2.} 
Hence by tlie identity obtained from (1) by putting 8=0 we have, 
{2-4-t)...(2A+4)}A,.,., 

= {(2/r + 5)(2A + 7)...(2r-l)}{2n2r--2)(2r--4)...(>--2A-2)] 

\2r 

=!2^4{ ( 2/;+0 ) (2A-+'8) • • (2;— 2A--4 ; J 
A,.*>.={l-8‘5...(2r~2A-5)}-C,,+,. 

Thus the formula holds universally. Hence the identity is e.stablished, 
o. J (u 4“2r— l)(tt + 2/'+l)((t+2r+3j...(a4- l<r — 5 j} 

= {ata + 2j..,(a + 2r— 4)j -f !• *’"^Car_.,{(a + 2)ta + 4j...(a + 2/*— 4)} 

+ l*3-"'*M;3,.5{(rt+4)ff7 + d)...0f + 2r-4)l 
+ l-3-5-»*^-^C,,.;{(a+dj(a+H)...f^+2r-4)}-h--- 
+ {l-3-5.,.(2r~5)»’-'^C3(a+2'r~4) 

4- {1 •3-5,..(2r— 3)}* ""’Cl identically ... (5) 

This theorem is esiablished by proceeding in the same uuiiiiier as the 
theorem (3), the identity to be applied being obtained by putting 8=2 
in the theorem (1). 

4. Here in tliis article we shall give another identity, 

1 1 1 <1 + 1 1 + 3 

w ~ 17<—1 ll ^ \n—2 i2 a ,n--3 j3 a 

1 (a+3)(a+5) ^1 _ (tt+5)('a+7) 

iji* 4 i4 a(rt + 2) !w — 5 ;5 a{a+2) 

Ji (f^ + 7)(a+9,(a + ll) 

in— 6 10 a(fi + 2)(a + 4j in— 7 |7 a(a+2)(a+4) 

.. =0 or 

> a a + 2)...(o + ?i— 2) 
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according as n is odd or even ; the last term of the series is, 

{(a+n)(a+w4-2)...(a + 2w~3)} 

!n{a(a+2)(a+4;...(a+w—3;} 

l)(^4-n+l).. . (a+2n— 3)} 

b# {a(a+2)ra + 4)...(a+w— 2) *’* ^ ^ 

according as n is odd or even. 

Fiet ?i=9 aji odd number, tlien the series becomes 

^ 4. 1. 1 1 (a + 3)(a+!}) 1 (a-f 7) 

;9 [8 11 j7 |2 (I j6 j3 a |5 14 a‘ a + 2\ ~ 4 i5 rt(rt + 2) 

1 6)(rtd- 7)(<i-F- 9) 1 4“ 7)(ft-|- 9 i(a+ 11) 

i3 |6 a(fl + 2 j(^?4-4) "””12 I? tf(a+2)(^7 4-4j 

1^ (tf -f 7)(a-h^) (<t 4~ ll)(<'^'f 13 1 
|1 ;8 ^?(^.4-2;(</-+4»(/e^d) 

1 (a + 9)fa+ll)ra+13)(a + ir)) 

'19 ,,(a+2)rrt+4"0r+d) - 

Then 

for 

Hence ''Ui = “a 2 = ’'a 3 = ... = '‘tt^=0 but ''a„+j="0„=:l. ... (8) 

Now if 'Wj =^,(fi4“2)^a+4^(a -f-FH which is the denominator of the 
last term of the series (7), 

7ea = (tt + 2)i a-f 4)(aH-6), 7t3 = (a+4)' a + () i and 77.^=a + 6. 
then the nuirierator of the series (7 , whicli is 
a(a + 2)(a + 4)(a+0)-«C\a(a+2)(«+4)(a + 6) 

+ ®C,(a-fl)(« + 2)(a+4)(a + 6 )-‘‘ 03 (a+ 3 ,(a + 2)(a + 4 (n + 6) , 

-f»C^(a+3)(fl + 6)(a+4)(a + 6)-...-«C„(a + 9)(rt + ll)(a + 13)(a + 15) 
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may be wrUten as 

+ 1 ■3* ) — ... + ®Ch(?^ + ®C<jW,+l-3 - * 04 .^ 5 +1-3-5 • ®CaW^ 

+ l- 3 - 5 - 7 )-«C,(«, + «C,f^a+l- 3 -« 03«3 + l- 3 - 5 «C 3 «, 

+ l-3-5-7-«CJ 

by applying the theorem (3) to odd terms and the theorem (5) to even 
terms. 

Hence the numerator 

=M^ +Ma "ttg + 1 -Sf/^ +1 *3 *5?#^ +1 *3 •5'7®«o 2=0 by (8). 

Thus the series vanishes. 

When 7* =6 an even number and if. 


7^1 =a(a+2)(« + 4\ 7<a =:(a+2)(a + 4) and ?< 3 =:rt + 4, 
the numerab'i’ becomes, 

7*1 — ®0i 7/1 + ‘’’02(7^1 +7< 8 ) — + ’'*C,7ia) + ® 04(7/1 + *02 77* +1 ) 

““®05(7/i + +1 -3* ®Oi 7/3) + ®Cf,(7/i + "0,7/2 + 1 -3- “Cj7^ +1 

=:"ai77i + +1 *3"a.7/3 + 1 •3*5 = 1 •3*5. 


Hence Avhen 7 / =6, the series 


1-3- 5 

jb tt(/i + 2 ) ( /7 + 4 ) 


The general case may be treated exactly in the same manner. 

5. We sliall now evaluate the factorable continuant 
D,= »— 5, —1 

;f, -1 

52 5.r -1 

5* -3* lx -1 

5 * - 4 * 9.r 

On this if we proform tlie operation 

(-1)«‘> TT (5-1, 1) C0l3+(-l)«-* TT (5-1, 2 ) C0I4 
+ (-l )-3 ^ (5-1, 3) col 3 + (-l)-* TT (5-1, 4) C0I2 

+ (— 1)®*"" TT (5— 1, 5) coll where tt {n^ r) denotes the product 
{ 77 ( 7 *— 1) (?/— 2)... 7’}, 77 — 7 - being a positive integer or zero and 
tlie produ(ft being taken as unity wlien r is greater than n 
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-A U 1 

then we have !>»= - y,~ 

24 , 3 r -1 0 -12 

21 -1 60 
16 -168 

1 24 

Then by the operation 

2xcol. + (-l)‘‘-‘* TT f5-2, 1) (2-5-2) col, 

+ TT 5-2, 2j (2-5-3) C 0 I 3 

+ -1/-^ TT (5-2, 3) (2-5-4) col, 

4-( — 1)''“‘^ TT (5 — 2, 4) (2-5—5) colj, we obtain 


D. = -3 (*-!)« 

-5, 

-1, 

0, 

5 


24, 

3'. 

-1, 

-54 



21, 

■ 5 * 

210 




1 

-21 


Now performing the operation 

2x2 col,4-( — ly’ “'‘ ^ ('')— 3, 1/ TT (2-5-3, 2-5 — 1) col, 

4 - ( — 1 y'~* TT (5—3, 2) TT (2-5— 1, 2-5 — 5) col, 

+ ( — 1)^~® TT (5—3, 3) TT (2-5 — 5, 2-5-6) coli, wo have 


21x3 i^-l) 

■4 ■ 


-5, 

-1, 20 

24, 

3., -180 


1 20 


On this last determinant perform the operation 

2x3 col,-4-( — 1 )®"* ^ 1 ) 2-5—6) col, 

^.( — 1)»- TT (5—4, 2) ir (2-5—5, 2-5 — 7) col, then we obtain 


D, = -7x9 (.-!)* 


.,,-5, 60 

1 -15 


On this again perform the operation 

2x4 col,-h(-“ir"* TT (S-5, 1) TT (2-5-6, 2-5-8) col, 
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.-6, 120 , = lx8x5x7 

! 

1 0 ' x9(,t-l)' 

Similarly we can show tliaii r)^=l*3*5...(2?i — 1) (a; — 1)**. 

6. In the case ol' !>)„, if no factoj* is remov’^ed from the last 
colungin of the determinant that results fi*oni tuiy operation, we shall 
have to perform the followinj^ operations : — 

TT (/i— *1, 1) col* 4-(— 1 )" tt (« — 1, 2 ) col*_i 

+ ( — I)"-** IT (w — 1, 3) col *_2 + ... + (?»— 1 ; in— 2) colg 

— (w — l) cola +col, =col, ... (fti) 

2col*l*)+ ( — TT (w— 2, 1) (2a — 2) (• — 1) col*_, 

-f ( —1)""^ TT (n — 2, 2) '2w — 3) (i’ — 1) (*ol„_g4- ... 

n-2) (//-3) fn-l-2) (.r-1) col, 

— (h—2 \ fn + l) i.f— Ij colg+zi (<—1) ool , =c()l„l‘“il... (ttg) 

2x 2 col*(^l+0 col„^i -|-(~1)''“‘* TT (//— 3. 1) n (’2?i— 3, 2a--4) 

X ( r — 1 )» C()l„, ^ +( — 1 )" * TT ( n — 3, 2) TT (2^—4, 

2a— 5) (»— 1)* (•ol*„, 4 ... + (n — \) (>— 1)*“* col, 

= C0l„<’*> ... (tts ) 

2 in — 1) col„l””*l +0 col* _ I +0 col* -f- , . . -f’ 11 colg 

4 {2 X 3 X — 1) a} ( r — 1)* col^ =col*(^'> ... (a„) 

Since any two operations of the type 

A, col, 4 A, col, 4- A, col I =001, 1*1 

B, col 3 l*l 4 Bg colg+B, col, =col 3 l'^> 
may be substituted by the single operation 

Aj Bj col34(B, Ajd-Bj) co1,4-'Bj A., 4B,) coljrrcol,!*! 

we may substitute for the operations (ai,aa ...a*) a single opei’ation 
in which the multiplier of col (r-i) will be 

( — !)""'■ 2’'"’' [2’’“^ TT (w — 1, r) 

+ 2’’"* TT (71—2, r—1) (2n—r) (» — 1) 


Tl.en we have 1),= 

8 
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+2--» |g TT (n-3, r- 2) 2n-r-l) (.c-1)* 

+2'-* |.^ TT (n-4, »•- 3) w (2«-r, 2>i-r-2) (.r-l)’ + ... 
+ 2 ,^^2 ^ r-f 1, 2) TT (2w— r, 2 j 7 — 2r+3) (a*— 1)"“* 

+ |— -j TT (?i— r, 1) TT (2n— n 2» — 2r4-2) (.u— 1 1 ’’“'] 


Rejecting the factoi* |n—l which is common to all the multipliers 
and writing in the reverse order we have the multiplier of col,_(r-i) 


= (-!)- ' 2- 



TT 1) TT (2w — r, 2?/. + 2^4*^) (■♦' — 1)''“' 


TT — / -f-l, 2) TT (2?/- 


►/*, 2??— 2r4-3) (,r— I)’” 


+ ^ iw~r4-2, d) TT (2/1— r, 2/i — 2r4*4) (a — I)*” 

4 -... +2'“* p TT (w— 2 , r— 1) (%i—r) (r— 1)4-2’"^ ’r (n — 1, /•)] 


=(-i)- 2- 1. [ 

+ |.,_:3|2 - +!r-4j8 7, ‘ ^ 


+ 1,-514 ,7(^-2; '■ ' 


_1 {((/4-2;;— 1) . + l »...(u4’^ ^a>~5) } 

'^j^'^ |2yj~l ■ {,/(r,4-2i) (^/4-4)T;.f7r+27^^^ 

1_ {(u4-2/; — 1) ( fi+2/?4-l )■ 

|r~-2 p— 1 (fr4-2) (ff 4-4)...(rt4-2p— 2;] 


X(,-l)''-(2i'+M 4-... 
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where k=:v Ij tt (2n— r, 2n — 2r+2) and a=2w— 2r+3. 

Hence the multiplier of col,_(r«i) is 

j. I A. _L 4.JL“ + 1| r'- 

— ^ y i_ + —i a+l 1 a+3) r-, , 
lr-4 113 j2|l+|lJ2 |3 “ J 

L, i J_ _ 1 ^ 1 a + l_ 

]r— 2p \ | 2y— 1 [ 2p— 2 |1 '*‘|2p— 3 <2 a 

_ (a+2p—l) (a+2y+l)...(a + 4p— 5) ) 

|%)-1 

a i^a •4-2)...(a-l-2p — 4) j 

. L__ I ..L_ . __1_ a + l 

+ | r-2p- l 1 I2p 12^1|l+|V-2l2 ~ 


L_ a+3, , J (tt+2p— 1) (a+2p+l)...(o+4ju— 3) ) 

( 2y-3 |3 g a (rt+2)...(o+2p-2) " i 

So by tlieorem (6), the multiplier of the col«^(r_i} 


=(-*)-' *■ [ i,“i 


^ 1 . 

|r-3 ;2 


1-3 


1-3-5 


— 5 |4 fa-f 2) — 7 |6 1 a + 2 ) \ a 4*4) 

+ + 1 

^•••^ |)— (2p+li |2?>a (q + 2)...(a+2?)-2i ' 


(9) 


(t) To illustralo the application of the formula given in (9), let us 
tionsider the continuant of the 7th order (i.e w = 7) then the multiplier 
of col, =(--l)®2°Tr'6, 1 IT.' 13, 14) =46080 for ir'13, 14j=l (where r=l) 

... col. = /'-l)»2»7r(5, 1 )t{12, 12) [(I *J 

= — 46080 r for tt (12, 12)=12, (where r=2) 



ON THB EVALUATION OF >OMB FACTORABLE CONTINUANTS 81 


multiplier of col^=ir 



1 

14 |2-3 


1-3 

|2 I4-3-5 + 


1-3-5 
+ 16-3-57 


J, (where r=7) 


=7 ..“+35 :.;*+2l ..* + 1 
Hence the operation in this case is 

46080 col,-46080.(j col« + (21120.ir» + 1920) col, -(5760. * 
+ lp20-0 col* + (1008 +864. * +48) col,-fll2.r’ +224- * 
+48^) col, + (7.;«+85,u*+21. * + l) col, 


and the continuant D^, 

by this 

operation, becomes 


1 

,«-7, 

— 1 

0 

7 (, 


46080 

48 

3..^ 

-1 


0 



45 

5- 

-1 

0 




40 

lx -1 

0 


1 



33 9.- -1 

" 1 





24 11,.* 

0 : 





13 

0 ' 


^ 1^7-l 7 1)^ X48x45x40x33x24xl8 

(-1) “ 4G080 Ix,5xsx7x9 


7. The continuant 


X 11x13 ( :-l)^ 


1 , 

a + w— 1, 


a, 


i 

i 

i 


1 — n + 1, » 

a (rt + // ', a + 2, .»• 


1— w, a + 2?i— 3, x 
a + ?i— 2, 1 


2n 


= {a (a+1) (a+2)...(a+2M— 3)} (1— .«)** eqnal to the product 

of the principal diaj?onal terms multiplied by (I—')"- Here the 
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elements, except the first and last, of the lower minor diagonal are given 

V 

= + 2) (a+m + ?i— 2) 

and V j j = m {m—n) 

where e,. denotes the element of this diagonal in the r'* row. 

Let us first consider the paj*ticular case when n=:S 


n:. 1 

j 

a+2, r 

— 2, rt + L •' 

a (flt-f-S), rt-h2, .<1 

I —2 ^4-3 - 

r^-^l 1 

and on this perform the first operation 

-- 2 a (a + 1 ) 001^4-2(6 col3+2a col ^— 2 col^— cola 4 -col, 


This enables us to remove the factor ^ AXC and then 

2a, 'a4-l) 

subtracting the first column from the last, we can remove anothei 
factor a and write the co-factor in the form 


1 

X 

0 

0 

0 

a-f 2, 

a 

X. 

0 

-1 


-2 

a4' 1 

X 

-2 



a (a 4-3) 

a 4- 2, 

-2 




1 

-(a4-l) 


On this co-factor, performing tlie 2iid operation 

col , 4- a 4- 1) col^ —cola — col^ 4- col , 
we can remove tlie factor (1— a (a4-3j and get the co-factoi* 

lx 1 

a 4- 2, a, 1 


—2 — (a4*l) i 
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Then substractin^ the Hrst eolnmn from the last we can remove 
another factor aiul obtain 

1 0 

n + — 1 , 

! 

Then performing the ord operation 2 col, - -rol, +col^, we have 

i 1 1-.,- . 

a + 2, a 0 which is equal to — (rt + 2) (1 — .«) 

-2 0 


Thus the result is a (a + 1) (a 4-^2) (^^4- 3) (1— )*. 

In the general case, if ?«* denotes the multiplier of the /•'** column 
and I that of the last column, then 

I iy 

f — 1) TT n+r— 2, a) 7r(»i--l, 

/i— r4-l) 


in the first operation ...< 


(2r4-l) 

m j, j = ( — 1 ) ^ 7r( a + /•— 2, a) 7r(ji— 1, 

a— r) 

I is governed by these two rules. 


in the second operation 


2r (2r— 1 1 

— 1) " 7rf «4-r— 1, a4-l) 

7r(n— 2, n—r) 

(2r4"l) 


<^+1 — 


7r(a4-/— 1, rt4"l) 

7r(n— 2, n— r— 1) 


in the third operation... -! 


2r (2r-- 1 ) 

w,^=( — 1) 7r(a4-r, a4-2) 7r(n— 3, 

n-r~l) 

(2 r+l) 2r 

War + i=(~l) ^ Tr(a4-r,a4*2)7r(w--3, 

w— r~2) 

J=2 
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in the fourth opei*ation 


1) ^ 7r(a + ?’ + l. a+3j 

7r(« — 4, w — ?•— 2) 

( 2r+l) 2 r 

wta, + i= — 1» ^ TT'a+r+l. a+3) 

w(«— 4, M — r — 3) 

i;/=3 


and 80 on. 


[f is to be noted in this connection that each operation will enable 
us to remove certain factors and befoi'e performing the next operation, 
these factors are to be removed, the fii-st column to be subtrjicted from 
the last and another factor which we can then remove from the last 
column is to be removed. 



The Osculating Conic in Homogeneous Co-ordinates 


BY 

Gtjrudas Bhab, M.Sc. 

The object of the present paper is to deduce in elegant forms the 
equation of the osculating conic at any point of a curve whose equation 
is given as a homogeneous equation of a given degi^e in f, 17, J where 
17, ^ are a given system of trilinear co-ordinates satisfying a given 
identical relation 




The co-ordinates a, p, y of any point of the given curve will be 
supposed expressible as functions of any arbitrary parameter t by 

“=/i(0. P=f »(!■)> ; 

or more generally by 

a: j8: y=/.(0:/.(0:/JO. 


I n this case the absolute co-ordinates a, y may be written as 



fM) 
e ’ 


where 




We shall say in this latter case that a. y are relative homogeneous 
co-iwdinates whei’eas in the former case we shall call them absolute 
homogeneous co-ordinates of a point on the curve. 


1 

If we take absolute homogeneous co-ordinates in a given system of 
trilinears then at a point a, /?, y of the given curve which corresponds 
to a certain value of ^ the equation to the osculating conic can evidently 
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be written in the form 




V* 

C 

vt 


h, 

=0 


a* 

p' 

y’ 

Py 

ya 

aP 



D(a*) 

D(/8*) 

D(y’) 

D()8y) 

D(ya) 

B(a/8) 

... (1) 


D*(a*) 

D»(/8*) 

D*(y*) 

DHPy) 

D*(yo) 

D*(o^) 



D*(a*) 

D»(/3*) 

D»(y*) 

D»(/8y) 

D»(ya) 

D>(a/3) 



D*(a*) 

D‘(/3*) 

D*(y*) 

T)*(py) 

B‘(ya) 

D*(tt/3) 


where D" denotes ^ 

!• 






It is importmt to notice that we shall get the equation to the 
osculating conic in the same form even if we take a, jS, y to be relative 
co-ordinates of a point on the curve. For the second system is derivable 
from the first by writing By for a, y respectively and all 

the ^’s and their differential co-efficients will be eliminated from tlie 
equation on simplification. 


Let us now take 




W5 


also let 


A 


It = 


f ri £ 

“ ^ y . 
a' /S' y 

I 7 f 

a P y 

a" /8" / 

i V ( 

a' /S' y ; 

a" /3" y" 

a y 

/S' y , 

" p' f 


a 
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and generally 



a P y 

a' p y 

a'" p" y" 




a p y 
y(^) 

a(") /J(") yt") 


where 



The equation (1) to the osculating conic in the new homogeneous 
co-ordinates U, V, W may evidently he written as 


U» 

0 

0 

0 

0 

6 A!, 


UW V’ uv vw w* 

0 0 0 0 A!, 

0 0 0 -a;, 0 

A!, 2Af. 0 0 0 

AijAi.*! 0 dAit AiaAas ^ 

Ala A 14 "“^Ai* A *3 '^Aia A 13 Ala Aa-i ^ 


=0 

( 2 ) 


which reduces to 


u* 


UW 

v» 

uv 

0 


A?. 

2A;a 

0 

0 

A 1 a 

A 1 3 

0 

-3A!. 

6A!a 

A,, 

Ax. 

“•hAia Aaa 

-4Ai, a,. 



1 0 

0 


UW 

V» 

UV 

■1 

O 

A 1 3 A 1 3 

3A la 

=3 A.. 

1 

2 

0 


A 14 4Aas "h A 14 

Mi3 


A 1 3 

0 

— 3a la 


or (12 Aia A„-4 a;3+3Ai, Ai4)U« 

=3Ai. (6Ai. UW-3Ai, V* + 2Aia UV), 



$8 
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or (A,. U-3A., V)* + (12A.. A„-5A!,+3A.. A. J U« 

=18 A!. UW, 

or (A,» U-3A.. V)*+<rU*=18A;. UW ••• (3) 

where 

<r=12A,, A,»— 5 A?s+3A,, a, 4. 


It can also be written as 

(A„ U-3A,, V)*+(r (U-9 Ai> W)*-81^* W*=0 ... (1) 

<r O’ 


From (4) it is evident that 

A„ U-3A., V=0.' 

U-9 Al* W=0, 


(5) 


W=0 J 

form a self-con jugate triangle of the osculating conic. 


Now the tangent to the curve and therefore also to the osculating 
conic at a, p, y is evidently 


( V f 

U=| a ^ y i =0 

a' /S' y 

whether a, /3, y be absolute or relative homogeneous co-ordinates. 


( 6 ) 


Again if we take a, /S, y to be absolute homogeneous co-ordinates, 

then 

ia-f m/3+wy=l ; 

therefore 

lo! -h + wy^ =0, ') 

[ (7) 

Zo"+7n/3"-l-«y'=:0 3 

The equation to the line at infinity is 

l(+mrf^ni=:0 ... ( 8 ) 
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Eliminating m, n from (7) and (8) we have for the equation of the 
line at infinity 

i V i 

W= a' y =0 ... (9) 

P!' / 

The pole of the line at infinity is the amtra of the osculating conic 
which is determined by the intersection of 

A.,U-3A.. V=0 

and 

U-9 Al* w= 0 . 

cr 

ButU=0isthe tangent to the osculating conic at tlie point of 
contact a, /?, y, Tlierefore 

u-9 AL« w=o ... ( 10 ) 

cr 

is the diameter of the osculating conic parallel to the tangent. 

Again U =0 and V =0 both pass through a, p, y. Therefore 

Ax3U-3A,*V=0 ... (11) 

is the diameter of the osculating conic passing through the point of 
contact. It is the a * in of ahin-ancy of the given curve at a, P, y. 

3 

Tlio co-ordinates of the centre are given by tlie intersection of 

Ai3 u~;3Ai, v=o, 

and 

u-9 W=0; 

0 - 

u _ V ^ w 

9Ai* 3Ai» Ais ^ 


that is by 
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or by 


^ V i 


( V i 


i v K 

a p y 


a P y 


o! /S' y 

a’ p> y 


a“ )?' / 


a" /S" y" 

»a;. 


3Ai9 a 19 


o- 


Now from ( 7 ) we have 

I _ ^ 

/S' y-yV^/ a' “ a' /y'-a"/8' 


Hence 


Za+m^+wy 
a y 

«' P' y' 

a" pr / 



y3'y'-y8”y=/A.„'| 
y a"—/ o'=»»Ai,. }■ 

a')8"-a"j8'=»A,..J 


Therefore the determinant 


( 12 ) 


(13) 


! ; 

I a' ^ y ' = ()8'/-i8"y)^+(ya''-y'a'),+ (a';8'-a''/3')f, 

! a” )8" 7 " i 

=A,, (/f+wv+wO. by (13). 

= A„ ... (14) 

Each of the ratios iu (12) is therefore equal to aud tlie 

(T 

co-ordinates of the centre are determined by 


(j8/-)8*y)i+(ya“-/a),+ (a^-«''/?)C =3 ^LlAi.. . 

<r 

(j3V'-/3«y) i+(y>ar-fa')r,+{a'P'-a''^) C=A.., 
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whence we get for the co-ordinates of the centre 

f=„_ 3A..(A..a'-3A..a‘') _ " 

cr 

3A,. (A..,^'-3A..jS^ )^ , 

cr 


If the osculating conic passes through six consecutive points at 
a, py y, we must have 

a® y® py ya aP ;=0. 

I D(a®) Dl^®) D(y®) B(Py) I)(ya) l)(ai8) 

l)*(a*) D»(j8®) D»(y®) D*(py) l)*(ya) D®(aj8) 

I D®(a®) DVjS®) D»(y®) ])HPy) D*(ya) 

: D*(a®) D*{p*) D*(y*) DHpy) D^{ya) D*(ap) 

■ D“(a®) D«(i8*) n»(y®) D^iPy) D»(ya) D“(aj8) 

From this we derive, just as (2) is derived from (1), tlie relation 


(16) 


0 

0 

0 

0 

6A? 


0 

0 

Al, 

A 1 j A 13 

A 12 A 14 


0 

0 

2A?o 

0 

-8Ai,A23 


0 

0 

0 

-3a!2 

”"4 Aij Ais 


« A®, 

“ A i[2 0 

0 0 
AnAjs 0 
A 1 n A 3 4 0 


2 OA 13 A 13 A 1 1 A 1 5 + 16 A 1 2 A 1 2 3 ”'16Ai2Aj4 6 A 12 A 14 ■^10Ai2A23 A 12 A 26 6 


where 


A 


1 IS 


it reduces to 

20A,,Ai» 


«' p' y I 

a" ^ y" ; 
a'" /3"' f 

1 0 0 
Aij Ais 3 Ah 

A,* Ai«+4A,, 4A,, 
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I A n A 1 5 + 10 a 1 a a 1 9 s 


— IOA19A94 Ali'f'lOAii Aia 


=3A,. 1 


0 


Ais 0 “"3Ai9 


On further simplification we obtain 

40A!,-45A»,AuAi4+^A;,Ai„-90AiaAisAa., 

+45A5,A.4+90A!,Axa8=0 ... (17) 

which is therefore the condition that a, j3, y may be a sextactic point on 
the cum. 

TfttjAybe absolute homogeneou.s co-ordinates A 193=0 and the 
above condition reduces to 

40A;3-^5Ai9Ai3Ai4+9A!9Ai,-90Ai9AisA99 

+45A!9A.4=0 ... (18) 


5 

Suppose now a, jS, y are the relative homogeneous co-ordinates of a 
point on the curve. Let us write 

@=Lf+Miy-fNC 


where L, M, N are any constants ; also let 
dsLa-f-M^+Ny, 

so that 

0 '=La'-|-M) 8 '+Ny, ‘ 

^'=La".t.Mj 8 "+Ny" 

and generally 

^(«) = La(")-|-Mi8(»)+Nyb0. 


The equation (1) to the osculating conic can now be written as 


n* 

U0 

Y! 

UV 

V0 

e’ 

0 

0 

0 

0 

0 

«* 

0 

0 

0 

0 

"«Ai8 

W 

0 


2A?, 

0 

—24 A 1 2 

2('«+2M' 

0 


0 

1 

CO 

> 

«A„-8»"A., 

6»'«"+2M' 

' 6 A!. 

6tf"A„+4^An + <^Ai4 

— 8A 18 A 23 

-4AuAi3 

9A,.+«'A„-«"'A„ 

64"»+8«'4"'+2M‘ 
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Qn simplification this reduces to 

(12M„A.,+3^A„A,.-4«A?,+18e"A?,)U“ 

+ 90A!, V-18A?, U@-(18e'A;.+ceA,,A,,)UV=0, 

w {(0A„ + 30'A..)U-3eA.,V}* 

+ {(J2A..A„-5A!,,+3A„A.J0*-6OO'A,,A,, 

+9a;, u* 

=18flAJ, u®, 

or {(^A,,+3^'A,,) U-3M,, V}«-J-U» S=18(?Ai‘. r©, ... (20) 

where 

S=(12A,,A,,-5A?,+3A,,A,je*-6fie'Aa,A,,, 

+ 9 A!. (256"- fl'*) 

=(r5»-C55'A,,Ai,+9A?, (255'-5'‘) ... (21) 

If 2=0, the equation to the osculating conic reduces to 

{(<?A , , + 35'A 1 , ) i:-35a . , V} • =185 A \ , U© ... (22) 

The form of the equation shows that U=0 as well as 0—0 are 
tangential to the osculating conic and 

(^A 1 q +*^^'A 1 <))U=3^?A 1 14 V 

is the chord of contact. Hence the tangential equation of the osculating 
conic to the given curve at a, /3, y is 

... (23) 

It may bo observed that 1^=0 i.s a homogeneous equation of the 
second degree in L, Ikl, N for 6, O' and 0" are linear expressions of the 
first degree in Ti, M, N. 


6 

We now proceed to obtain the same results by a direct transforma- 
tion of the results given by Prof. S. Mukhopaclbyaya in his “ General 
Theory of Osculating Conics ’’—Second paper. [Jtmrnal and Proceed- 
ings j Asiatic Society of Bengal (New series), Vol, /F, No. 10, 190S\ 
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Suppose f, rjy ( are absolute homogeneous co-ordinates in the system 
of trilineai's 


f=AX -f BY -f. C=X (p-X cosd-Y siu0)=O,^ 
r,=A'X+B'Y+C'=/i (q-X cos<^-Ysin<^)=0, 


(24) 


C=A"X + B"Y + C^'=:i/ (r- X cos«/f-Y sini/^)=0J 
The identical relation satisfied by rj, I is 

fi-hviy+n(=l ... (25) 


where 



I) __ c 
2pA * ^ 2rA 


(26) 


a, h, c being the sides and A the area of the fundamental triangle. 

We shall denote by ^ the current homogeneous co-ordinates in 
this system and by a, y the co-ordinates of a given point. Similarly 
X, Y shall denote the current co-ordinates in a rectangular cartesian 
system and a?, y the co-ordinates of a given point in this system. 


Let 



^ q t 
A A' A" 
B B' B" 


then D has a constant value ; for 

T)=f (A'B"~A"B') + ^ (A"B-Air').f f (AB'-A'B) 

=/xv^ (cos<;^ sini/r— cos«/^ Hm<t>)+v\rj (coHij/ sin^*— cos0 sim/^) 

(cos^ siiK^— cos</> sin^) 

A A A 

sin hc + vXrj sin sin abj 


he, ca, ah being the angles between h and c, c and a, a and h respec- 
tively. If now p be the radius of the circum-circle of the fundamental 
triangle, w^e have 

r)= V 

2p C A fi V ) 


(25) and (26). 
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It is therefore evident that 


a 

P 

r 


i 

V 


A 

A' 

A'^ 

= 

A 

A' 

A" 

B 

B' 

B" 

i 

B 

B' 

B" 


(27) 


From (24) it is clear that C, O', C" are the tvilinoar co-ordinates of the 
point which is the origin of co-ordinates in the cartesian system. Hence 
also 


A A' A" 


B B' 

C C' 



... (28) 


7 

In what follows wo shall make frequent use of the following 
determinant identity 


fa ^‘1 

a a' a'' 


a a' a!' ; 

b V y' 


a a" 


c d c" 

b h' b" \ 

1 

1 m li 


f a ' 

1 m n 

+ 

h y 6" 


1 hi w 

1 

C C C i 

p q r 


C C (,' 

V q 


/ 9 


p q 


* The identities (29) and (80) arc but particular cases of the following mor 
general Deterininantal Identity : 



wheile the summation consists of u products which are derired from the product of 
the two determinants on the left-hand side by interchanging the first row of the 
second detetminant with the succossire rows of the first determinant. 
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a a* rt" 

/ g 

h y // 

1 m n 

r c' f" 

p q r 


... ( 29 ) 


which is easily proved. 

If in (29) we replace c, c" by /, m^n respectively we get 


f 

q h 

b 

y 

b" 

1 

in 

n 


a 

a' 

”'i 

it 

a! 

y' 1 

1 

h 

y 

y' 


[a 

y 

if 

f U 

1 

hi 

1 

in 

"h 

f 

if 

i 

h 1 

1 

1 

i 

in 

H 


b 

y 

If 

1 

1 1 m 

n 1 

P 

</ 

>• ! 

1 

in 

i 

p 

7 

r 


1 

in 

n 

1 p q 

>• i 


w'hich rewritten is 

I in n I in n 1 j ^ 

« a' rt" b 1/ h" Ll a a' a" 

' I 

f U b \ j} q r \ ' p q r 

I in )i / in )) 

n u' a*' f q // 

h V h" ' p q r 

The identity in this latiei* form will be most useful. 


I in n 
b U ¥ 
f if 


... (30) 


From equations (24) we ol)lnin 

i V ? 

X=y B B' B" 

C C' C" 
i V t 

y=A c c' C" 

A A' A" 

From (31) by differentiation wo get 

f v i’ ' i V i i V t f V r 

X'= — J B B' B" A A' A" - B B' B" A A' A* 

D* 

L c C' C" B B' B" C C' C" B B' B" 


... (.31) 
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D» 


Similarly, 


A A' . 

M' 

B 

B' B" 

B B' B" 

( 

V C 

c 

C' 

C" 


V i 


B 

B' 

B" 


_ 1 

1) 

i 

V 


by (28) 



t 

V 





A 


A" 

Y'=- 

1 

'3 

( 

V 




i' 


r 


by (30), 


Again differentiating X' and Y' we have 

B B' B" 

I 

1 


X"= 


I) 


V 

v" 


r 


Y"=~ 


D 


A' 

V 

V 


A" 

r 


From (35) by further differentiation 
B B' B" 




i' v C 
i" V' r 


B B' B" 
i V i 
f'" V" r 


Now Biuce 


we have 


li+mrf+ni-=l, 

ii'+jn);'+»C'=0, 

Ip"+nMj"+nr=0, 


» 1 

50 = T S«y- 


“vr-i'C *= 


(33) 


(34) 


(35) 


(36) 


( 37 ) 
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A'B"— A"B' = /ii' {cos^siin/^ — cos»/^sin<^ } =/Jivsin 6 r 


= =k^Ai, 


A'B - AU"= =k^v Am, y 

ip p I 


... ( 38 ) 


AB’ - A'B=‘’^^^ =X,ii--A, 

2p p j 


The detenuinant 
: B B' B" 


f V r =c(vr->;T)+B'(rr-rf)+Bw-fV) 


r v" r 


_ h p 

\pv A 


{ B(A'B"- A"B') + B’(A"B- AB") 


Similarly 


+ B"(AB'-A'B)} from ( 37 ) and ( 38 ), 


I B B' B" 

x-=‘! i , j 


■in III yrn 


r' V 


A A' A" 


Y"'=— - t n t 

1 ) ' ^ ^ 

I'" v" r 

Proceeding as above we can show that 
I B B' B" 


i(“) i;{») i(») 
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A .A' A" 

=-y ^ ^ . ... (42) 

^(w) ^(») 

We shall now make use of those transformation formulae to find the 
yalues of the functions P, Q, R, S, T, Qj, R', S' which are defined 
below : 

We have 

(m) (n) (w) (m) 

o. p y ]\ a P y 

= . A A' A" B B' B" 

„(»') ^(>«) y('») „(«) jgC”) y('0 


a 

p 

7 

a 


y 

A 

j 

A' 

A" 

B 

B' 

B" ^ 

1 

i »(") 

^(«) 

00 

7 

(m) 

a' 

^(»0 

(>«) i 

V J 


a p y a P y 

= A A' A" «('«) /”■> by (30) 

B B' B" 

i) ■ 
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Q=^y -."y 


R=»'j,"' -x/"y' =^, 


S=*'y*' -.«‘V =‘^'S 


T=/y^ -xW =^’, 


E=.,y' _,„'Y =A.», 




P=*'. + y'. = ^ 1 - 


A 

A' 

A'' 


B 

B' 

B" 

a 


r 

+ 

“ 


y 

a 


y 


; 

« 

P 

f 

7 

A 

A' 

A" 

A 

A' 

A" 


a 

)8 

y i 

a 

P 

r 


a' 

iS' 

r' 

L" 

P' 

i’ 

j 


1 B B' B" 

B B' B" 

•> 

1 “ /S y 

a P y 


ia' fi' y 

a" P' f 

J 


Now the expression 

(Y-y)/-(X-*)y' 

•X/-Xy'-*'y+»y' 



THE OSCULATING CONIC IN HOMOGENEOUvS CO-ORDINATES lOl 


becomes on transformation 

^ ^ ri C B B' ( -n i A A' A" 

= L . c C' C" o )3 y + B B' B" a P y 

, A A' A" a' j8' y c c' c" a' /y y 



A 

A' A" [ B 

B' B" ) 

A 

A' A" B 

B' 

B" 

1 

a 

p y a 

y3 y i- 

a 

P y a 


y 

i 

a' 

p y c' 

C' C' ! 

0 

C' C" a' 

iS' 

y 

f 

V 

f [ A A' 

A" ( 

V 

i B B' 

B" 


B 

B' 

B" a P 

y ;+ C 

C' 

C" a P 

7 


C 

C' 

C" a' p* 

y ; A 

A' 

A" U' p' 

y 



a P y 0 C' C" " 

+ A A’ A" a j8 y by (30), 

B B' B" a' p' y , 



V 


A A' 

A" 

A 

A' 

A"j 

B 

B' 


B 

B' 

B" 

/3 

y + 

( 

V 


a 

/8 

y 

C 

G' 

C" 

a' P' 

y 

C 

C' 

C"ii 

a' 

/S' 

y 



A 

A' 

A" 

c 

c 

C" 

+ 

B 

B' 

B" 

a 

)8 

y 


( 

V 

( 

a' 

/S' 

y 



A 

A' 

A" 

f V £ 


B 

B' 

B" 

a P y 


C 

C' 

C" 

«' j3' y 

i 

V 

£ 

i 

a 


y 

; by (28). 

a' 


y 

1 


... ( 46 ) 


Similarly the expression 


(Y-yW-iX-^yf 
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or 

redaces on transformation to 

i V { 

D “ P y ■ 

a” (8" / 


... ( 47 ) 


The equation to the osculating parabola at a point ji, y on the curve 
is 

{(Y-y)(3Q.«"-R4>')-(X-..0(3Q/-%')}* 

=18Q»{(Y-2,)*'-(X-x)y}, 

[ See S. Mukhopadhyaya — A General Theory of Osculating Conics, 
Second paper : Jonmal and Froevadings, Asiatic Society of Bengal (New 
Series) Vol. IV, No. 10, 1908. ] 

or, {3Q[(Y-j/),."-(X -*)/]-£[( Y-y)x’- ( X-*)y'] } » 

=l8Q’{(Y-y).>^'-(X-,.)y'} 

this on being transformed is 

{M V (. \ V i \ ^ V c\ 


a' i 


i V t 

t V 


2 

a P y 

— A,, « P 

7 

^ = 

a* ^ / 

a! P’ 

y J 


i V i 

i V 


2 

a p y 

— An « P 

y 

- 

a" P" yf 

a' P' 

y' . 



V i i 

V 


18a;, a 

P y a' 


i 

a' 

P i 1 a" 

P' 

/ 


(A„U-3A,.V)*=18A!.UW. 
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Again tho equation to the osculating conic at a point on the 

curve is 

{(Y-2/)(8QV'-RO-(X--.«)(3Q/-Ry)}« 

+ (3QS-5R*+12QR'){(Y-.2/)^c'-(X-.T)y}‘ 
=18Q»{(Y-y).«'-(X-.r)y}, 

[ See, A General Theory of Osculating Conics, loc, ciU (52).] 

or, {3Q[(Y-j,)*''-(X-^)y']-R[(Y-y),e'-(X-.,:)y]}* 

+ (3QS-6R« + 12QR'){Y-yW-(X-;«)y'}* 
=18Q‘{(Y-y).,/-(X-.0y'}. 

This transforms into 


ri 

1 

t V « 



'i 

i 1 

1 * 

3Aia "! 

a P y 

-Aa, 

a 

p 

y 

> 

1 

li 

a" p:' / 

1 

a' 


y 1 






i 

n 

C • 

+ (12A,,A,,,-5A?.,+3Ai,i 


a 

P 

y 





a' 

P' 

y 


f V C 

=18A?, tt /3 y , 

^ y 



r 



-A.j 

i 



Ol* 3a la^ 

1 

« p 

y 


a 

P 

7 



a" /3" 

y" 


a! 

P' 

y . 


I ri t 

+ (12A,,A.,,— 5A!3+3A,,A,4) «■ p y 



1 a' pi 

( n ^ 

i V i 

a . p y 

a' p' y 

cl pf ■/ 

a" P' / 
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or ( A I sU-3 A X .V)* + crU* =18 A ? ,UW, 

whioh is the same as equation (3). 

Finally if the osculating conic has a six-pointic contact at a, y we 
must have 

40R»~46QRS+9Q*T-90QRR'+45Q*S'=0, 

[ See, A General Theory of Osculating Conics, loc. cit. ] which 
transforms into relation (18) of § 4. 

This paper was w^ritten at the suggestion and under the guidance of 
Prof, S. Mukhopadhyaya to whom my best thanks are duo. 



On bomb Laws ov Centiial Fokce. 


PaH 1. 

BV 

N. M. lUsu, M.Sc. 

1. The law of Central force under which a particle can describe a 
a conic, whatev'cr may be the conditions of j)rojoction. lias formed the 
subject of investis^ation hy mathematicians from very early times. 
Amon^ the contributors to the subject may be mentioned the names of 
Newton,' Sir W. R. Hamilton,® Villarcean,^ Darboux,* Halphen, 
Qlaisher,® Hirayama,'’ Appell^ and others. These mathematicians 
confined themselves to the consideration of the law of force as being’ a 
function of the position of the particle relative to the centre of force. 

2. The problem of dctei'mining the law of force when it depends on 
the velocity as well as on the position of the moving particle appears to 
have been first solved by M. Paul J. 8iichar^ who has shown that, 
besides the two well-known la^^s of forc(5 depending on the position, 
there are six and only six other laws depending on the velocity as well. 
These six laws are : — 

(i) (ii) 

(»7i) + + {iv) /I’yiK'tj/? +2fcy, +r)'“V,, 

0 /-lyrn*''! + 6^1 (*'') (“//! + 26yi +c)“>i. 

and the laws of foi-ce jirevionsly known ai'e 

(ttV) jn(a.>-,+lj/i+o)~’v,, (vili) ii{ax\+2hf^y^+cy\) 

^ First book of tho Principia. 

® Proceedings of the Irish Academy, Vol. 3, IS'Ki. 

^ Connaissance des Temps, 1862. 

* Coinptes Rendus, Vol. 84, 1877. 

* Monthly Notices of the Royal Astronomical Society, Vol. 39, 1878. 

° Gould’s Astronomical Journal, 1889. 

' American Journal of Mathematics, Vol. 13, 1891. 

'• Nouvelles Annales do Mathematiqnos, Vol. 6, Series, 4, 1906. 
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where .«j, are the co-ordinates and the distance from the origin 
of the moving particle at time are arbitrary constants and 

stand for and respectively. 

dt^ dt^ ^ ^ 

t3. In obtaining these laws Suchar has made use of a very important 
theorem established by himself.^ Using the transformation, 


* dfi 1 




dH 


dt=^- 


where {x,y) arc the co-ordinates, at time ^ of a particle moving under a 

central force at the oi'igin wliose acceleration per unit mass is 

• • -i- 

rF 2^), where r=((;* +2/*)'*) we obtain 


S' - y - jp *-y' 


dt’ 


whence we further obtain 


~dF' 


*. y) HF,y',i',y') 


and 


D-d^y'^ y' 

^ 'dF 


y 


P(i-,y.‘'y) ,y' ,■>' ,y’) 


It thus follows that if ( c:',!/') denotes the position of a second moving 
particle at the time this particle moves under a central force at the 
origin whose acceleration per unit mass is l^{.d ^y\x\y')^r' being its dis- 
tance from the origin. 13nt the transformation formulae shew that each 
particle describes the hodograph of the other. Remembering that the 
hodograph of a conic described under a central force is itself a conic it 
is thus proved that if a conic he described under the central force 
rF(,»', y, ,y), Cl conic will also he described under the force r/F(£c, y, .r, y). 
(We shall hereafter refer to this as Suchar’s Theorem.) 

4. The metliod employed by Sucliar in obtaining the laws (f) to 
(vi) is rather tentative. The object of tlie present paper is to give a 
more general and rigorous, though less simple, method by which I have 
been able to obtain all the laws excepting (^) and {ii) without using 
Suchar’s Theorem, and by which, I believe, the first two laws can also 


' Bull, de la Soo. des Sciouces, t XXXIll, Comptes Eendus, Yol. 136, p. 679. 
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be obtained. These two laws can however be easily obtained from the 
well-known laws (yii) and {mii i by the application of Suchar’s theorem. 

5. Let ( c 1 , 2 / 1 ) ho the co-ordinates and the distance from the 
origin of a particle moving under the central force F^, at the time ^i- 
Its equations of motion are 

(III '■'•i’ 'r, 

whence 

r=a constant =/i( say) 

ai. at. 


Making the homographic transformation 


we have 


whence 



dl^ 

y\ 


^dt, 


dt ’ dt dt^ 


^*'■=0 =~F '(j 

(U^ ’ dt^ dt\ dt S*1 


Thus the equations of motion of a particle, whose co-ordinates are 
at the time t^ are 


d‘^ r\ d^y Y 

dt^ ’ 


(5 1) 


where Y= — Fj^ ... (5-2) 

From the nature of the transformation it follows tluit if the curve des- 
cribed by the first particle be a conic, that described by tlie second will 
also be a conic. The determination of F^ thus reduces to the deter- 
mination of a force Y acting pai’rallel to a fixed direction under which 
a particle can describe a conic. 

6. Since the equations of motion of (.f’,y) are (5*1), the differential 
equation of its trajectory is 
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Now the differential equation of all conicH is 


£[0 )■*]-“■ 


Thus Y must satisfy the equation 


g,[(Y)-‘]=0. 


Since the initial conditions are pej'fectly arbitrary, Y must be such as to 
satisfy this equation for all values of .i*, h and 

d.o 

7. Let us assume Y to be given by 




where y' stands for 

dv. 


Then must satisfy the equatio}i 




Performing the differentiati'^n and remembering that 

(h> h* h* ’ 
the above equation becomes 

a’-^+.v +%'• +«'• 9 ’^ 

a7» a..>*ay a.«ay’ dif 


+ ^ +2/Y 2 -9 ’A. + a*«A \ 

+ L ia-’ay' a..ay •'I a..a2/a/ ^ a^» ) 

+„'• 1 -2«/> i 9> . ^ +3a> . ^ 

^ 02/* 02/' i t0.*: 0y 0.C 0a;02/' 

. .a_^ ] _yx \( 9i V+3?.!^ . 31^ +3a« a«<^ 

^ a.«* by') ■' (\ by ) by bxb]f ^ 81 ‘ ^yby' 
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+2^^ . 9^ K 5 ^ f / 6^ y+w d_±.d4>} 

^ dy' d^dyl dy' l\ d* ) ^ ^5 

I 0y \ 0y / dy 0ydj/' dy' dy* /J J 

+ fu>f -9'-^. + -9’i V2^/29>.0^ 

^47** L V 0.'-0y'‘ 0270/ >/ dy dy' 

+5^. 11± +39J> . 010 V/' 90 +,/90 ^ 

027' 0*027' 0* 027" J { dy' M F* ^^0“27 / 

+„' i -9^- -2^r5^ • 9>0 ^.300 . 010 \]-l 

I ^ dydy'* dy' dydy' ^ dy ay'*Ji] 


_l 3 


•CT r 0« -60 +6^ V 1=0. 

/<» 027"' ^^ 027' 027" V 027' / J 


8. Since the above equation is to be true for all values of A, t/> must 
aatisfj’' the following four differential equations : 

0'’0+:Y-^^ +3/*^^^ +,/» 9’0 _o (!) 

dx* ■'dx‘dy 0.C027’ 027* 

U> 1 910_ + 010 + 2 -.-9=0 . + 010 Uy. ._0.10. ] 

(0**0 0 . 1- 0 27 \ dxdydy' dy* ) dy'dy } 

_9.,Ar 90 00 4. Q 00. 0*0 . 0*0.^0 

’^10* 0V 0^' 0*0/ 0** 0/ 

4.v'i{ 90 V-h3^- -910, +3 0^. .0_*_0 
H 027 / ^ 0y 0*0/ 0* 0270/ 

■ 200 . .010 n-f..-,90 U 00 V+2/^^ •9_0 I 
^ 0/ 0*0273 J 0/ H 0* / ^0* dy 3 

“ 9 ^ ( !*)“**{* Iv ' ^ 9 V 
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0*0y'» ■ dydy' 


0 


\_2rf/ 20^ . 4.59i ■ 9‘» 

W j ^ dy €y'^ dy' 0*0^ 


4^* ( 


+3^ . 0^ V 2 /' I -2JrM- 

0* 02^'* I 0y0y* “ ay 


a»«^ 

dydy' 


)}+Kw)’(li+4J)="- - 


^ 0y» ^dy' dy’‘ ' 


{ )■- 


... (TV) 


9. In order to solve these four equations simultaneously, consider at 
first the equation (IV). 


Putting {^=- , this reduces to 




= 0 . 


Hence 


' = T =/i f ^?/V® +/a(^»^V')?/+/5(‘'»^?/) 
9 


... (9-1) 


where /j , and are some unknown functions to he determined from 
the equations (1), (IT) and (111). 

The laws (VII) and (VJII) can be easily deduced, as has already 
been shewn by Appoll,^ by as.suming <j!> to be independent of y' in 
which case the ditferential equations become very much simplified and 
can be completely solved. In the present case the general solution of 
the equations seems very difficult and we shall tiy to obtain some parfi- 
cular solutions only. 

10. Let UR assume in the first place that 

/.=0, /,=0 and = - «'> . 

Substituting this value in the equations (1), (II) and (HI) and 
remembering that they must be satisfied for all values of y\ we obtain 
the following six equations 




07 -0 07 

-0 

07 


d 



0^’ 


df 

h.c 

y=o. w M- 

/ 0«0y 

0/. 

0.1; 

11 =0. 
dy 


loc, cit. 
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The first four of these equations shew that /must be at most a 
quadratic function of and y, and the last two equations shew that / 
must have one of the forms 




or 

/=(«y’+ 2 ty+c). 

Since 

,j-<^y-<iy jy^ _ 1 • 

d.r dlldt It dt'^ 1/" 

and 

1 

, ?■ 

II 

1 

we luivo 


, _(a,t‘4-% + c)* _h*(av^ -fc?/, +h)* 


^ i/'2 

^ yVA 

or 

j,— ay^ -^2hy-]rc _ /i*(c?/* + 262 /^ -f a) 

^ ..'a ~ 


^ y\y\ 

llencc, from (o*2) and (7‘1\ 


or h\ +^0 

These are evidently tlie fonns (Hi) and (iv) of Sindiar. 

11. Let us now atlem[»t to find a more general solution. Substitut- 
ing the value of </> given hy (D l) in the equation ( 1 ), we obtain, on 
equating to zero the eoellieient o( tlie liighost power of y' and the term 
indey)endent of y\ the following two equations 



QV- +f’ 

ay* 


rL =0 

ay’ 



=0 

9*’ 


... (IM) 
... ( 11 - 2 ) 


These equations ])eing of the same form as (IV), tlieir general 
solutions are 

/i('’.y)={^iO«)y''+^.('’)y+^9W}"* — (11‘3) 

••• (U'4) 

where unknown functions to be determined 

fi*om the remaining equations, 
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As the adoption of these general solutions is bound to lead to com- 
plications, we shall assume for the present that is a function of sc only 
and /j that of y only, which is tantamount to the assumption 

Making this assumption and equating to zero the coefficients of the 
other powers of y\ we obtain the following eight equations 


=0 

0 -’/. =0 
dy> 


(11 41 ) 


( 11 - 42 ) 


6 0*/. / aA . 8/, Vf/' 0»A Vo ai-43) 

a^* I 83, j H a*-’ ^ 0i^2/ ) ^ ^ 

6 ^/« ( 0 /> + 0 /« V// +3 )=0 ... ( 11 - 44 ) 

dy* \ dx ^dy ) ^'\ 02 /» ^ 0 * 82 ,“ ) ■ ^ J 

e( 0/. . 0A \[f QJf. .f ( 0*/, +2 0*/. + \ 

\ 0* ^02, a*“ •'’V 0*“ 0*8?/ 0y* ) 

_( 0/. . 0./'., V 1 +6/- 0 ’A ( 0/. + 0/. ^ 

^ 01 , ; 07 “ V 0 A ^ 02 / } 


-2AA( 


0_!/* +3 9!A 

a.®’ 0.t“8^ 


Vf;f 0^A 4.3 0 “A Vo (11-4.5) 
/ • V 0?/’ 0*02,“/ 


e/" 0A 4.0A \ ff 0’A +f ( 0“A . 0“A + 0AA ^ 
A F* 0? 02/“ 07* 0*0?/ 0y“ >> 

e^- )-«( !?■ « )=» 


ef +0A V / a^A / 0’A ^2 ^*A + 0*/» ^ 
V 8* 83, ) U * 8a* 0.a* ^ 8*01,^ 83,* ) 


_3rM+M> Vl+6/' 9A+.0A \r, 0V. 
\ 0* ^0y / J V 0a 0y /L-^‘ 0a* 
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a® ai- ) 

-<y?+2W.) ( IJ +3 J =0 ... (ii.«) 

-«+*/,/.. ( |i- ) 


(11-48) 


Remenii)eriiipr that is a function of .»■ only and a function of y 
only, it is clear that the equations (11*43) to (11*48) arc all satisfied liy 
the two equations 

9/i a. 9/a 

0." ay 


and 

These equations give 


9./ a I 97 ji 

a/ 0y 


a V, 

a^ay ^fy® 

Since cannot contain v and cannot contain eacli of these 

' (/y* 

e.*£pressions must be a constant. 


Hence 


'^’fi =0. =0 

,/(•’ • -/jr» 

9 "4 =0. 9 ’4 =(i, 

di'‘dy d'Qy* 

it follows that/,,/, and/, must be of the fomis 
/, =rt^ ’ +26ie-trf 
/, = ~2(axy+by + c» + e') 
/»=aj/*+2<!y+/ 
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or 

a/, =(ai0+&)*-f a' 


a/,=— 2(ax+6)(ay+c)+2y 


«/8=(<3t2/+c)*+c' 

where 

a'=(Z— 6*, e, r'=/— c*. 


12. Let us now put rt/=6'=c'=0. 

Then becomes a{(o.c + &) 2 /'— (uy+c)}"*. 

It may be easily verified that this value of ^ satisfies tlie equations 

(II) and (III). 

Thus we get from (5-2) and (7*1), 

where Oi = — c//. 

This value of is obviously of the form (r) of Suchar. 

18. Let us next put a=6=c=0, so that becomes 

a(ay»+ 26 y+c')"'L 

This expression for is also found to satisfy the equations (11) and 

( III ) . 

In this case we get, 

Fii=ay7»(ay*+26y-fO* »*i 

=^,2^1’ (ttV!+ 26 ,yi+e,)* r,, 

where b j = b'h, c, =c'A • . 

Here is of the form (ri) of Suchar. 

14, We have thus deduced the laws (iii) to (vi) directly from the 
differential equations (I) to (IV ) by considering some particular solu- 
tions only, and it has been pointed out that the laws {vii) and {vili) can 
be obtained from these equations by a.ssuming fji to be independent of y . 
It will be my endeavour to discuss the equations more fully in a 
subsequent paper in which I hope to be able to give tlie complete 
analytical solution of the problefii. 

My attentiou was drawn to Suckar’s paper by Prof. G. Prasad. 



On Circular Vortex rings or rinite section in 

INCOMPRESSIBLE RLUIDS. 


BY 

Nrti’enduanath Sent, M.Sc. 


The steady motion of a circular vortex ring in an incompressible 
fluid lias been investigated by many eminent mathematicians including 
Helmholtz,' Kelvin,® Lewis, Thomson,* Basset,"' Hicks,® Chroe,^ and 
Dyson. ** But a complete solution of the problem has not been obtained 
up till now, Assuming the cross-section of the ring to be circular and 
very small in comparison with its aperture so that by Maxw^ell’s elec- 
trical analogy the whole matter may be supposed te be condensed on 
the circular axis, Lewis, Thomson, Basset and Chree have found the 
velocity of a ring of constant vorticity to be 



where /i-rrstreTigth of the whole vortex, c=radins of the circular axis, 
and a=radius of the cross-section. Tn a. note to Prof. Tait’s translation 
of Helmholtz’s paper, Lord Kelvin gives the velocity to be 



) 


This latter result was also given by Basset, Hicks and Dj’son for a 
ring whose vorticity varies directly as the distance from the axis of 


■ Helmholtz — “ Ueber Iiitof?ralc der hydiodyiiamischon (Jleichungen Welch© den 
Wirbelbewcgungen entM|irechpn." Crollo, Vol. 55, 1858. 

- Kelvin— “ Collected »S< iontitic pnpers'* Vol. 4, p. 07. 

Lewis — “ Quart. Jour. Math." Vol. 10, 11H8-1.7, 187t>. 

* J. J. Tliomson “ Motion of Vortex rings.*’ 

Basset — Hydrodynamics, Part II. 

* Hicks — “ Phil. Trans. A Vol. 175 I, 1884. Also Vol 170 II, 1885. 

’ Ohree--“ Proc. Edin. Math. Soc.” Vol. 0, 1888. 

* Dyson — “ Potential of an anchor ring ’* Part I and 11, Phil Trans. A Vol. 184, 
1893. 

Also Gray— “Notes on Hydrodynamics” Phil. Mag. (6) Vol. 28, 13, 1014. 

]jamb “ Hydrodynamics ” Ed. IV, 19J0. 



116 


NRIPfiNDEANATH SEN 


the ring. This discrepancy was tried to be explained by Dr. Chree 
who pointed out that the hypothesis of constant vorticity is not con- 
sistent with that of a truly circular section in which case he proved 
that the vorticity must vary inversely as the square of the distance 
from the axis of the ring, but he has not investigated the motion of 
vortex rings of finite section either of constant vorticity or of vorticity 
varying according to the law found out by him. 

In the present paper, first the motion of vortex rings of finite section 
and constant vorticity has been solved and it has been shewn that the 
cross-section does not remain circular but is given by an equation of 
the form 


r=a 1^] 


36X-I-25 a* 
96 c* 


2^- 


360X-H55 

3072 


?^cos 3^...1 

c® J 


where \=log^— 2. 

a 


As a first approximation the velocity of translation of a ring of 
constant vorticity and circular cross-section has been found to be 


I- 

47rc 



The slight difference in this result and that obtained by Thomson, 
Lewis and Chree has been explained at length in Art. 7 where it has 
been shewn that my result is perfectly accurate to the order of approxi- 
mation adopted. 

Secondly, the cross-section, velocity of translation and fluted oscilla- 
tions of a vortex ring of finite section and vorticity varying as any 
power of the distance from the axi.s of the ring liave been investigated, 
from which E have shewn that it is only when the vorticity varies 
inversely as the square root of the distance tlnat the velocity to a first 
approximation is given by 

i ('-?-■> 

When the voi’ticity obeys Chree’s law referred to above the corres- 
ponding results have also been deduced from our general results ; it has 
been shewn that even in this case the cross section does not remain 
circular but gets elongated in the direction of motion and the velocit 
to a first approximation has been found to be 
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1 have also shewn how the results of Hicks and Dyson are easily 
deducible as a particular case of the general problem here studied. 

My best thanks are due to Dr. Bibhutibhusan Datta for the great 
interest he has taken in the preparation of this paper. 

Preliminary remarks and definitions. 

2. Let the “ circulai’ axis of the vortex ring be defined to be the 
circle passing through the centre of area of the cross sections of the 
vortex filament and let the perpendicular to the plane of the circular 
axis through its centre be called the “ axis ” of the vortex. Also let 

2 <i)=vorticity, /i=8trength of the vortex 
c= radius of the circular axis 

p, <^, r=: cylindrical co-ordinates of any point referred to the centre of 
the circular axis as origin and the axis of the ring as 
c-axis. 

r=distance of any point from the circular axis 

d=inclination of this distance to the plane of the circular axis so 
that p=r— r cos 0, 

Vs= velocity of the ring parallel to z— axis 

TT 

r 1 c COS d<t> 

' J 2rp' cos + 

0 

u=mean radius of the cross-section, 

?=iog i®-2, *= 

r c 


A=log - 

a 





dc* * dz'* ^ dc 
Stokes’s stream function, 
then, it is well-known that 


9 4. ^ =0 outside the vortex filament 

0s» 0p* pdp 
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and 


=—2c»)p insida tlie filament ... (2) 

O^* op* p op 

The value of ij/ at any point (p', z^) outside the filament may 

easily he seen to be given by 


, p' I I I Cl) p cos tfi d p dz d 

27r jJj {(s'— 2;)*+p'»--2pp' cos <#)-fp*}J 


(3)’ 


where the integral is to be taken throughout the volume of the 
vortex filament 


CaSJ^ I. <iD=:CONSTANT. 


3. It has been pointed out by Dr. C. Chree* that the hypothesis 
of constant vorticity is not consistent with the assumption that the 
vortex ring has a truly circular section, but he lias not discussed what 
the cross-section should be if the vorticity be constant. Let us take 
up the case here. 

Let the (r, 0) equation of tlie cross-seetion of fhe filament be 
(1 + cos A, cos 2^-f A, cos S0+. 


i57r 

Prom the definition of the circular axis, * ^ d^=0. 

0 0 

A 1 + A „ A , • =0 


We shall piescntly prove that and A3 are of the order cr* aiid 
0-® respectively.'* A, is, therefore, of the order fr\ Hence, neglecting 
cr* and higher powers of cr, the cross-section of tlie filament is given by 

r=fi (I + A2 cos 261-f Ag cos 30) ... (4) 


Putting for (r cos 0) in (3), we have 



(c— dC) dp d: dtl) 

(c— a?) cos 0+(c— j;)*}^ 


* Bassct—Hydrodynamics t II, p. 60. 

* “ Vortex rings in a compieseible fluid” tbid., p. 62. 

* Sec results (28) and (29). 
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taken tliroughout the volume of the ring 




d d 
^dc ^ dJ 


V 

dxdz I C cos <l>dfl> 

J p'*-2p'c cos 0+c*}i 
0 


where the first integral is to be taken over the cross-section given by (4) 


=■^11 

!N’ow, e 

R 2n 

00 

a 27 r 

00 


d d 

^dc dz' 


de dz (J) 


... (5) 


- L 

^dc ^ dz' 


dju dz taken over the cross-section (4) 


-r Vcos {B — a) 

= I I e r dr dO where R=:a (1+ Aj cos 2B 

+ Aj cos 3B) 


-=rV cos a) 


R27r 


r dr 

a 0 


— rV cos (^—a) 


r dr d& 


But, 


a 27r 


— rV cos {B’—a) 


r dr dO 


00 


a tiTT 

00 


{lo (^V)~2Ii (rV) cos a)-f 21, (rV) cos 2 (^— a)— etc.} 

r dr dB 


where T„ is Bessel’s function^ of the order with imaginary 
modulus 
(/ 

=2,r j* lo (rV) r dr=2ir ,, 

0 

, n j.«’ V‘ .a* V* ■i.'t" V° +“!_V! +etc ^ 

_fl-a (l+___+ + 73280 ^ 


» Whittaker — “Modern Analysis” 17*7 and 17*1 Ex. 2. 
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R2Yr 

r C — y V cos (^—a) 

Also, lid r dr d$ 


27r a (A, cos 2^+A3 cos 3^) 

f C — (r+a) V cos (^— a) 

= I I e (a+r) dr t 


27r a (Ag cos 2 ^+A 3 cos 3^) 


•— aV cos (0—a) 


{l—rV cos (^~a)4-...} + dr dO 


— aV cos (^—a) 


(A, cos 2 ^-hA 3 cos 30) dO 


neglecting or* and higher powers of o- 




{lo ('^V)-2I, (aV) cos (0-a) + 2 l 3 (aV) cos 2 (0-a) 

— 2 I 3 (fiV) cos 3 (0~a)+etr.} 


X (Ag cos 20+ Aj cos 30) dO 

=27ra*[Ag Ig («V) cos 2a-- A 3 1 3 (aV) cos 3a] 

= ”■ {a..- 

-A.-v- 


d 

^dc d!z 


djG dz taken over the cross-section (4). 


” ^A+ 8 ^ 192 ^ 9216 ^ ^ 
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a» V’(l+‘*^*+ete.)cos3a| ... 


... ( 6 )> 


4. Sir F. W. Dyson has obtained by a different method an expres- 


sion' for the above integral lie 




_ d _ d 
*dc * da* 


dx. dz, which differs from 
A 

that obtained by me in the co-ef!i5ient of Aj, he getting in the place 
A 

of in (6). After carefully going through his calculations, I find 

that the difference is due to a mistake in calculation on his part, as by 
repeating his own process, I have got the expression (6). 

5. Fi’om (5) and (6), at any point (p', <#>', s') outside the filament, 


Now, it can be easily shewn that 


d*J , d*J ^ 1 dJ Q 
dc* dz'^ c dc 


... ( 8 )* 


Le. V* 


\ e dc J 


‘ Loc. cit. Part II, p. 1083. 

s This is evident from (31). Since 4 in (31) must satisfy equation (1) viz, 

3*4 + 3 *4 _ L ssO it is easy to see by writing c for ^ and p' for c 

dT* ^ a/* ff 9f' Jj d.j 

both in tM« equation and the eipreseion for ^ rw. (fiven in (81) that — ^ 

d*J li«iJ 


d»‘ 


^ _ ij ^ =0. 
• c* dc 
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s 

Similarly V* J=1 (—1) (—3)^ ^ 


R 

V* J=l(-l)(-3)...(3-2^.)( 5-,J) J ... 

where n is any positive integer. 

■*>“ S =‘' ( s s ) + ( 7 ;fc ) 

Again, J ^ =:i— s cos 

+ '-w ”” “• ")*•+••“• 


( 8 A) 

. (9) 

( 9 A) 


( 10 ) 


+( '“'’+ --32- 


)■•+(- 


4/+7 41+2 0/1 

128 + COS 20 


+ w )'•+••“■} 

pI ( I ^ ) J=_i, [cos 2tf_P®?i±5?L§? g-( ^2^ 

c \ c dc / c* 5 * I 4 \ 32 

, cos 2^ . cost40 \ , . ) 

+ — + js*-etc.} ... (12) 
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m 

)«+...} (13) 
... (14) 


From (4), on the surface of the ring s= !. = 0 * (l + Ag cos 20 

+ A 3 cos 3^). 

Hence, from the above relations ( 10 ) to (14), we have on tlie surface 
of the ring, 

T—X-U /raj-/ ^“hl I '1^ + 5 ^ A \ /l 

_J^X+ cr+l^- . ar-- -A, jercosd 

~( K ll) 2 ^ ‘"' + ■'^ 3 + ) co.<! 35 (15) 

(1 f ) J= 1 I _i+ 

C. \ c tic ) c'^(T \ 4 128 \ 32 

+(S+ ^ "''+( 5h + -J ) «« ••■ (16) 

p' / ^ V T- 1 r l’^^+» . K ^ a 

c V C Sc ) :5^ ---A...- , .os 0 


^ — A ~ j cos 6 


"ir J '' '\’.l= J, (-! 

c \ r. (Ic ) 0 " (7*^ L 

p' / 1 (7 V r ^ 

C \ e dc J f" O'* 


^ cos 40 

} (17) 

cos 40^ 

• (18) 


... (19) 

Dysou ’s 

memoir' 


The expi’ession.s (10) to (14) have been taken from Dyson’s memoir’ 
Prom the above relations it is easy to see that 


( 1 'J .T is of the order — 
c \ c dc/ c** <r" 


Loc. oil. Parb I, p. 54, Part TI, p. 1086-87. 
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n 

Hence, r/’' c*"'’’ - i v ^ J is of the order cr' "" ... (19A) 

c \ c ar / 

Also “ ^ over the cross-seetioii of the lilameut 

= 27 r(i»//® iioglectiiit^ a"' and higlier powers of cr ... (20) 

Hence, always neglecting s* and higher powers of .s’, we have from 
(7), after a little simplification with the lielp of above equations, that 
ij/ at any point (/*, 0) outside the filament and very near to it, 


Whence, by (15) to flO), we have on tlie .surfac(‘ of the ring. 






12A + 7 


... ( 22 ) 


Since, tho vortex ring moves with a velocity of translation V 
parallel to .^-axis, we have 

+ const on the surface of the ring 


[^^‘^^^f^^.““(24-A2) fr cos 6>+ cos 20— 0 - A a cos 30 J 


from (4), neglecting o*'* ond liiglier powei's of tr 


... (23) 


Since the relation (23) i.s to be true for all values of 0, we have 
fr5m (22) and (23) by equating the co-ethcients of cos 0, cos 20, cos 30 
respectively. 
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V « ^ ( K . 12X-5 , \ 


9 f) 

Vc.A,=:-(^ *-^’+-48-"A=.+ 5ia -‘j 


(25) 

(26) 


From (24), (lividiiio* both sides by 1+ " and nof^lectirifv <r®, we 


liave 


/ 4\+5 .U+4 ,\ 

A 16 06 “ .) 


Substituting this value of V in ( 25), wo liavo 

A,=--'«±“ 


(27) 


... (28) 


Snbstitntii.p: the valneH of V ami A^ in (26), we obtain 

, 360X4-155 , 

^■’ = - -W2 • " 


(29) 


Hence, from (4), (he (/•, 6) equation of the cross-section is 
r -t 6()X4-25 . d()0A“|- .l»)o ,j 1 

L DC) 6072 J 


(30) 


Fi'om (30), it is evideni (hat tlie J'ing does not. r(‘niain circular but 

gets elongated in the diveiUiun ot* motion ^ 6^= ^ | and tlnit it may be 

regarded circula,r wlu'ii and only when we neglect (juantities of the 
order <r^ and liiglier powers of <r. 

6. In the previous An. we have found out tlie values of A^, A, 
cori’ect to rr'* The same method may lie applied to find the velocity 
and shapes of the cross-section correct to any jiower of cr, hut tlie values 
of Ag, A, fditaiued in (28 • and (2D) give the sliape of the cross-section 
to a fair degi-ee of approximation even in the case of very thick rings. 

Thus wdieii (r='3 ; X =-i x '^26 ; \,, = ~'0i}7 ; A., = — *005 

7rr 

<r=-25 ; V= X-674; A. = --051 ; A, = --003 
,t='2 ; V=-X'733: A,=--036; A, = --002 

TTC 

X-907; A, = -012; A, = --0003 


<r= l ;V 
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Criticism of tiii: results ortained ry Sir J. J. Thomson and otueks- 

7. If the vortex ring be so thin that o-** and higher powers are 
negligible, we have found that the cross-section may be regarded as 
circular and in that case from (27) we liave, 

iL <"+«)= il 

But the expression foi* tlie velocity of translation of such small rings 
obtained by Thomson,' Ijewis,® and Chree® is 



Thus these two velocities differ l)y a quantity of the order ^ . Let 

us investigate into tlie cause of this diifeience. 

Both Sir J. .1. Thomson * and Dr. (nirec'' hav^e, following the common 
practice In calculating the velocity, regarded the vortex H lament as 
concenij’ated in the inrculai* axis. We shall presently prove that this 

cannot be done without committing an ei*ror of the order ^ in the 

c 

expression for the velocity, 

For, if it be supposed tliat the cross-section of the filament is ciixjular 
and very small and it it be further siniposed by Maxwell’s electrical 
analogy that “ the action of a voi-tex ring of this shape will be the same 
as one of equal strength (condensed at the central line of the vortex 
core,” the corre.sponding e.:prossion for* ij/ may be easily written down 
from (8) by putting 

z=zO, 2u) (Ip (72;=^'= strength (d the vortex. 

Hence, in the present case at any point (/>', </>', z') is given by 

IT 

y I c cos ^ 

27r J {:/* _2cp' cos 

6 

[T*— ^^ 2 ^ S e+etc. J fi-otii (10) ... (31)‘ 

' Loc, cit. p. 33, f]quation (41). 

® Loc. eit, p, 338-47. 

** Loc. cit p. 61, Equation (14). 

^ Loc. cit. p. 15, Art, 8, jmra. I. 

* Loc. cit. p. 69, para 2. 

® Evidently this is true whether the vorticity be constant or variable. 
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If the ling lias a velocity of tnuislation V ]nirallel to axis 
we have, 





+ const 


on the surface of the ring /*=«, , 


when 


Ap'j _\y 

2ir 2 


+ const 


From (.*11), putting i.=cr, /=A, we have, 


kc 

27r 




X ^ + 1 
2 


(T COS 04- 




constant— 2(rcos^ 4 ~ cos20 J 


Neglecting (r‘^ and higher powers of c in the above equation, we have by 
equating the co-eflicients of arcosf) in l)oth hides, 


V= 


k 

Ittc 




which is the expression for the velocity obtained by Prof. J. J. Thomson, 
Ur. C. Ghree, and otJiers, 

Now, the expression for ij/ for a cii’cular l ing of very small circular 
cross-sect ii)!! niay l)e easily deduced from oui* exact equation (21 . by 
omittijig Ajj and A.j, whence foi* such i\ ring is given by 




_ ¥ 


27r 




If as given by i3l) by following the method of ti-eatment of 

27r 

Sir .1. J. Thomson and others, evidently we leject 2iul, 8rd and other 
terms in the expression fori// given by (o2). Hut lemembenng that it 
is by equating the co-effi(!ieuts of tr co.s6^ in both sides of the equation 

-j-const. on the surface of the .inir, tliat the expression for 

2 


the velocity is to obtained, il is absolutely necessaiy that all the terms 
in ij/ given by (32), correct to first powej- of o- cosd must be retained. 
Prom (19 A), 



m 
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is at the least of the order o- and must he retaiiid. Similarly, 



are of the oi*der o-® and tr® respectively and may be I’ejected. Hence 
the correct expression for i/r for a thin circular vortex ring is given by 




(33) 


= ~ j /— - v cos^+etc. I from (10) and (11 'I ... (34) 


Vd® 

Since, i/^= + const when r=<i. we have from (34), 

j X— (tcos 6> + etc. { [const— 2o'Cos^+ ...] 

JiTT C ^ ) L 

for all volues of 0. 


Whence, equating the co-eliicients of (tvdsO, avc have tlie coirect 
expi*ession for tlie velocity given by 






log^ 

a 



which is the expression already obtained by iis.^ 


Cask 11. w variahlk, 

8. Dr. Chree® has proved that in a ring of circular cross-section, the 
vorticity is not constant but varies ac(;ordng to the law 

a>=:fip where f2=constant. ... (35)» 

‘ Also 8ee. Art 12, Avheru it has been proved that V= — (log®^— 1) only 
^ 4irc n ^ 

when vorticity oop” « . 

" Loc. cit., p. 62. 

» See Art 11. 
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Let US make a more general assumption 

(D=[2p* vvliei’e 71 is any quantity positive oi* negative ... (36) 

Hence, from (3) i// at any point (p, (ji\ z) outside tlie filament is given 
in this ease l)y 


p'Q 


(C — .r)"'* ’cosc^r/pf/ ■(/</> 
{ ( — r ) H- p' ® — 2 ( p'cosc^ 


wlierc the integral i.s to he faken throughout the voluim; of the filament 


d 

dr d:' 


+p'-'- 2 fp'eos<^ + «-®p 


where the first integral is to be taken tliroughout any (jross-section of 
the ring 


ih/ ( i 

33 


rdrdOfeW } 


... ( 37 ; 


where tlie integral is to he taken over any eross-seetion of the ring. 

It will he proved that even in this case, the cross-sectioji is not 
circular but is given hv the eipiation t) if and liighei’ powei'S of o- 
he neglected, A.^ and being quantities offthe ordei- cr* and respec- 
tively. ^ 

From (t3) and (37), 


‘'=“'’"[1+ 8- ■^192 +92T<! 


+ +'^ +«tc. ) 

_ rt’V’i'osAi^ 


Now, from (8) 


v-K* i)' 

V “ r * d = c” V ® d + ^ — 1 ;c " “ d 

fir 


... ( 39 ) 


^ Soo results (48) and (49). 
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Similarly, 


V*c"J=c" ( 2 ??.+l)i 2 >«— 1 ) ( ^ ^ ^ 2 ( 2 w--l)u(w— 1 ) i 


/I d \ »i(n— 2 )(?i— 3 ) 

\ r. dr. ) j 

.■X 

■J=c* (2«.+ l)(2»- lH2n-3)^ J ^ 


, 3 ( 2 // — l)(' 2 ?i — •y}7i.‘ }? ~\) / 1 d Y" 

r'* \ n dr ) 

+ 3 ( 2 ».-;t)»(,/-ri<„_ 2 )')/- 3 ) V - f 'j 

r- \ V dr / 


Jj ... ( 39 A) 




J.) ... ( 391 ?) 


'J=:c” r (!J» + l)(‘ 2 -,-l)' 2 v/- 3 )r 2 »- 5 ) ( I -J y 


4 ( 2 ?/--l)( 2 w — 3 )( 2 i? — — 1 ) / 1 d. 

V' dc ) 


^ >/.(?/ — 1 )('n— 2)...fu— 7) 


etc. etc. 


a’>V*cos2a^ 1+"-^^’ +e(c. y.J''") 

=o-[ (- 2 ., +!)..(; ,;' )+ 2 . •..(!■ 


neglecting cr® and higher powers of a. 
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Also 


a® V’tJOS.Sa^ ^ 1 ^ 


+ etc. 





3 

= 4b”(1»cM - '1 'j .1 
\ c dc J 

nej^lcctiiig o- and liipfher-powers of <r. 


(39E) 


Also A'= I I 2mrd}'d0 taken over any cross-sect inn 


=20r"(i*5r|l+ i- (r“| 


(40) 


neglecting’ (t* anti liiglici* powers of a. 


Hence, always neglecting s' and liiglior powers of .v, we liave from 
(38) after a little simplification Avitli Ike liclp of above equations, that 
^ at any point {r,6) outside tlie filament and veiy near to it, 

=np'a^A 1 1 + ,r’ ] .r+ ( + 

L (, 8 j ( 8 %c* 

Hence, substituting the values of J, ( - etc. from (15) to 


(19) in (41) iff at any point on the surface of the ring 

= t [ {'^onst + ( A. ) <r COS0 

“(\t «^’+A,+ )cos3(?] 

+Z J(2»+l)-^?^i±ii^^^^i-V>+2(2»+l)A, I 
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X ^ const l + (r*+ ^cos0+ ^ cOs2^ 

+( a’ +S>"*»! + 5 «(*”■-*>+ ?-■ } 

X ^ const— j COS0+ ^ cosS^I 

+ 1)‘ + ] (-«"«‘») ] 


4A.H-2?i4-5 . 4A.^-(>»^ + 5 


= £[““‘-5-8““+^ 


16 


12(n+2)X4 4 n» +4n^ -7^/.+82 •) ^ ( A^ 


384 

12X~5-~12M-47a» 

192 


j<rco8fl-| ^ 
(r»|cos2e- +^-^A+|’‘ + ^ A,«r 


72X+8»»+12»‘-38n-45 .-i „.■] 

W -’)co830J. 


... (42) 


Since, the ring moves with a velocity of translation V parallel to :-axis, 
Vo* 

i/^= + const, on the sui'face of the ring 

£i 

const— (2+A2)orcos^4-*^ cos2^— o-AjCos^^J from (4). (43) 

Since, the equation (43) is to hold good for all values of 0, we have from 
(42) and (43) by equating the co-eflicients of cos^, c()s2d, cos3^ respec- 
tively, 




4X-f 2^^-^-5 , * 4X+6?*+5 

g- — i6 


12(n+2)XH-4n® -f 4)1*— 7?4+32 
■ 384 


■} 


-ir 2 r A , 12A— 5— 12w— 4w® 

Vc.^ = -- |A,+ ,r*| 

A7 A ^ A I 12X+2?l + 7 i 

Vc.A.=^ 13 -48 -- 

, 72\+8»» + 12»* -;}8»-4,5 


(44) 

(45) 


4608 




(«) 
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From (45) and (46) it is evident that and A , are of tl^e order o-* 
and <r‘* respectively. 

Also from (44) to a first approximation, 


Vc.-i^ (4X+2n+5) 

Substituting this value of V in (45) and simplifying 

A 36X+25-4n» , 

^*—“ ” 96 - " * 


... (47) 


.. (48) 


Again, substituting tliese values of V and given by (47) and (48) 
respectively, in (46), we have 

. _ 72X(2»+5) + 155+62»-20-8a'» , 

A,— - cr- ... (49) 

Also, dividing botli sides of (44) by ^ 1+ ^ and then substitut- 

ing the value of A^ as given in (48), we have, 

Y’ ^ r4X'|'2w-f'5 ^12X(2a-|-l) -|-2a® lb ") f501 

""ttc X. 16 884 J ••• \ J 

From (4), (48) and (49), tlie (r, 6) equation of the cross-section is 

r 1 8bX-|-25 — 4a* , 

L 96 


cos 8^ 


] 


... (51) 


_ 72A(2» + 5 ) + 155 + (>2w.-20)i “ —Sw’ 
3072 

From (48), A, vanishes when 

- .,=+ ■ 


.Hence, it is obvious that the section of the ring may generally be re- 
garded as circular if o-* and higher powers of (r are negligible. Tf, 
however, 

n=:± 


the cross-section is circular correct to <r*. 

9.* In Art 8, we have found out the expression for tlie velocity . and 
the shape correct to cr* but the same process may be used to find them 
out cojTect to any higher powers of <r. 
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Verification op previous results. 


10. Some particular cases are easily tleclucible fi’om our general 
results. Thus, 

(1) when n=0, from (t^O) and (51), 

h C 4A 5 3X 4-4 ^ 


1 r 1 •16X4’ 25 2 3bOX + 15i) „ "] 

and r=a 1 — o-*cos2^— 3072~ ■ 

These results are identicaP witli those already obtained by me. 
(2) when ?i=l, from (50), 


^ r ,^12X-f"0 2 1 

TTC ^ It) 128 ) 

and from (51), 

,=.r 1 

L 02 1024 J 

These results have already l)cen obtained by IJicks® and Dyson.'* 

11. JiTow, let us deduce the results when the vorticity is given by 

(35) viz., w=12p“». 

Putting ri=2, from (50), 


and from (51), 


V— ^ 1'*''^+.^ 
~wr. X 1« 


()4 


} 


1 - + C0S2^~ 


32 


1024 


•os30 



Hence, the cross-section of the ring gets elongated in tlie direction of 
motion also in this cjise. 


Velocity ok translation. 

12. From (50), neglecting o-* and liighcr powers, wo have 

y=J-~ (4\+2n + 5) 

lUTTC 

^ See rcHultfl (27) and (30). 

“ Loc. cit. Part T and IT. 

® Fjoc. c;it. Part II. 
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Now, (1) when ?4=0, evidently 



(2) when 7i=l, 



(3) wlien ?/ =— 2, 



(4?) To find 71 such that 


V = 


k 

‘Ittc 


\ a 



(^ + 1 ), 


we have 





(52) 


Hence, it is when vorticity oop - that the velocity is triven by 

The expression for the velocity and shape of the cross-section in this 
case, correct to (r\ may he easily deduced fiom (50) and (51). 

Fluted Oscillations of the vortex rin^ 

Vorticity ocp" 

13. Let the conti’al circle of the rinj? have moved a distance from 
the plane of .r y and let the cross-section in the disturbed position be 
o'iven by 


V :=a { 1 + ^ (a^sin -f )3«cos7a^) } 


... (53) 
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Then, proceeding exactly as in Art 3 and 8, it may be obtained 
much difficulty that for a ring of cross-section given hy (53) 


1 f+eto. 

2ir L 8 c dc 


-hL {o,8inTOd-h)8,co8mtf) 1 

wr* J 


=|«rz_«+l Icostf-2«+l “-costf 
2irL 2 c 8 n- 


+ 5 


— (a„sinmd4 )3„cos7)2d) I 

^mr** J 


Now, 


dr _ 0r . ^ 9^9+ 9/* 
dt 8i 0^0 0^ 0^ 0/ 


From (53) on the surface of the ring 

■J^ = {l+5(a + /?„cosm^) }d + [niS{a.,^v.o^)nO 

dt 


—P^sixvniO) + {a^H\mnO-\-P^Q.o^mO) } 


But 


9’‘=1 94 = ., -A S -‘sinfl 

0^ pr 0^ 2ir(c~-?’Cos^) C 2 8 ?•* 

+ 5 4v', I 


= i, ainfl 

2tc I 8 


+ 5- (tt^cosm^— /8„sin»i6) i 


without 


(54) 


.. (55) 
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0080 


nearly when r=a 


.*. 0 = nearly when r=a 

awa* 

Also it is easy to see that 

|2 =cos0; 9’ =-sin0, ^ 

dc d^o df‘ »' 0;:o ^ 

Hence fi*om (55), 

^ sin^+5- (a«cos?/?^— 

SsTTC Co a 3 

— + cos^c=tt4-5 | sinm^^att;H+ aa„— ^ 

+coswi^ +»/?«+ ’ 

This equation gives 
a=0, c=0 




(w-l) 








4ir*tt‘ 


/8«=0 
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/. Tho Dscillatioii is tsiinple liarmoiiic, tlie period being 

1 ) 

14. Conclusion. — In the preceding articles, I have studied the 
motion of a single vortex ring in an incompressible fluid. In a similar 
way the motion of any number of vortex rings can be investigated when 
the vorticity exp* and the results obtained by Dyson ^ may be easily 
deduced therefrom by putting n=l. 

The motion of vortex rings of finite section in a compressible fluid as 
well as the distribution of vorticity for which tho cross-section of rings 
is exactly circular will be discussed in a subsequent paper. 


Loc. fit. ante. 



The Steering of an Aeroplane in a 
Horizontal Circle. 


BY 

Nalinikanta Basit. 

]jet US start by writing downi the general equations of motion of 
Rigid Dynamics. Taking the Centre of Mass of the aeroplane as the 
origin of co-ordinates and 8 i‘ectangular axes fixed relatively to the 
aeroplane and moving with it in space and using the following 
notations ; — 

\V, weight of the aeroplane, 

A, B, C, moments of inertia about the axes, 

D, E, F, correspending products of inertia, 
w, r, components of translational vel, 
p, (jf, r, „ of angular vel, 

/i^, /ij, Aj,, „ of angular momentum, 

we have the following equations of motion : — 

W ( -- + Wacc. force along tlie .(.-axis and 2 similar 

\ gdt g g J 

equations, 

also, ^ =Acc. torque about the .r-axis and 2 similar 

t/d/ g g 

equations and 

/jj = Ap—Fy—E/* 

/<,=B( 3 f— Dr— Fp 
A,=Gr— Ep— D^. 

In the first place, let the aeroplane bo flying steadily in a horizontal 
straight line. Let this be the axis of ,r (the line parallel to tl^e line of 
flight and passing through the C and a lii»c drawn vertically down- 
wards through the C G, the y-axis and a horizontal line perpendicular 
to these the z-axis. 
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If the aeroplane be turned in any other directions the following 
angular co-ordinates will specify them. 

Starting fi'om an initial position, let us rotate the aei'oplane about 
y-axis through an angle ij/ and then about the new position of the z-axis 
through an angle 0 and lastly about the final position of the .x-axis 
through <l>. The cosines of the angles between the old axes .Tq Zq and 
the new axes are given by 

Vx 

Xq cos B cos sin </> sin ij / — cos cos ij/ sin 0, cos sin if/ 

+ sin <fx cos ^ sin B 

y^ sin By cos B cos 0, —cos B sin ^ 

Zq —cos B sin xj/y sin ffi cos fjx sin xj/ sin By cos cos xj/ 

—sin (fx sin xj/ sin B 

and the angular velocities py qy r are given in terms of By xj/ 
sin B 

q=:B sin fjx+xj/ cos B cos ffx 
r=r0 cos ^ cos 0 sin 0. 

The impressed forces and couples are due to (i) gi’avity (u*) the 
propeller thrust (uV) air resistances. 

The components of gravity along the axes are 

W sin By W cos B cos 0, — W cos B sin 0, 

the coiTesponding moments all vanishing. 

The propeller thrust is assumed to act along a line parallel to the 
a?-axis and at a point on the y-axis distant h, from the origin, then the 
components of thrust are 

Point of application, 0, hy 0 

Force, H, 0, 0 

Torque, 0, 0, — H/t. 


For the compotents of air resistances we assume that they reduce 
to X, Y, Z and L, M, N and these are taken positive when they tend 
to retard the corresponding motions of translations and rotations. 
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Hence the ct^uations of motion are in the case of a symmetrioal aero^ 
plane (in which D=E=0), 

w( ^ -r«)=W8intf+II-X 

w( ^ -e- )=Wco8flcos^-Y 

\ giit g g J 

W ( % +P?’-2!‘ )=- W cos 0 sin ^-Z 
\ gdt g y J 

A 'Is -¥ \ +(C-B) ’■'? +F Pr =-L 

gdt gdt g g 

B -F ‘^-S +(A-C) Sr 

gdt gdt gg 

C '^+(B-A) -P?lr:i’ = -HL-N. 
gdt g g 

As the aeroplane is supposed to be steei'inj^ steadily in a horizontal 
circle then initially 7t=U— uQ, 5 =Q where Q is the angular velocity 
of the aeroplane in the circle and ‘ a ’ its redius and v=w=p=:r=0=i^ 
=0, then the initial conditions oF equilibrium ai'e 

0=H-X„ 

o=w-y„ 


0=-L<, 

0=-M„ 

=-Hfe-No. 

g 

where Xq Lq M„ are the initial values of the resistances. 

Suppose then the angular velocity of the aeroplane is suddenly given 
an increment so that it becomes Q + 7, the path of the aeroplane being 
still horizontal. So ‘ r ’ the vertical velocity is still zero. Let us also 
suppose that /r, p, f, 0, <f> be coiTcsponding small increments, then 

U+?^-(rt+p) (Q + ^)=H + a5r+pQ, where a+p is the new radius 

M’=p, 0=zr, 
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In the first instance we assume F=0, the equations are 

w( ^ Vwe+H-Xo-wX.-rX, 

\ gat g / 

Wr J=W-y„-«y.-rY, 

9 

9 

B +(A-C)^”=-M„-irM,-pM,-gW, 


C ^ +(B-A)^S'=-HA-K'„-«N.-rN,. 

gt" 9 


Snhstitniing in these »t=ag+/jQ, io=p, r= 6 , 

( 5 I )+ " « * ='™-(.5+.«) x.-"x. 

To investigate these oscillations we assume />, 7 , 0, j) each propor- 
tional to and .substitute these values in the above equations ahd 
arranging we get 

( ^ «X+aX.)5+(2^ QX+QX.)p+(XX,-W)e+0.y=0 
aY,. g+Qy ..p+X ( Y, + ^ oQ ) 0+0. p=0 
(?X+M, ^g+XM„p+0.6t+M,./>=0 
L,.g+X.L„.p+(C-B) ) p=0. 
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Eliminating /jr, p, 0, p we get the determinant 
W W 

- aX+aX,,2 ^ QX+QX,, XX, -W, 0 

y 9 

aY„ Q.Y., (Yr+-aQ)\, 0 

0 


(C-B)yx,^ X+L, 
9 9 


?X+M., 

9 


Developing the determinant in powers of X we get an equation of 
the 4tli degree in X 

Ax* -f- 13X^ -f* CX* q- DX-f- =0 


A=(Y,+ 'Y „ Q) ( „ M„-2 ) 

'/ V !/ / 


U=(Y,+ 'Y aQ) (M„ L,-M, 1^ 'T a+ M.(X.Y,-X,Y.) 

9 9 9 

_ -Y^Q (X. Y,-X, Y.)+ aQ.Yx. (a Jl,..- ) 

S'* <J (J \ <J '' 

- ( Y, + yy aQ ) (AW, + BL,) Q 
\ <J ' <J 

C=-(C-B) Q.M, Y.yyy Q+(Y,+ Y'^ rtQ) K) aX. 

<j .'/ y 

+ ?}YQ (Y,+ aQ) (L, M,-L, AI,)-^(AM, + BL,) (X.Y, 

9 9 9 

-X, Y.) 
w 

+a Y. X, (Tv M,-L, Arj-(AJI,+BL,) ^ nQ* X. 

+ -aM,.WY.+ QY. 

9 f 

D=-QX. (Y,+ yy aQ) (IvM,-L,AI,)-WaY. ',]ai,-L,M,) 
-Q.X,Y. (L, M,-Iv M,)- ^ QY. (AM,+BL,) 


E=WQY. (L, M,-M, L,). 
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The condition of stability require that all the four roots of tlie 
biquadratic equation for X shall have their real part negative. This 
follows fix)!!! the assumption that the disturbances p, q, p are all pro- 
portional to e^^iii a typical oscillation. If X, Xj X^ are the roots the 
expressions for p, 6, p take the form 

X.i^ , Xb^ , Xb^ , x^^ 

Uj e ^ + Uj, e * + Og e * + e * 

being constant co-efficients determined by the initial 

conditions. 

The conditions that the roots of a biquadratic equation shall all have 
their real part negative and thus indicate stability of steady motion is 
given by Routh. The condition is 

A, B, C, D, E and F where F=BCD-AD* -B»E, shall all have 
the same sign. 

Now let US examine the behaviour in the above particular case of 
the aeroplane which Bryan has showm to possess inherent stability of 
great range. This is the system with 2 raised fins at the same lieight — 
two fins of areas and T, (of total area T) one in front and other 
in the rear of the C G of the system and both above the .r-axis in 

y plane with the y of the C P equal and their joint C 1’ in a line 
through the C. G. of the system pei*})endiciilar to the main plains. 

Let a;, y be the co-oixtinates of the Centre of mean Position (or 
centre of Pressure) of the 2 fins, and Mj M, and P the moments and the 
products of inertia of the axes of the fins with respect to axes parallel 
to the co-ordinate axes tlnough (;r, y) w^e get from Bryan since Mj=P 
=0, in this case for the fins 

Z,=KTU, Z^ = KTUy, Z,= -KTU.« 

L„=:KTUy, L^ = KTUy% L, = -KTU.ii/ 

M„=-.KTUar, ]Vl^ = -KTU.ry, M,=KU (T.<;>-f M.) 

T T 

and by Lanchesters* Fin Resolution, M,= y * (distance bet. fins)*. 

1 1 + 1 2 

Let us assume a small so that .^=0, and also F=0, t.e.^ the ar— axis 
is a principle axis. Tlien 

Z,=KTU, if^=KTUy, Z,=0 

L,„=KTU2/,L,=KTUy*,L,=0 

M„=0M,=0, = 
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The above are the resistance derivatives due to the 2 fins only, the 
resistance derivatives for a main plane at an angle a and a rudder 
plane, 

z,=o, z,=o, z,=o 

L„=0, Ij,=kUI cos* a, L, = --2A“UI sin a cos a 
M,„=0, M,,=A;UI sin a cos a, M,=2AXJI sin* a. 

Hence the whole resistance derivatives are 

X«=2Asi U sin* a, Xp = Asi U sin a cos a, X,.=0 

Y«=2A/?^ IT sin a cos a, Y*=A\s\ U cos* U, Y,. = --As, Ui 

N„=0, U/, 


Z, = KTU, Z,:=WTy, Z,=0 
L„=AUT 2 /, L, = -2AU1 tana 

M„=0, M, = --AUI sin a cos a, M,=AUM,. 

Substituting these values in A, B, C, D and M we get 


A _ 2ABW 
a* Q* ag 


B 

a* Q* 



(ki- 

^ V*i ^ 

9 ^ y 


WAB 

ag^ 


2A>’i sin* 



\AW 

/ 1/" 

a sin a cos a Tg 

. 2A*AB ... . . ^ 

+ if, sin* a (s. cos* a+ 5 ,) 

ag* *' 

h-,l- ''J j(AM.+BTy*) 


— ^ =2{ h,l— ^ ') ft’#, I sin’ a cos a Tv a 

a* Q* V * » / ' ^ 


— (C— B) ft»# sin’ a cos’o 

Off* 
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+( hj- ^ ) (M, Ttf*+2I* sin* o) k* 

\ 9 y <^9 

— ^ 2k*8^ (AM, + BT 2 /*) sin*a+ — (AM, + BTy*) sin*a 
ag ag 


AB 


UJ\N 


a*</Q 

a V * 9 ) 


w w 

- 2A*5i \Ty sin*a cos*a — 

aQ* ‘ ^ «»Q* 


sin*a + M,Ty*) sin*a 

2A*,<fj (AM, +BT^*)sin a cos a 


— =— (21* sin*a+M,Tv*) •?, sina cosa. 

a° Q« a» Q* -r s ^ / 1 


Now from the conditions of equilibrinro W=Ai‘i U* sin a cosa 
= A*«i a* Q* sin a cos a and substituting these values of W in the 
above quantities 

^ =— — (A'a'i IJ* sin a cos a/g—JiS^l) 


B 

U* 


= — (^\Sj cr* sin a cos «/</— A.s',Z) •[ KToTy sin a ( 
9 ‘ ^ 


2(AM ,-fB Ty*) ' 
ag 


— sin*a I ^ —A’ (.?, C0S*a-f.9,)| 

«f/*» C g ) 

^ =-( *£i-^L*. ^ (.M,Tj,*+2I* 8in*a) 

_ AB ks,VN-2 ( -kO « 

«’SQ * \ 3 ’ / ‘ 


AWT 

XC08 a*Tya--(C — B) k*s^ sin*a cos*a 


2Wfc« 

^9 
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^ (AMg + BT?/*) 8in*a— ^ 2k*s^ (AM'+BTy*) sin*a 

ag ag ^ ^ ' 

(*s,U* Bina com/y-h,}) (2I» tiinV+M, Ty*) sin»c 

w w 

— pr 2k^i(i IT?/ 008 * 0 .— — - 2k^s^ (AM^+BTi/*) sin a cos u 
at^* (I. (2* 


^ =— ^~Si (21* sin*a+M,Tyjj) sin* a cos® a. 

Let '‘V be positive, i.c., the rudder be behind tlie main planes and not 
in front. Then A, B, C, J) and K will all have the same sign as A if 

U* 111 

6*j sin a cos a 


and if a be a small quantity then 

U® > -' Ig cot a 
^‘2 

and this value of ?r* satisiies the other condition of stability F=BCD— 
EB*-AD* <0. 

Hcnco for stability of an acroplaiie moving in a horizontal circle 
with its rudder plane behind its main planes, 

U*>''- /r/ cot a. 
b\ 

If I be negative, i.r , if the rudder plane be in front of the main pianos 
and if a be small so that we may neglect sin* a and higher powers of 
sin a 


A/U»=:~ 

B/U» = ~ 
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C/U* = -. 


2m* 

a<j 


( 


W 


u 





3 


+ sin a cos a 


D=0 


E=0 and F=0. 


Thus two roots of the Inqnadratic vanish. This denotes instability. 



Tue IIadius of a Chicle in Homogeneous 

CO-OISOINATES 


BY 

MoIII'CMOHAN (jHOSII, M.Sc. 

The ohject of tlie present paper is to o])taiii in elo<yant forms tlie 
radius of a circle represented by the general equation of the second 
degree in homogeneous co-ordinates and the conditions foi* a circle as 
Avell as the co-ordinates of its centre. For the sake of simplicity the 
areal system of co-ordinates has been used in all the following investi- 
gations. The mctliods ado]>ted ai’o all elementary and 1 have purposely 
omitted to make use of the principle of Invariants. 

First Mkticod: 

The distance between two points (;ri, r,) and (.r*, 7 /.^, z^) in 

areal co-ordinates is given by 

r*= — <i‘‘(iji—y,) (-, -- J— (•^— "s'— (•* (•'■i— .1-,) (Vi—y,) 
the equation of a cii'cle with centre at (' .i, y,, and radius r is 
+ (.1 — ,c, ) + r’‘(r— . k, ) ly-y^)=() 

or written in the homogeiuMuis form 

a'^yz + b':.-+c\<y~{x + y + :){(i^(y:,+y^z) 

+ h^(z.r,+z,.r)+c^(.iy^ + -^y)} 

+ + + +r2) = 0. 

If this bo the same as the equation 

‘^ + ry‘^ + + y: -{-2r aj-f 2 r-',i 7/=0 


by compaiing the co-eilicients we get 

l>_(/j»-^4.c“7/J _ -f a® ' J ^ +a^y,) 


( 1 ) 

2P— 

■■ 2«' 

f4) 


( 2 ) 

2P— rp’+rt'-fcM y 
2r' ■ ■ 


( 3 ) 

2P-(«’+6»-r*)£, 

= h' (say) 

( 6 ) 


(5) 
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Where P stands for 

Prom (2), (3) and (4) we at once got 

A;'=— =— 

v+w — 2u' v+w — 2?V 

Hence from symmetry we at once have as the conditions for a circle 

v+w^2u' _ 2i./ __ w+w---2«(/ 

a* 6® c* 

To find the centre wn have to solve the above equations for 

2i)- 

From (1) (2) and (3) we have each of the above ratios equal to 


tc--v 

a»fe* ( ®i+ y.'- ^ -c*a> ( ^ 

Vtt* 6» / \c* oV 

V-’W 

Hence we have tlic following equation for the centre: 

( 2(?— « . u^v) , - 2 fw— ) ' . 

1 b-r + V. 1 i + u. j 

+ I =0 ... (A) 

From (4), (5) and (G) we have similarly 

cosA / f f\ I . f f . cosC f f t\ r\ /Ti\ 

x {;u^--w) + y {tv--n}+z 1>')=0 ... (B) 

a h c 


The centre may now bo found by solving (A) and (B). 

Geometric meanings of (A) and (B). 

It is at once seen that the above two equations will always give the 
centre except in the case of the circum-circle and the polar circle. 
Hence it may be guessed that (A) is connected in some way with the 
circum-circle and (B) with the polar circle. It is also seen that (A) 
passes through the circum-centrc and (B) thi*ough the ortho-centre 
or the centre of the polar circle. Therefore they must be the perpendi- 
culai's upon the radical axes of the given circle with the circum-circle 
and the polar circle from the circum-centre and the oi-tho^centre respec- 
tiyely. This may be verified directly as follows ; 
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The general equation may be written in the form 

{u£-\‘Vy-\-wz) (.c-fy + z)— yz + (tt>+w--2'i;')z.c 

+ (w+«j— 2w') «y}=0 

'/.e., i (.r+y-f -)— + 

/t 

the radical axis of the circum-cii'cle and the given circle is 
uz+,ty-\‘Wz^0. 

The perpendicular upon this fi'om the circum-centre (a cosA, h cosB, 
c cosC) is 

tttt*— cos C— loca cosB, rJi®— irbc cosA— m«1> corC, wr.^ — vhc cosA — uca cosB 

a cosA b cosB c cos^C ^0 

X y z 

The co-eiTicient of ;c is &cosB (u'c*~rbc cosA— ?eca cosB) 
g — c cosC (rb*— ifbc cosA— tmb cosC) 

szabcn (cos*C— cos*B)— b*cr (cosC + cosA cosB) 

+ hc*w (cOsB+cosC cosA) 

=zahcu (»iii*B— sin®C)— b*cv sinA sinB + bc*?<> sinC sinA 

= (u (b*— c*)— rb* +WT*} where R=rthe circum-iadius 
4R* ^ ^ * 


4R* 



1 

6* 



l.if.9 

““4R* 




W--U 

“b^ 



Hence from symmetry we see that the above equation must reduce 
to 

s T '’■? ! 

f + V 1 =0 

which is (A). 

Writing tlie equation of the polar circle 

be cosA cosB^*+ttb cosC z*=0 
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in the form 

(xbc cosA+yca cosBr^zah cosC) (.c+y+-2)r-(a*y«+6*2:.i?+r*j!y)=0 
the perpendicular in this case is found to be 

2 (z tanB~y tanC){a® (v'-^w'—u') — (u'+v'^w') ca cosB 

ah cosC }=0 

which at once reduces to (B). 

The value of the radius may be found by solvin" the equations 
(1) (2). ..(()) for r* but as the expression thus obtained is very com- 
plicated it is preferably found by the second and third methods. 

Second Method : 

It 18 evident that if we substitute the co-ordinates of a point 
{ ^11 "i) equation of a circle fjiven in the form 

2 w t * ’{•2i%u*yz'=.0. 

We should get Ic times the square of the tangent from the point 
where I' is a constant. The square of the tangent from the centre is 
— r* where r is the radius. 


Let (.<*1, Sj) l>e the centre and =r the 

A jJi ‘ V 

equation of any line passing through it. 

Substituting in the equation of the circle we have 

/ (<' 1 - 2 / 1 . 


As the line is drawn through the centre the co-eificient of r must, be 


zero. 


0*1 02/i Q-i 


... ( 1 ) 


A, fx and v are connected by the relations 

A-h/x+i;=0 ... (2) 

a*/xv+6*vA+c*A/x= — 1 ... (3) 

Hence we have , so that / (.rj, y,, ? Irr—Ar*. 

0«i dVi 9^1 

/(A, /X. v)=zk where k is independent' of A, p, v. 
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Thus we have the following equations : 

+i;/A» +tov^ +2n'fiv^2v'v\+2w'\fjL=k 
A-+ft+v=0 
a^fiv+h^vX+c*\fi:=l. 

There equations hold for all values of X, />•,, v. 

Putting Xr=0 wo get 

r/A* 4- 2H^fiv + ivv^ = k 
/ll4-u=0 
U*/AV=: — 1. 

Eliminating /a and v we get the conditions for a circle in the form 

^ _ V -^10—211' __ w+n-—2v __ n-\-v—2xc^ 
a* 6* c* 


The radius is given hy —r*=: where (», y, z) is the 

n 

centre. 



) = 5 


. 9./’i 
‘ay 

1 

' 5^ 



71 

r' i -r- 

7< 

7r' 

7-' 

1 

= - 

7V' 

7’ n' ! 

77/ 

r 

7 / 

1 


v' 

7t' 7r 

7/ 

7t' 

777 

1 




1 

1 

1 

0 


r*=tho above quantity 


11 

w 

V* 


u 

w 

a/ 

1 

IV* 

V 

n 


w* 

V 

11* 

1 

V* 

u* 

w 


V* 

11* 

IV 

1 





1 

1 

1 

0 


„ , vhw—271 «?4-m~2v' 7fc+r— 2 w' 

.from A= = rr = . 

a* 6* c 


... ( 1 ) 
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We have the following symmetric expression for the radius : 


u w V 
w' V v! 


a*fc»e* 

i 

i 


id XV 1 

(r+te?— 2?4'J 2i/) (n-ft’— 2t{7') 

a 


v' 

1 



' V 

id 

1 



xd 

to 

1 


1 

1 

1 

0 i 

. 


xv’ 

1) 1 

s 



V 

id 


(4AR.)’ 

v' 

xd 

to 



( 2 ) 


(v+k;— 2tt') (w+«— 2t;') (le+r— 2tt’') 


n xo' ?/ 1 

w' V ft' 1 

r' w 1 

1110 


... (3) 


The equation of the nine.point ciiTle is 

+ y* + (a* + c»-2a*yz 

-26»:.»-2c*a;y=0. 

In this case II 2?/)=64a*6®c*. 

The diBcriminant=‘--4ft*6*c*. 

Writing the co-efficients of .< *, y*, as 2 ir cos A etc. the value of 
the determinant in the denominator of (3) is found to be — 64A®. 

the iiidius of the nine point circle is given by 


«_(4AH)’ 4»a«^c° 
’’ 64«*6’<i* ■ 4'A'’" 

where R=the circum-radius. 

It 

r= - as is well known otheiwise. 

2 


=(!)• 
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Third Method: 

A simple way of finding the centre, radius, etc. of the circle is to 
make use of the tangential equation. 

Let (.t’l, 2 / 1 , Zj) be the centre and r the radius of the circle 

Its tangential equation then is 

_ 

+ -2w7i6^ cosA—ilw/m cosH — 2Zmrt6 cost) 

This is the same as UZ® + V?;i* + W?i* + 2UWi+2V'?iZ+2W'?<Z=iO. 
Comparing the co-efficients we get 




U V W 


4A®2/- + ^'’t^* cosA_ 4A*-'' 

: . 


_ 4A* 

- U + V -f W +2 \J'~+ 2V' -I- 2W' 


-f /•*cn cosB _ 4A***'’2/+^’*^st^' oosC 

“ \r 

x{(.<^+y*+z'+2y:+2:x+2.fy) 


— '^'*(( 1 * -f 6® +c® --26c cosA— 2m cosB— 2n6 cosC)} 


4A’' 

u w' v' 
w' r u 


= — 4A®A:(say) -f y-f *=1 

and the co-efficient of /•®=0 identically. 


71 w 1 


1110 


Thus wo get the following equations for finding the values of ,/■, y, 0 , 
etc. : 


4 A” 

.. (1) 

j 

1 

II 

... (4) 

^ 4A* 

• (2) 

4A’ 

... (.-,) 

z>-=^-~r‘—Wh . 
4A* 

.. (3) 

rt6cosC g \KTn 
ay=:-^ v* — W /.‘ 

^ 4A* 

... (6) 



156 


MOIIITMOIIAN GHOSH 


Adding (1) (5) and (6) we get 


;t’* r- a (rcosB + Z>cosC)} — (V' + W'+U)A: 

= -iV'+W' 4 U)A-. 

But .«* +^.<3 + .»y = .t(.13 + 2/ + ~^— •^* 

Hence tlie co-oi*dinates of the centre are given hy 


V'+W' + U W'+U'+V 


n 

w' 


1 


u 

w' 

v' 

1 


V 


1 


«/ 

V 


1 

v' 

v! 

w 

1 




w 

1 

1 

1 

1 

0 

1 1 

1 

1 

0 


U'4V'+W 
11 w' u' 1 
V u' 1 
r' n* w 1 

1110 


V'+W' + U 

or iP tj+V+W+2U'+2V'+2W' ’ ® 


If we give these values to ^ and j in /(.<’, y, :) wo get the same 
expression for the radius as found on page (156). 

Lot us now try to find the conditions for a circle. 

From the equations (2), (8) and (4) we have 

iftA472~ (4A®2/" “&*'/’*) (4A*2 /"+»’“^^'CosA)* 

VW~U'* 

4A“^® (5®/?* +2yj/?r cosA+c®y*)+r*6*r* sin®A 


Hence writing D for the discriminant of ® +2]Sit'2/-i =0 we get 
from symmetry 


16 A'‘A'* = 


__4Aa^'*(o®;c® +2ca^-»i cos B + rt' 
vD 


)+?'‘*r®a® sin*B 


— 4A*r®(ft*t/® +2a6<i/ cosC + 5*.j;®)+r*a*/>®sin®C 
trD 


4A*r* 

w'D 


[{a^yz + zxah cosC + .c^ca cosB“.j3®/?c cos A} 


+r*tt*6c sinB sinO] 


—4a® A V* 
(v+«j— 2 w')D 


after eome simplification, 
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Hence 4A* fr*H = 




2u'—v—w 2v'--w—u u 


(A) 


r^bc cos A __ r*ca cosB __ r^ah cosC 

v'+to' — u — id w' +u' —v—v' ii+v'^w—w' 

Also (f 2?^') {w-\-u-~-2v*) (v"\‘W^2id) cos A cosB cosC 

= (7t + 7/ — v' — 7(7') (l7 + l’' — vd — ?t') (w-\-lo' — u' — v’) 

The conditions for a circle arc evident from (A). 


(B) 


A large number of elegent expressions for the radius may now be 
found from (A). 

From the first three ratios of A we have 


4A® = 


2 (?(' + 77 ' H- ?(7'— M — 77 — ((?) 


W 


77 n 


.\r*= - ( 76 ' + 77' + (6’'~-7( — r — 7(7) 

a* +6* +0^ 


V n IV 
n vd v' 1 

i(/ 77 id 1 

(?' id tv 1 

1110 


(1) 


The same value is obtained from tlio hist three ratios. 

Multiplying the first three ratios and ti'ansposin^ we get from (A) 

« — _ 64A''’A'’ll3^r (7^(/^— 2((') _ ((’ + 7(7— 2/(') 

a^b^c* 11 * 


where R=tlic circum-radius 



(2(7' — 7(7 — 7() {2iv — n- 


u 

IV 

V 

w 

77 

id 

77' 

id 

IV 

u 

w 

(/ ; 

ir' 

V 

id 

id 

id 

IV 


1110 
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By (B) this result may be written as 

^6— / \ { {V^ + 10' — {w' + H^’-‘V--v ') {u' -{-v' — w^w*) 

\ R / cosA cosB cosO 

u w* v' ® 

lo' V u' 

v' ?e' w 


X 

u v' 1 ® 

w' V v! 1 

u' w 1 

1110 


(3) 


By adding the results in 


i 4 A * r 2 m'— r— ?4J , 


(A) we get 

2y'— u*— ?6 
5 a 


2 iy'— M— y 


M 7y' 
lo' V 
v' m' 


] 


X 

u vJ y' 1 * 

w' V m' 1 

y' 74' 10 1 

1110 


(4) 


Writing the last three ratios in the forms 




r® cos A 

a(y' + vy'— 24 — 2t') 


=i(iho 


r* cosB 

fc(2y' + 2t'— y— y') 




=a6c 


^ r* cosC 
o(2t'+y'--/y— ty') 
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we get 


r* 


^4 A* f 
Sahc L 


zt') 4- 

cosA ' 


h 

cosB 


+ v') 


u to' V* 
to' V u' 

“I u' u' w 

w' V u' 1 
v' u' IV 1 

1110 


=x-^r 

L cosA 




h_ 

(iosB 


{w' ’{•It! —V-- o') 


u w' v' 
w' V u' 

-1 v' ti! W i 

+ -Y^ {n'-k-v'-^iv-^iv') ... ( 6 ) 

w' V h' 1 
v' It! 10 1 

1110 


Before finding other expressions for the radius it will be convenient 
to establish the following identities : 

If ux' +i’y* -bw; 0 ® + 2 u'i/z+ 2 v'zx+ 2 tv'iv ^=:0 represent a circle in areal 
co-ordinates 

{a*U’{’b^v+c^iv— 2 bctt' cosA— 2 c^y^?' cosB— cosC}* 

=32-^ (v+w— 2w') (mi+w— 2v') (?i’{-V’-’2w') 

R* 


... ( 7 ) 
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and 

[a*M+&*«?+c*w— 26cw' cosA— 2cat;' cosB— 2aW cosC]* 

=16A*(U+V+W+2U'+2V'+2W') 


16 A* 

... ( 8 ) 

u v’ ^ 

lo' V u \ 

v' ?// w 1 

1110 


and hence 


(v+W/*— 2 m')* 2t>')* (m+u— 2m?')* 


(T)’ 


x{U+V+W+2U' + 2V'+2W'}* 



w' V ?/' 1 
v' m' w 1 

1110 


From the followinp; two values for r® established already : 


ii w' v' I* 


l(?' V 7i! 


16B*A * 


V u' W I 

and 

M?' . t?' 1 ® 

2<?' V m' 1 


u* w \ 

1110 
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u w' v' * 

lo' 0 u' 



1 %(! w 1 

n(v+«?-— 2w') 

u w* v' 1 

lif V v! \ 

v! tv 1 

1110 


we have 


{tv-{~u — 2u')* (w+v — 2t(;')* = 


-(!■ )■ 


i u iv' u' 1 I* 

w' V n' 1 

I v' u' w 1 

1110 


=( V[U+V+W+2U'+2V'+2W']», 

\ / 

which is the result (9). 


Again 


47 + 10 — 276' ___ fO + 76 — 2t;' __ ii+v — 2tv' 


__16+ ?/— o'— lo' __o + o' — i^'— n' _70+?r'— 76'— v' 

6c cos A ca cosB a 6 cosC 

/. a®tt + 6*o+c*ic— 26c«' cosA— 2cao' cosB— 2a6io' cosO 

= ipw (o+M7— 2 m')— 2^w' (m+7i'— o'— lo')] 

A 


= f[U+V+W+2U'+2V'+2W'J. 

A 
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Cubing both sides and giving to X the first three values we have 
[Sa*w— cosA]* (v+w^2u') (w+u^2v') (m+u— 

=8a*6*c* [U+V+W+2U'+2V' + 2W']». 
from (9) we have 

(a*n+b‘v+c*io^2bru' cosA— 2ca^?' cosB— 2aW cosC)* 

=32^ (v+^^^—2u') (w+7i--2v^) (?t+w— 2?^/) 

which is result (7). 

If we square both sides of this identity and apply (9) we at once get 
{a^v+b^v+c*io--2bcu' cosA— 2cat7' cosB~-2aW cosC}* 

~16A* 

=;:16A*(U+V+W+2U'+2V'+2W')= 

n w' v' 1 
w' V u' 1 
v' v! w 1 

1110 


which is result (8). 

From page (155) we have 

ti vJ v' 
w' V v! 
u' m' w 
u w' v' 1 
w' V u' 1 
v' u' w 1 
1110 
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also r* = 


U W V 
to' V u' 
v' n' w 


{v + tV'-2u') 

^ j a to' v' 1 

I w' V u' 1 

! v' u' w 1 

i 1 1 1 0 

multiplying we get 


r* = — 4A* 


u 

w 

v' 

! 

n 

to' 

v' 

w' 

V 

n' 

1 

1 

{ 

w' 

V 

id 

v' 

id 

to 

_ =:AA« 

v' 

u' 

w 


yt fc' o' 1 

w' V n' 1 

o' n w 1 

1110 


(U+V + W+2U'+2V'+2W')* 

... ( 10 ) 


Giving to [U+ V+W+2U' + 2V'+2\V']* it value from (9) we get 

' n to' v' 

(mv ' 

[ (^ r + y(; — 2yt') (yy; + a — 2 o') ( « -f — 2w' j ] * 


tc to 0 
\o' V n' 


r=2R 


v' u' to 


[(2«'— r—u') (2y'— 
Applying (8) we have 


1 


r*=128A' 


( 11 ) 


[a*/t + 6*v+c*ir--26tV cosA— 2(ay' cosB— cosCj* 

... (12) 
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Making use of (10) we get 


u w' V* 
u/ V u* 

1 / w 

r*=4R* cosA cosB cosC 

(v' + W' — {w' + If! — V — w') + 1?' — — 


Several other similar expressions may be deduced by means of 
identities (7), (8) and (9). 



Surface waves due to a Submerged 

ELLIPTIC CVLIEDER 


BY 

SUBODHCHANDllA MlTRA, M.Sc. 

The disiurbatice in the flow of a stream when a cylindrical obstacle 
is placed in the bed was first suggested by Kelvin.^ But he did not 
calculate the actual disturbance. In a recent issue of Ann Di Mate* 
matica* the disturbance has been calculated when a circular cylinder 
is placed in the bed of a stream. The object of the present paper is to 
find out the disturbance in the flow of a uniform stream by a submerged 
elliptic cylinier placed in the bed of a stream. The method adopted 
in this paper can be readily extended to the case of other cylinders. 

IFarcA’ due to a submerged elliptic cylinder. 

Let us consider the disturbance when a cylinder whose cross- 

section is the curve * =1 is placed athwart the stream. It is 

suppo.sed that the semi-major axis and the semi-minor axis of the 
ellipse are small compared with / the depth of the axis of the cylinder 
and the origin is placed in the undisturbed level of the surface vertically 
above the axis. 

Let us take the axis of x in the direction of flow of the stream and 
the axis of y vertically upwards. 

We know that when liquid is streaming pasta fixed elliptic cylinder, 
the velocity potential* is given by 

— ch ^ cost ; — c \^a* — coshfcosi; 

V a—h 

where c is the general velocity of the stream and «=(7coshfcosv and 
y4-/=fisin/tfsini; and 6*. When there is disturbance in the 

* Kelvin — Math, and Phys. Papers t IV, p. 369 (1904). 

* Ann. Di Matematica, (3) t XXT, p. 23? (1013). 

Lamb — Hydrodynamics, 4th cd., p. 402 (1916). 

® Lamb— Hydrodynamics, p. 80. 
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bed, let 


^r=— ^ COS 17 — rVa*— 6 *cos 7 ifcosi 7 +X ... (1) 

It can be proved easily that the normal velocity vanishes over the 
cylinder provided X is negligible in its neighbourhood. 

Now transforming into polar coordinates {rfi) we have from (1) 
after a little reduction, 


ca-Ts ^ I / 

^ 2[a--h) U 


, 2 Y 


+(",2 -2.» Y 


)■ 

' j} 


where x^rcosO, y+/=rsin^. 
Now making use of gamma-function,' 


Putting w=- 


1 

J ' (a+iby * 

0 

1 («+*&) =rr(— J)(a + i 6 )'» . 

•f h if 


It we now write y+f for a and x+d for 6 , we have 

%/ I* s 

0 

+<i)^ . 

Also 

./ 7 - Y 


Therefore 


n g— (y4-/)(A'i + Z-,)— d)-f d)} 

h h 'i 

0 0 '^1 


Williamson— Integral Cal., p. 166. 
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Similarly 

oo oo 

]]•- 


0 0 


» ^ 


-Jr/ 1^2 .3,2 2i0 ,2 

= {r(-l)} t (r e -d ) . 

Thus we can write in the following way, 


[ f 

^ a-b a-b J J 


0 0 






+ X... (2) 


Let us assume, 

^ oo ,.00 

X 




) «; 


0 0 


... ( 3 ) 


where a is a function of /i\ and to be determined. For the equation 
of the free surface assumed to be steady, let us put 


..=]T 


/3(A*i,A*,)cos{(/:j + A*,)^+d(A-i — ... (4) 

6 0 

The conditions to be satisfied at the free surface ai’e 


6^ 1 -<*^71 

9y Jy=zO 


... (5) 


Since the variable part of the pressure at the free surface wdll be 
constant,' t.e. 


11 

D 




or the expression 




... (6) 


will be independent of iV provided terms of the second order are 
neglected. 


‘ Lamb-^HydrodynamicB, ibid. 
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From (5) we get 

„ ,5 . 

r^rr +a 

“-6 {r(-i)}* 

From (6) we haye 

^ ^ (Khnn-i)} 

From (7) and (8) we obtain 

26 g-Z'^i + t.) (A-,+fe,-) 


) 8 = 


a^b 


(kikj {r(-A)}’ 


and eliminating 






(A-, 6 .)« {r(-i)} 

If we write k for we have 


era 




0 0 


^-fjk.+kt) (],.^+i.^)c„s{ {ki + k, )x+iHk,-k,)}dk,dk , 

(k,kj {r(-J)}* [ 6 , + A.-A] 

1 )^ may also be written in the form 




0 0 


g + c osfd-. +A-.)g+rfa , -6. )}rfA-,<ilA-. 
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0 0 


( 7 ) 


(S) 


( 9 ) 


(10) 


( 11 ) 


g /(*'i + ^'«)/cos {(A-,+A-, ^x+d(k,-kj} dk^d!;, 

(fr.fr.)J [(fr.+fr.~)-fr] 

1 

rT(-i)}* 


] 


( 12 ) . 


X 
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It now remains to evaluate the integrals and determine the form of the 
free suHace. Let us evaluate the integrals separately. 

The first integral can be written in. the form 





cosla(.P— 

fc.S- ~ 




sinA^(.4;— 

-■» 


rf-i) 

^2 


.1 



e cosI',(.p+d) 




sinfe,(.r + d!)dl-j 

JT- 




1 


8 



I 



-((/*+(«+rf)’ )”-/}' {(/•+(«-rf)' y-/}^]- 

The second integral is indeterminate. But it (jan be reduced to an 
integral under a sign of integration by means of the complex variable. 
Let us wi'ite it in the form 

^oo 

e co8k^(.v—d)iU '^ I e cosfr^(.r+(i)jg^^ 

e e smkya'+d)dk^ 

J hUh+^i)~ ‘ 

Since the integml is an even function of .r, we may consider the case only 
when X is positive. 

The properties of the integral are contained w'ithin those of the 
complex integral 




/’ (y+y— *•) 


where yzzu+tv, 

y'=iu^-k‘iv\ 
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Now the integi'al has a singularity when ^=0 where is the 

coiTesponding value of y. 

The complex integral 


=] 




i 


g-/y+»y (•«+<^)^y 

y*’ (y-yi) 


Novr it ia a well-known theorem* in the Theory of Functions that 


y(y)^*r.F(a) 

Ay) A(<*) 


where a is a simple root of /(y)=r:0 


and the integration is taken along a circle described about a so as to 
exclude it. 

Hence the second integral 


J y'* 


,-/yi+»'y'(*+'^) 



f { -/y' + 1 y'(* - ) -/(*;-y') + * ( *;-y') (» + <i) } 


Now the second integral is the real part of this complex integral. 
Thus the second integral becomes 

e ^ jin }3-t 

kJ{k-kjl 

Therefore 


1=4 

0 


= A- 1' {/• + ‘ )"(/+ {/• + " )‘ } 

-•[(/’+(*+**)* 



)}• 



c~-^^sin{2fe.<l-K'ai+ff)}rft . 

(k-h,) 


+ etc 


■] 


(13) 


' Lamb— Hydrodynamics, p. 391, p. 398. 

Also Forsyth Theory of ^ anciious. Art 24- 
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Waves due to a submerged circular cylinder. 

From this we can deduce the form of the free surface when a 
circular cylinder is placed in the bed of the stream. 

Let us consider the equation (13) previously obtained 



0 0 




41 

0 0 




we have seen that 


iiJk ^ dll ^ 

(M.P- 


] 


1 


+ 


etc. 




oo 


^ .H 

A-.- 



Hence 

’'•=<rzfc [(/-»(.<■+</) y(f-i(.-d) y 


+ (^f+i{x + d)y(^f+i(x—d)y j 


=_ir(/-,»i (1-/4 
a-6L I /-»•' 


+ (/+»f)* 


(l+ "I 
I /+‘-^ J 


f+i)i /]+etc. 


Now we can neglect higher powers of d above the second. To illustrate 
this we see that 


r=d(a+&)= v^a»— 6*(a+6)=0, when a=6, 

a-b 
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The same thing* holds for all the higher powers. So Tie can retain only 
the second powers of d. Therefore 


’■=»[ s/ivy )+<'+•'•> ( 2(4W' )] 


J 

a—b 





J+etc. 


neglecting an infinite constant 


^b^a+b) 

f*+.c* 


+ etc*. 


when a = 6 


2«7 L . 

11,= - — +ctc. 


This agrees >vith the form of the free sui face fo * a circular cylinder.^ 


' Lamb— Hydrodynamics!, p. 40‘J, Art. 247. 



An Algebraical Identity 


BY 

Pandit Oudii Upadiiyaya. 

The identity 4X=:Y*— (— 1) given b}" Gauss for the 

transformation of X where X represents * — is well known. There is 

another identity given by Eiscnstcin* for the transformation of X in the 
form 27X=AU,V,W). * 

Very reeently the author of thi.s paper has shown tliat any number 
of identities can be easily obtained, and a general method of finding out 
these identities has been given. There it has been shown that Gauss* 
identity and Eisenstein’s identity are only particular rases of that 
general theorem. 1’he object of thi.s paper is to find out another formula 
of the eleventh degree ; and it is believed that this formula has not 
been given ])y any previous writer. 

Let o roots of the ryclotomir eleven-sectional 

periods and let be a polj’uomial of Avhich the ro-ellicients are 
symmetric functions of the roots of X=0, the sum of which iiKikos i/„=0. 
Similarly X 2 ,X.,,...,Xj ,, are detiiicd. [Xj,Xj, etc., have the same 
significance as has been given to tliem in Mathews’ Theory of numbers.] 
Only that case lias been considered in which may bo represented in 
the form U+Vt/^j. Therefore for the case in consideration wo have 
identically 

X, =U+Yv/,, 

X.J r=L Vx ’ 


and Xii = U + Vi/jo, 

where U and V are polynomials with integral co-eflicients. 

^ Mathomatischo .\hhaiiilliiiigeii (Berlin 1847) ; No. 1, Uaratelmig dea Ausilrucks 

27 durch eine aibisclie Form mit drei Vaiiublcn. 

tT-l 
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Now it is well known that 

X=XJXjX,...X„ 

=(U+V,„5(tJ+V^.)(U+Vi;,)...(U+,V,„) 

+ :Si7o’7i--»74U‘*V“ +27/01^1. ..i;5U'‘V®+5j/o’7i--’76U*V^ 

Substituting tlio values of these syimnetric funotions we find that 

X=U^'-U*oy^rtXJ«V*~iU«V» + cU7V^-~r?U«V“+^U«V« 

-/U^V^+//U«V«-7iIT*V®+2UV'°-/V'' ... (A) 

whei'e a,7>,c, etc., are the co-efficients of r/ and the constant term 

respectively in the eleven-sectional period equation. 

Let ns apply tliis theorem to the prime 23, and tlms verify the 
formula in this case. It is known that U=aj* + 1 and V = — .t for 23 ; 
and the period equation of the cyclotomic eleven-section for the prime 23 
is 

yji I q.^10 + .367/7 +287/® -5C)7/» -35i/* +35)/® 

+ 15>/* — G)/— 1=0. 

10, b=—9j r=36j d=28, e=—5G, /=— -35^=35, 7^ = 15, 

\ 

7 = -.6 andj=K — 1, 

substituting these values in (A) \vc get 

X=U" -U> «V-10IJ®V» +9U«V» +36177 V* -28U®V* -56U»V« 
+ 35U ‘V7+3r)U®V«~15U*V® -GUV' « + V^'. 

If we put 1= r in the formula it becomes 
23=2048+1024-5120-2304+4608+1792-1792-560 
+ 28^+60-12-1 ; 

and thus we can represent 23 in the form of the elcTcnlh degree with 
the help of this formula. 

I should like to mention that I have received help in calculation 
from Pandit Shukdeo Chaubey. 



AlGEBUA of PoLlNOMlALS 


BY 

NkipbndraxVatii Ghosh. 

Chaptkk. 1. 


Simple fnndamenlal theorems. 

1. Let n„{z') or simply ropresent the rational and integral 
polynomial 

tto + jC + tt2 2 -f + 

of the ?ith degree in r, whose coetiieieiits a^y,n^.ll^,..an m’o )un-zero finite 
variables, mutually independent of one another. Let the first derivative 
of (with regard to r) bo represented by the second by «"« and 

generally the rth derivative by , 

2. Corresponding to the polynomial n„^ let A«o stand for the linear 
differential operator 


+ 2a,-® 


^_+3a3.H. + . 
Qdy 0a, 




._9 

5a.-, 


where ra^ will be called the rth term of the operator and ra,. 

9ar-i 

the rth coefficient. A«(j evidently a particular type of a more general 
linear differential operator 




-f + — 

1 O^'ii 


where p may have any of the values 0,1, 2, 3...?}. We shall denote this 
latter operator by A 

3. The operators A«p are called simple in conti’adistiriction to 
another class of linear differential operators called complex. An opera- 
tor will be called comi)lex when all its coefficients involve the variable z. 
In the case when some of the coefficients involve the variable z and 
others do not, the operator will be called mixed. 
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l)'6 

4. If <^;.W) 1)0 a continuous function of \V then 

f 'A(«.)=A,o</'(w.)- 
(Iz 

In proof of this theorem we observe 

f !(„=«'„=(a,+2a,t+3o3?® + ... + Ha.s"'*) 

di 

also 


\ 0«o 9«i 0a. - 1 / 


=«. I"' +2«3 9 «« +3„, a «. + 6 »„ 

0^0 9^1 Orta 0a«>i 

= «! + 2^22 + 3 ^ 3 :* + ...-hwa*:*'"' 


so that 


d 





^ 0<^ 

du. " 01^. 


A.o^' 


— A 0 ) 


which proves the theorem. 

5. The proof of the above theorem liohls true as none of tlie eo- 
efRcients a^,..a^ of n„ is zero, i.r,, us the polynomial is complete. 

Incomplete polynomials may be best treated by means of complex 
Operators. In Avluit follows, inile.ss contrary ia stated, the polynomials 
are always complete. 

G. If be any coiitiimous function of W then 




for 


(Iz O V 



na^z 


H + l 


= A.,^(M«)+«a.*a- ^(«.) 

9a, 
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7 . If ... represent a number of polynomials 

«rt + «ia + «aC* + ...+U„t", 

Cq+CiS-^-c^j:' + ... + 

of n, 7 ) 1 , Ztli degrees rcspecti vel}^ and if A « o > A ^ o j A o i • • • be operators 
corresponding to u„, 11^^11^,.. respectively, llien 

where is a continuous function of u„^ni,,u 
In proof of this tlieorem we observe 

■, A « 0 M — ( A iM) “b A ft () "b A r 0 ■ • • ) u 

(fz 

*/itt=n'ft = Afto'<ft=(A«o + Afto + Arn“*)<^ 
a: 

y A^o^^ — (A,m. + Aft,, b A,•o•'•)'^• 




d: dii„ 0 «ft O",. 


— ( A rt o "b A ft 0 ~b A f ,, • • • I.' ft <■?•■■} 

which proves ihe thooreiu. 

The operator ( A „ o + A ft „ + A ,• „ • • ) 'vill lie called a compound 
operator. 

S. If ?t„, 7? ft, i< f ... represent a nninber of polynomials as in art 7 and 
if A«2jAft2?Ar2*** bo operators corresponding <0 i( r ••• respec- 
tively then 

7 

...) = (A„a + Aft2 + Aca + - - 

d: 


+ ® 4*Z 

Ob.n 


00 / 


where <j!» is a continuous function of 
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We have from Art C 

A. 


that 


'fh.. ^/ ,•...) 

dz 

0?'« on,, dz 0«r 

= lt.('^-+”-“8l)“- + 8t(*- + ”'‘-'s\] 

stl*"'’''''' 8^0 )''•■■• 

= ( A«2+Aa 2 + Ara + *..+^/flf02^2v^ +W2//,„C ^ 

' U ^ jt C/ ^n? 


V the mixed opcniior 
The operator 



s are iniitnally independent of one another. 


( An9"hA6a"l“Ar2 ~ ) 

\ 5 «« df>,H or, / 

is an instance of a compound mixed operator. 

9. Functions of the derivaAves of ?c„. 

We have 


'//« = Aao''./ • ■ (art 4) 

dz 

whence --- U „ — A « O a ~ A « n^- ~ A a a 


|«6 + 


V'^ = Aaow"« ^-nd so on. 
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If now ), y-jpu 


be a continuous function of and its derivatives oidy then 



(( Z 

a 


a ' 

J 


for 

ii 1 / t 

v'\, .. 

a ^ 





'l'-“ 4. ,9*^ 

dn\, 


+ 9^ 

rf,/') 

ti 



0 

d: 

0«'', (/- 

‘ a 

dz 






a 



CO (O 

11 

An„V„+ 

0» 

A„ 


o^'\+...+ 

CO; CO 

A <1-) 

A«„«^ 


= A«n<A ) 


wliicdi proves the theoi’eni. 

10. If (fi'jt,,, n\. v\, v"p.,.) 1)0 a continuous 

function of ?<,, , and tbeir derivatives only, then 

dz 

= (A«o4 - A/m> + v\. 

The ]n*oof of this thooreni presents no new ]H'euliai’ity. This includes 
theorem in Ai-t 7 as a particmlar case. 

11. Tianst'ormed tliec'rems : - 

bet. V „{-) repi-esimt tlie rational and intej^ral polynomial 

of the uih de^Tce in r, then it may be subjected to two distinct ty|>es of 
transformation j^iviiig rise to transfoi-med polynomials. 

In the tirst typo we chanj,^c the variable c to some other variable /, 
connected by tlie explicit relation c=i/r(/), so tliat llie transformed poly- 
nomial l)ocomes + + + + represented 

by uMO- 
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Asa result of the first typo of transformation of polynomials all our 
previous theorems will necessarily lead to transfoi’ined theorems of the 
first type. 

Let us take as an example, tlieorcm in Art 4 vi:., 

Put s=n/^(/), then so that the required transformed theorem 

becomes 

In the second iypo of iransfarmaiion of we change only its co- 
eflicicnts „ parti}’ or all together. Since these coolTicionts we 

non-zero finite variables luutaally independent of one another, the trans- 
foi'ination to which it,, is subjected must ho such as to preserve this 
characteristic. 

Evidently a most general form of (ransfonuaiion is a combination of 
the two types indicated hero. 



On the SrECTJiA or Isotopes 


HY 

Panciiaxox Das, M.Sc. 

The work of Aston and Dempster lias e.stablislied the fact that most 
elements possess two or more isotopes, whicdi liavc the same atomie 
number and ariangement of eleetrons, but have nuclei of slightly 
different masses. The question at once arises, whether the spectra of 
these isotopes should be different to any extent at all. Bohr’s treatment 
of the dynaiuics of the hydrogen atom with a nucleus of finite miss is 
easily extended to any atom ami leads to the result that the Rydberg 
constant R, instead of being an absolute constant, would vary very 
slightly from eleiiunb to olein jnt owing to ilie liniie mass of the nucleus. 
Thus isotopes with iileiitical electrical structure, but slightly different 
nuclear mass, would have their res[)cctive Rydberg-constants slightly 
different from cacli other and a separation should exist between the 
corresponding seriesdincs. 

This was first put to the exi)erimenlal test by iMerlon^ who examined 
the line X=...4058AU of ordinary lead and compared its position with 
that of the corrcsjiondiiig line of its isotojic, vi:., the lead derived from 
radioactive sources, lie found the actual separation to bo O’Oll AU 
being about 100 to 200 times as largo as the theoretical value of Bohr. 
Quite recently MacLeniian* in coiu’sc of a study of the fine structure of the 
Lithium line A=()708AL’', succeeded in resolving it into four components. 
As theoretically this should be doublet, lie attributed this circumstance 
to the presence of isotopes. Ho computed that the actual isotopic 
separation was about 3 to 4 times as large as the value calculated from 
Bohr’s theory, lie finally generalised that the actual separation of the 
spectra of any two isotopes must be atomic number limes as large as the 
theoretical result of Bolir. So it appears that there is something 
fallacious in the existing theory. Khreiifest® points out that the fallacy 

1 Proc. Roy. Soc., Vol. 100. 

* Proc. Roy. Soc., Vol. 101. 

® Nature, June 10, 1922. 
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lies ill applying the results of a iwo-bocly jiroblem to an n-body problem. 
Bohr’s original tlicory referred to tlie atoms of liydrogen and ionised 
helium only. The spectroscopic consequences of his theory were borne 
out remarkably well by facts. But when we come to an atom of a higher 
complexity, it becomes an n-body problem and Bolir’s results cannot 
hold good One must investigate the joint inllucnee of all the electrons 
on the motion of the nucleus in order to explain the existing discrepancy. 
An interesting side-light on this point was thrown by Silherstein^ in a 
letter on the series-sjieclra of licutral helium, lie linds that each of the 
electrons .surrounding an atomic nucleus de.scrihes an ui-bit practically 
uninlli.eiiced by the rest of electrons, and in deriving a .series-formula, 
he makes use of the total-energy of t he whole atom instead of the 
valciicy-electroji only, as is ii.sually done. Tlie valcncy-electi*on, 
regarded as an isolated .system, slionld apparently htdiavc as 
non-lioluiiomous, hence its total energy is generally a function 
of time. The be.st course is to quantise the generalised coordinates of 
the whole .system of electrons and nucleus constituting the alom, as this 
last represents a conservative .s^’.stem. If we make certain sijtiple 
assiimpti(/ns, the prohibitive natui*e of the u-body prol)lem gives way 
and a separation of variables in the llamilton-.lacohi ecjuation of motion 
can he effected. 

Let M be the ma.ss of the nucleus of an atom of any element, of 
which the atomic number is X and lot y be the centre of mass of thc.se 
N electrons. If tlio mass of an electron be vi^ the centre of mass G of 
the whole .syRtem consisting of elect i-ons and nucleus divides the lino 
M(/ in the ratio of ; Nm. Let G(/=K,, and and let the lino 

My, which, wo assume, lies in an invariable plane, make an angle 0 with 
any fixed line in this plane. 

Since the atom is not subject to any external forces, the point G may 
be regarded as fixed. We proceed to compute the kinetic energ}" T of 
the .system. Since the centre of mas.s G is at rest the K'B of the 
sy.stem is equal to the K - L relative to G. Gr T=I\ • L of M relative to 
G + K-E of the N elcctron.s relative to G. Again the K*E of the 
N elect j'on.s relative to G = the K • K of the mas.s of N electrons relative 
to g. If we take time-average over a long period, this K* E of electrons 
relative to their own centre of mass may be regarded as zei*o. Thu.s, 

t= 5. Mau+R;e*)+J XHi(u? +«!»’), 

where R ^ : li g = M : Niu. 


^ Nature, August Iff, 1922. 
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Let tts now put R=Ri+R,. Then, 


R,= 


MR 

M + Nm 


, and Rg = 


NmR 
M ' 


Substituting these values in T, we got, 



Nm 



•(R* + R“^'*), 


=1) /iOi*+ R’fi’), say 


wliere 




1 + 


Nm 


M 


( 1 ) 


To find the mutual potential energy of the system we assume that all 
the electrons except the outermost one are grouped close together 
around the nucleus, so tliat the centre of mass of these N — 1 
electrons is very closely situated to the nucleus 0 , compared to the 
outermost electron m. 


Now since (j^(j:gm = l:^ '■I, it is evident tliat O 7 is approx imat el}' 
^th part of Om, if wc regard Oy^ as small compared with Om. But 0^ 

was previously denoted by R. Thus, 07ii=NR, approximately. 

We may regard the mutual potential energy of the N— 1 electrons 
near the nucleus and the nucleus itself as remaining unafFected during 
a radiation, so that we may omit it from our Hamilton- Jacobian equa- 
tion of motion. 


Next, if we assume after Silberstein that these electrons are in- 
dependent of each other, the mutual potential energy of the outer 
electron and the rest may be disregarded Jilso, The only effective term 
in the mutual potential energy V is then the potential energy of the 
outer electron and the nucleus. Or, 


v=- — . Bat E=Ne and Oot=NR. 

Om 
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Thus, V=— approxiraafely. 

Evidently the Hamilton -Jacobian equation of motion is 

r 9SVj_«_l=w 
2/ilV aR / R* \ ao / 5 r 

This form has been treated at length by Sommorfeld, and the total- 
energy W is easily seen to bo 

^Yr__2ffV£*. 1 

h‘‘ u-‘ 


where n is the sum of radial and angular quantum-numbers. Now the 
theoretical value of Rydlierg’s constant for an clement with an 
infinite nuclear mass is 

_ 27r’«ie* 

—jiT' • 


Hence after restoring the value of /a from (1) wo get 



NR 


1-f 


oo 

Ni/i 

M 




When a Quantum-transit takes place, the difference of total energy is 
a multiple of liv. Professor 0. V. Raman suggested that since N 
electrons take part, this multiple miglit be taken to be N. Thus, 



where p is the value of n in a different configuration. 
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This is a series formula of the Baliiier type. We assume that this 
modified Rydberg’s constant will replace the usual value in the more 
general series-formulae also. 

Now suppose that an element has got two isotopes of atomic weight 
Ml and M, and that the frequencies of the corresponding series-lines 
for which the quantum -numbers are the same, are and r,. Then it 
is easily seen after some approximations, that 

' • ^ V Ml M, / ooV n» / 


It is evident that this separation is N times as large as the value 
obtained from Rohr’s formula : — 

This explains the discrepancy between observed results and values 
calculated from previous theories. 

There are some side-issues, which call for a separate consideration. 
It is obvious that our modified Rydberg’s constant, varies slightly 
from one element to another. It is not a case of steady increase or 
decrease with the atomic number but is of the nature of an oscillating 
function, as is apparent when wc note that the nuclear mass measur- 
ed in terms of the mass of a hydrogen atom also varies with the atomic 
number and is in fact, proportional, as a first approximation, to the 
same. Thus N/M is a quantity of which the value oscillates between 1 
and 2 for a large number of elements. If we take N/M equal to 1 for 
these elements then the variable Rydberg’s constant becomes identical 
with the Rydberg constant for hydrogen. This tallies well with the 
remark in Fowler’s Report on Series-spectra, that the series-spectra of 
most elements can be closely represented by means of the Rydberg 
constant for hydrogen- 

The modified Rydberg constant was put to more rigorous .test by 
the consideration of a particular element, helium. As the wave-lengths 
of the sharp series of all elements can generally be measured with the 
greatest accuracy, the sharp singlet scries in the spectrum of helium 
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was chosen and the modified Rydberg constant was introduced into the 
Hicks formula, in order to see if any improvement could be effected. 
The original formula is quoted here fi-om Fowler’s Report : — 


r=lP— wiS 


=27175 17- 109722 

^ m+O- 862167-®!®^^® j 


where ??i=2,3,.,. 

\\ e first evaluate the modified Rydberg constant for helium. Its 
value is Rjj^ , given liy : — 


R 


= 


1 + 


Ntu 


M 


R 




He 


4M 


11 


=®oc( ^ ) approximately, 


where and Mjj are the masses of a helium and a hydrogen 

nucleus respectively. 

From Sommerfeld’s Atom-bau, the value of R^ is taken to te 
109737, and R^^ is 109677. Hence, to calculate the value of 

R X , we have, 

«> Mjj’ ’ 


R -R^ =109737-109677=60 

oo H 


or 


R _R (l-~ ')-=R x,r =60. 

00 oe\ 


Rjj^ =109787 -30=109707. 
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We now replace 101)72*2 by 109707 in Uic mS term of Hicks foiuiula 
and introduce two other constants .s*, a- by way of conipensation as 
follows : — 

v=:27175-17- 11W707 

( «<+0.862157+.v- 0 

Putting m=2 and 3, wc ecpuUc the mS term to 131- 15 *23 and 7369*82 
respectively and solve for S and o* from tlie two resulting equations. 

The values arc : — 

.s=: -0*000-176. 


and (T = — 0 • 000-186 . 

Thus tlie revised farmuhi is 


v=2717r)17- 


109707 


^ w+0'8ClC81 


VI 



The series-lines arising fioin this i'ormulti are tabulated below : — 


in 

iiiS 

ol .served. 

mS 

revised. 

0-C(A»') 

Hicks. 

O-C/Ai-) 

riiviaed. 

2 

13145*23 

13445*23 

0*00 

0*00 

3 

7369*8*2 

7369*82 

0*00 

0*00 

4 

4046 * 52 

4616*51 

0*00 

-0*01 

5 

3195*17 

3195*21 

+ 0*10 

+0*04 

6 

2331-21 

2331*27 

+0*14 

+0*06 

7 

1775-26 

1775*59 

+0*52 

+0*34 

8 

1397-15 

1397*43 

+ 0 * 3o 

+0*21 

9 

1127-91 

1128*33 

+ 0*49 

+0*42 

10 

not observed 


... 

... 

11 

779-93 

779*85 

-0*02 

-0*08 ’ 

12 

6C1--18 

663*28 

+ 1*85 

+ 1*80 
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riio second column gives ihe value of wiS tjiken from Fowler’s Report, 
and the third the value calculated from Hicks’ formula. The symbol 
0 — 0 stands for the difEercnce Av between observed and calculated 
values of wave-numbers. 

It will be clear from a study of tlie last tw'o columns that a syste- 
matic improvement is effected by our modification. It has not been 
possible to try it on other elements as the process is extremely laborious, 
but the fact that for most elements the Rydberg constant corresponds 
to the value for hydrogen lends strong support to our hypothesis. 



On Magnetic Field due to a Thermionic Valve. 


BY 

K. Basu. 

1. Langmuii*^ has shown that the electrons emitted by a heated 
metallic fiLament and conveyed by means of an external electric field 
to a concentric cylinder (anode) produce, on account of their charges 
an electrostatic field which tends to limit a further discharge of elec- 
trons from the heated filament. A theory of this effect has been given 
by Langmuir himself, wliich lias been later on improved by von Laue.* 
They have shown that if V is the electrostatic potential in the space 
occupied by electrons 

V* V=-47rp 

whei'c p=Nr is the density of electrons at any point. 

Since the electrons move radially outwards from the filament to the 
cylinder w'ith a definite mass velocity it is clear that in addition to an 
electrostatic field we shall also have an electromagnetic field. Let 
(ill Ea) be the vector potentials defining this field, then wo have 

V*(ai, a., aa) = — 47rp u^). 

Now if the quantities (p, w,, w,) be known and the boundary 

conditions be given, (an Eg) Rs) he calculated at any point. From 
the values of (a^ Eg, Es) so determined, the magnetic field can be 
calculated by using the relation 

F, G, H=rot a. 

The above is on the supposition that the phenomenon is perfectly 
steady. If the ejection of electrons be subject to fluctuations the time 
factor must be taken into account, we have then 

(’■-o' 

( V- ! i;. 

> Phy. Bor., VoL II, p. 453 (1918). 

Iiouo— Jabrbach dor dralitlose Telegraphie, 1919, 
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where p, u. are both functions of time. In this case the electric and 
magnetic fields are given by 

P, G, lt=rot a, 

X, y, Z=-Grad. V- I | (a., a,, a,). 

C O t 


2. In the present problem we need only calculate the vector-poten- 
tials given by 


(a^. a,, 



f/ii 

Jt ’ 


where are components of current at any space-element r/0, II 

its distance from a paHicular point at whicli the 'polruliuls are taken. 
Then using cylindrical co-ordinates avc find 



r,h ,ie jj j ( " 'o ) '■ '‘'-4' 

nh ,W " 'o ) 


as=0, 

where the axis of the filament (radius a) is taken as the r-axis and the 
central plane through the mid-point of t lie axis perpendicular to the 
generators of the cylinder (or filament) is taken as the plane r=0, 0:zz 
azimuth of tJie clement /• dr dO dz. If the co-ordinates of the particular 
point be we have 


R*=r,/+r*-f cos (0-0^), 


If (a,. ,a/} ,a. V be the potentials witli reference to cylindrical co- 
^'o “o ^o) 

ordinates and (^f , M x the new magnetic intensity 

'\)j “o» *0^ 


M=:rot a? 


a , 


cos^„, sin^o, 0 1 


^ 0 






— sin^o, cos^o, 0 


a 


0,0,1- 


2^0 
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h I 2^ 


' J J J K’+r*+(^o~o*-2i;7 


r=a, 1=0 


b I 27r 


^0 " J ) J {,„* + r» + (r„-^)*-2,T„ 


COS 1}1 * 


cos 1}!^’ 


y=a, 3=— Z, 1=0 


putting I=C— ^ 0 , in the above, the limits of integration of 6 and I are 
the same. 

The values of the integrals 


iSTT 


^ I d I 

J * + (2o - «) * — 2?To cos I } J ' 


isir 


sin I f7 T 

+ (*o— »)*— ^'''o cos T}J 


are respectively ( f ^ ~ f ^ J 

/f*=4rr,/(ro+’)* + ( 2 o — s)®, and F, E, the complete elliptic integrals 
of the first and second kind. 


r -1 -9 « 9 o 

'^’o ^*0 9^0 *'^0 9 2 © 


M/, = — a — — a ■ 

^0 02o 'o 0ro 2o, 

=- aT H ^ • 

2© t'o U^o *'0 d"o '0 


In the present case, 
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b I 




>■=:«. c = — 1 


8. Now 


F = f — ' It — = r i +( } yfc *+( Vi * 

H S ;’ )•*-■■]■ 


K=]\Triw*#=:Ht)V-(|:“y^' 

0 

/ 1-3-5 \U" I 
1. 2-4 G ) l~"’I 


^As a first approximation, take ?'’=K= . 


"•‘‘1 jal [( 4 K|-‘)-IS 

-/ 

b I 

J J 9 -« ' 


But — JA=(?o- 2 )*^/('o+»)’+( 2 ’o-z)’. obtained by taking 

9 "o 

logarithmic differential of /c* =4^To/(ro + 0* + (2^0 “"«)*• 


0 V 

n 2 {z^-z)h 

(rr,n K+^r+(^o-^;* 


Hence 
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)•} 

> •>•0)’* 

I, 

■J {('o+O’+C-o-i)’ 

-I 

^ 1 

(/n + r)* + (j„— Z)*J ,lr 

ft 

1 

('•o + '-)‘ + (*'o+/)’] ’ 

1,1 + '-y±(.Z<L7’)' 

0 „ + '•) ’ + +,) » + +iy 

{<• 0 + 6) + '^(^ftl^^o+OM 

f('-o+ft)+ ^/rr7+~a)~«T (g„ + /)»} 

It can be proved very easily : 

(0 (^o)» 

(w) =0, at any point in the central plane perpendicular to the 

“0 





axis. 
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(m) =4 A&-’'oA‘o*> when is very large and 

*'0 

total current. 

(tv) When Zq is larger compared to I and r^, the logarithmic func- 
tion vanishes. 

4. As a second approximation put 

'*=i M 2 )’*•]■ 

(I •“ If 

’ " J J (^'■o)J a*-uV ^ ) 


a — Z 
h I 


=^->f f . ^ 

J J (”'0)1 V 4 8*0 / 


dr dz 


a —Z 
b I 


=»">j j (^i 


— - dr dz 

0’o+0* + (^o~-)* 


a ~Z 
h I 


_ , . I I (zq —g) dr dz 

TTi^aJ J (^rrj-l{(r^^r)* + (zo-z)* 


a — Z 

b I 


(^rr^)i 

{(»*o+0* + («o-‘2')*H 


=6 TTiQa^ J* 


( z^y—z) dr dz 
{(ro + r)* + (zo -z)*H 


a — Z 
h 


I 


=2 niQa j* 


—A 


»^o{(*'o + 0*.+(*o~*)*} 

-I 
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=2 


»T„ dr 


rr^ dr 


•}|] 


Now 


{(»-o +0* + («o -0> }’ {(»o +»•) • + (*o + 0’ }■ 

b b 

1 r dr _l ()•„ + »•)(£»• 

J {■(»-„ + 0 *+(*o-l?}l J { 0 o+>)’+K- 0 ‘}; 


o 

_ I _ ?•„ dr 

J {{ro+>r+W-irn' 


{0-o+0* + (*o-0*} 



(> n + >•) 




j 


('■o+»') 


ro+r 




Hence 

1 

=2in'oa>-o 1^ — [(/'o + >•)’ + (*o —0 ’ } 


’ o (’"o+’O 


(*o- 0 ’{ 0 -o+»-)*+>o- 0 ’}i 

6 

(’•o+O 1 


+ {(»o+»-)* + (*o + 0’} + (*„ + l)*'{'(7„”+r)* + (^„ + 0>} 

=: 2 jrJo(Wo 


>-„’'+»->o + (go + 0 * 

" {* 0+0 • {(»-o +>? + (^o + 0 ’ }i 


*‘o*+»'»'o + (*o — 0 * 
(*o-0’{(»-o+r)*+(*o-0*H 


r=a 
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5. The value of can be expressed in terms of an integral 
equation involving Bessel’s functions of the first type. Thus suppose 


27r I h 


_ r f f cos T dr dz d I 

J J J //'o * + ?•* + (co “ 2 :) * — 2/ ^0 cos 1 


0 —2 a 


Then since 




(XK) d\= , wo get 


Qc 2ir I b 


W= j* I j* C^o-J) cos I J„ (XR) dr dz dl dk, 

0 b -I a 

the upper or lower sign being taken according as negative or 

positive, where R* =/‘o® +^*“-2/To cosI. 


Now* Jo (XR)=Jn (X/0+25 j. (Xr) C0S5 1. 

Whence 


oo c n zv 

r= Jdxj j J„ (XrJ (X,- 


0 -I 


00 . 

+ 2^ J, (X/’o) J, (Xr) cos *• I f cos I (f 1. 

1 ^ 


Now I cos I <il=0, I cos d I cos I I 


^ TT, («=1). 


V o 

Hence W=27r^f?i^ ("o (Xr^) (Xr) dr. 


' Gray and Mathews, * Bessel fanctionsi* 
* Gray and Mathews, l.c. 
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Again since Jj, (2:) = — (2), we Imvo 
d 


dr 


.1, (X>-) = ~A.I, (Xr) 


I 


b —/ /■=a 

I 00 

= -27rj J, (X,„){-lo (X6)-.l„(Xa)} 

-/.o 


="'4 


+ -X/ 


) .1, (X..,) J., 


+ ) J, (-Vu) -'o (M^t- 


NowM. =*„« J- W 
^0 O "o 


/ 

= +27r/„tt[ J. (XrJ (X6) 


f/X 

X 


- I ,,-± (e ^ ) J . (Xr„ ) J (X,,)'^^] • 


The wi«M5 sign before the right-hand side corresponds to +Xro and 
plus sign corresponds to — Xr„ ; d-Xs-o is taken for and — Xro for 

Zo>l 
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We find 

oo 

M^^=-2Woaj'e±^(*o+^>J. (Ar„) J„ (X6) 

0 

OO 

+ 2,R-„aJe±^ (XrJ J„ (X6)'^ . 

0 

OO 

+ 2irTo0^e±^ + (Xr„) J„ (Xre)'^ 

b 

OO 

-2m^a^e±^ (Xr„) J„ (\n) 

6 

As befoi’O the jhA is taken according as z^<or>L 

Those are well-known integrals. Wo have met with this type of 
integrals in Hydrodynamics as the expression for velocity potential 
for sources distributed witli uniform density over the plane area con- 
tained by a circle,^ also from analogy tlie gravitational potential 
produced at any outside-point due to a tliin disc of matter of uniform 
surface density has got the Stamo value.® 

Lastly I wish to express my thanks to Prof. M. N. Salia, D.Sc., who 
suggested the problem to me for his encouragement in this direction. 

' Lamb’s * Hydrodynamics,’ 4th edition, p. I HI. 

Gray. * Phil. Mag., August, 1919,’ p. 203. 



IJippLES OF Finite Amplitude on a Viscous Liquid 


HY 

J. C. Kamksvaua Hav, M.Sr. 

In a paper published in this bulletin,' 1 showed the cdiange of form 
of waves of finite amplitude, as tbe wave length increases from those of 
short ripples to those of largo gravity waves, without taking into consi- 
deration the eilect of viscosity, which how’ever, is not a negligible factor, 
as it tends to damp the amplitude, which in its turn affects the form of 
the wave. 

The effect of viscosity on weaves on the surface of liquids first received 
the attention of Stokes,* who by employing the di.ssipation function 
found the modulus of decay to vary as v"'. Tail’ discussed the effect on 
short ripples and showed that it is more prominent in tlie case of shorter 
ripples. Harrison* found for supcrpo.sed liquids, tlio modulus of de(‘ay 

to vary as v * . Basset"’ extended the case to liquids of finite depth. 
Recently Watson” made some experimental investigations to find the 
viscosity of liquids by taking observations of the decay of the amplitude 
of surface waves. He, h{}>vever worked only with small amplitudes. 
Taking the effect of Initeness of the amplitude, we can proceed as 
follows — 

The motion is su])posod to be confined to two dimensions. Tbe axis 
of X is drawni in the direction of propagation and the axis of Y is drawn 
vertically upwjii'ds. 

^ Rnll. of the Gal. Math. Sov. Vol. XI, p. 173 (1920). Sec alfio Froc. Iml. 
Ass. f. Cult, of Sfieure. Vol. VI, p. l7o (I92lp 

* Cauib. Trans, t. i.v, p. 8, 1855 or papers Vol. Ilf, p. 1. 

“ Proc. Roy. Soc. Edin. Vol. XVII, p. 110 (1890) or Scientific papers Vol. 1 1. 
p.313. 

* Proc. Loml. Math. Soc. (2) Vol. VI, p. 396 an l Vol. VII, p. 107 (1908). 

® ilyilrodynaniics, Vol. II, §§. 520-522 (1888). 

« Phys. Rev. Vol. VII, p. 226 (1916). 
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The well known equations for the motion of a viscous flniil are 

^ =x-y |E-+,v» 

1 )^ p Ox 


5? =Y-1 +vV*i- 

Dt pdy 


In the present case these reduce to 


=-l 9/> +vVu 

P O-c 


0 i; 1 0 » , 

a ( p 0 j- 


(a) 


The equation of continuity is 


, 01 ’ 0 
0 ^ by 


3 ) 


These equations are satisfied by 

0 x 0 y 




v=-^ +P.!t . 

0 y 0 ..’ ■ j 


and the pressure equation at the surface 


(4) 


^ = («•+«•) 
p Of ^ 


( 5 ) 


provided that 


V!«#.=0, and 9J' =„VV. 
Of 


( 6 ) 


where 


V * = ® * + — * 
a** 0 y»* 


The condition of ‘ no motion ’ at the bottom is given by 




( 7 ) 
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Solutions of (6) and (7) are given by 



5 A,e cosh«A(y+^)cosA’ftaj 


f = 71 

and 

5 B,e 8inhm(y+A)8iniA:.e 

where 

m* =zk* + - . 

V 


The boundary conditions supply enough equations to determine the 
constants and a, Aj ami (which are related 

to each other) remaining arbitrary. 

For our purpose it is sufficient to take only three terms, and we have 
cosliA;(i/ + A)co.sA.c4- A,e^^^ co8h2A*(y + A)co82A.(: 

co.sli8A(y + ^)cos3A:.r, ... (0) 

and = sinh7a(y + ^)sinA:j; + B^c‘^^^ Hinh27?i(y + A)sin2Af« 

sinh3}7i(i/+^)sin3Afj:. ... (10) 

Substituting these values in equations (4), we get 

7( = { A A j cos h /c ( y + /<- ) — 7?i B j cosh 77i(i/ + ^0 } s i H 

4-2{/fA,cosh2/[:(y + /i)— wB,cosh277?(y4-^)}<9^**^ siii2A'.»‘ 

+ 3{AA3Cosh3A(y + A)— 77iB,cosh37a( siii3A.». (11) 
r = : — /(f { A 1 si nh A-(y + /i) — B j sinli7/i(y + li )c^^ cosAr.t; 

— 2A{A,8inh2A(y + /t — BaSinh2wi'y + cos2A.r 

— 3A{Aj,sinh3A(y + A) — B3sinh37?i(y 4-/i co.s3A:.r. ... (12) 

If t; denoles the elevation of the free surface and if the origin be 
laken in the undisturbed level of the liquid we have 

dt ’ 

7 = — ^ |^(A jSinhA/i -B^sinhw/^e*^^ coshr. 

4-(A,sinh2A7i— B,.sinh2wiA)fi^”^ cos2Ar 
+ (A3sinh3A;i-B,Hiiili3«iA)/“^ cos3A.« 1 . ... (13) 
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C(2 


The stress conditions at the surface (rjrzO), give 


rvsf g^ai 


( 14 ) 


and >’.,=0. ... (15) 

where T is the surface tension of the liquid. The ciii vaturo is supposed 
to be small. 


But 




6i- 

dy 


(16) 


where it=pv. 



dv . 

0 ® dy 


} 


(17) 


Equations (17) and (Id) togetJier g» ve t ho values of the constants 
A,, A 3 .,., Bj, Ba etc. and «. Equation (17), gives on substitution 


{ 2Aj A:’siiih /»7i— B j ( /c* + )sinhiHA](3^'^ sinA\r + 4{ 2A , lt^8\uh21ih 

— B a ( A; * + ^)( * ) s ill h 2»} // } si n2/> a; + 0 { 2 A h * sinliil I h 
— B3(/i® + )n*)sinhd?n/()}e'^“^ sinHArai=0. 


Equating the cocllicient.s of .sin/.'.r, sin 2 /ric and sinllAa; to zerp? ^vc get. 


B, 

A. 

_ 2 A;*sinli/i/(. 

(/i* + jsinh???// 

... (18) 

B, 

__ 2A:*.s’nh2A7; 

... ( 1 !') 

A, 

4 -w*)sinh 2 ?n/( 

B, 

__ 2 /r®.sinh.’lkh 

... (: 20 ) 

A,' 

(A* + m*)sinhihnli 


Equations (16) and (14) to gctlicv give, after substituting the values of 
/;, u and V from (12), (Kl) and (14) 


0 

II 

P ■ 


A|Sinli/r7i— BiSinh7M/i 

cosA'u) 




A,sinli2AA— B, 3 inh 2 w/i 

\ 2at 

y 

cos2A\c 



AjSinliSfc/t— Basirib3m7/. 

yat 

coK3Ar.c 
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+ cosAjcosh/f^i^ + Z^) + 2Ajae^“^' cos2/ia:cosh2^(>; + /i) 

+ 3A j cob: hi coal\3A'(>7 + A) + 2v7i { A ^ /icoRbfc(7; -f h) 

— ?nB 1 cosh??! ( ?7 + /O } e cosX'j + 4i/Z- { A ^ Z cosh 2 4- (”?? + /?) 

— r/iBaCosh2?)i(i7 + A) } c C()s2/; : H-Ci'7i [A, 4cosh3/i(ij + A) 

— wiB3Cosh3??i(y+A)} coaShc 

— { AA ^ cosh /.(tj + A) — mB ^ cosh?)i [rj + h)} ainkx 

+ 2 { A A , cosh2 A(7; + A) — w? B ^ cosh2)?i (r} + A) } sin2 Aj? 

s 

+ 3{AA3Cosh3A(?j4-A)— mB3Coah3??i(7? + A)}e'^“^ Bin3Aa; J 
— {AjsinhA(i; 4’/i)“”®i®^^^^^^*(’7 + A)}6“^ eosA.t’ 

0_i 

4-2{A2sinh2A(7j + A) — Basliih2??i(?^ + A )}e“ cos2A.r 

« 

+ 3 { A 3 sill h 3 A(?; + A ) — B 3 siiih3?n (?? 4* A ) } oos3 A.c J . 

Expanding the hyperbolic functions in powers of (17 + A) and substi- 
tuting the value of rj given by (13) in the above equation and equating 
the coefficients of cosAr, cos2Aa5 and cos3A.«’ to zero, we get, 

f ^ -b ^ ^ j sinh AA — B j si nh inJi ) + A j Acosh AA 

+ 2r7i(AjAcosliAA--Bii?icosh9?iA ;=0. ... (21) 

- ^//+ ~ A* ^(A3sinh2AA— BaSinh2??iA)4'2A3aco5li2AA 

+ ~ A-' AiSinh AA (A iSinhAA— B iSinlnuA) + 4rA( A , 4cosh2AA 
2 

— B ,i?icosh27?iA) -f rA ‘‘/a • A 1 ( A 1 sinh AA — B , sinli ??iA)sinhAA 
-f i^/a • A® 7?i * B , ( A ^ si nh AA — B 1 sinlu/iA)sinlnaA 

—1 (AAjCoshAA— ??!BiCOsh??iA)*— (A^sinhAA — BisinlmA)* =0, (2/ 

2 2 

VAjsinliSZ'A— B3sin]i3?/iA)-f 3A3acosh3AA ■ 
a \ ‘ p J 

+ 6 V A ( A 5 Acosh 3 AA — B g oicosh 3ni A ) 
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1 k* 

+ - A 1 — ( A j sinh A7i — B j sinhmA) * cosh kh 

o a 

— i AJA*(A, sinh2H — B , sinh2m^) sinli kh 

— 2A, A7 ( A 1 sinh AA — B ^ sinhm^)sinh2A‘^ 

-f2vAT -(Ajsinh/f/i— BiSinhm^)*coshA7i 
L o a* 

— i A j — ( A , sinh2ArA — B , siiih2mA)sinhA‘A 

2 a 

--2Aj, — (AiSinhAA— BjSinhm^) sinh2AA J 

+ 2v'AT — ^ (A^sinhWi— •Bj^sinh??i/i)*coslun^ 

L o a* 

+ (A,sinli2A7i— BgSinli2m/i)siTihwi/i 

2 a 

+ 2B,^™ (Ai8inhA7i--BisinhwA)sinh2m^ J 

— ( ArA , cosh kh — wB i co.shm/^) ( Ar A , cosh2 A /i — wiB , cosh2m/i) 

— A:* ( A ^ sinh A7i — B ^ sirihmAi) { A , 8inh2 A7t — B , sinh2w77i) =0. . . . (23) 

Substituting the value of B,/A, as given by (18) in equation (21), we 
get with the help of (8) 

-- ( g+ -(a + 2rfc»)coshA/l=0, 

a \ p / 2A:*i/+a 

neglecting squares of v. 

The above equation gives 

a=-2vk* :fik(glk^Tklp)^ 

= — 2vA:*+fA'c ... (24) 

where c is written for (glk-^Tklp), the velocity of the wave in absence 
of friction. 

Equation (22) becomes on the substitution of the values of and 
B, from (18) and (19) and with the help of (8) 

V o T l " r~ ") sinli2AA4-2A,acosh2AA 
tt \ p J\ ‘2A*v+a / 
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+5 fe’Aj - ' siuh* kh+ilv A, ( Ac08h2A7l 

2 2«*i'+o ’ ( 

_ 2fe»V . 8inh2A/t ^ J^AJ j y 

2A:V+o tanh2mfc) 2fe»v+tt 

sinh’AA-^ A* A»coali2A7. 

”"«T — i f A:*cosli2m^ + “ cosh*m?* ^=0. 

2 (2/i*v+a)sinh«i;i \ V ) 

From this we get, neglecting squares of v 


A,= -. 


g-fc* Aj«8inh*A:/i + Jsinh“fc/i + 


/ 4TI:* \ 

fci jf + \aiiih2fch + 2acoah2fc?i(2I:‘'*i/ + o) — 4Ar[t(2fc®v + o)cosh2I'/i 

— 2vI**ainli2I:/icoth2m/i ] 

Equation (23) becomes 

0 + ?T3l’ +3A,acosli3A/( + 6A,»<Ar Ai;o.sli3A 

a V*' p ) 2A‘v+a “ L 

1+1 A» - siiih* A7ic08hAA 

coth3«i/i J b (2/c*i' + n)’‘* 


A, A, . - sinb2A7tsiiihA7i. 

2 ‘ ’ 2A«v+a 


+ 2t>A \ - *' — sinhAAcothmAt r ywr :~ — rr 

I 2A->v+a L 8 (2A*v+a)* 

] 


— - A. A, sinh2Mtanh77j/i 

2 2«*i'+a 


4-2A.A-^m* - siiih2A^sinbX// | 

zk*v+a ) 

+AjA,|^ A-cosliAA— sinhA7icotll?>^7^ ^ ^ Acosh2A/i 

— L sinli2A7ttanli2w/t ^ — A ^ A , A* • fv ~ 
2A*v+a / (2AV+a)* 


sinhAAsinli2AA + etc. =0. 
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This, on further simplification becomes 

A,k( g+ ^ + 3 A,acosh 3 Wi+( 5 A,vi-r JcoshSWt 

\ P / 2k*v + a L 

_ -j ^ A? Rinli«Hcosl>Wi 

2]x''^v+a cothll/a/i J 4 . 2k'^v + a 


• *- A^A^Bmhlhsh\h2kh—(). 


Fi’om this, 


A.=: 


5 A • 

T) A^A ^k{ 2 k^v + a)^iih\hkhH\nh 2 lih— sinh® A/tcosh/rA 

k^ (f f- ^Hi iilio/rA + ‘Itt 2k^v + a)c*()slul/t7/ 4- ()v/i[(2/i ® v + a) 

c()sli3A// — A “ I'si r)h3/»7itiinli3??i7i] . . . (2(3) 

With the help of relatiuiis ( 18 ), ( 19 ) and ( 21 )), the e(}iiation of the wave 
surface can be written as 

r A,-''''sitih/,/icosiia- + A,/'^“^ siiih 2 W.cos 2 A'j! 

' 2 ei'+a L 

+ sinli3/i74Cos3AM; J. 

Substituting the value of a, given by ( 24 ), wo get 

k r * — 2 A“v^ tkd 17 , I 

-ijrr— A,e f' sinliA/tcosA'a^ 

' 2AH'-f a L 


+ Aa« 




!si n ]i 2 kli cos2 Am’ 4- A , r? 


-^Gk'^vt ^iket . 14] 


sinh 3 A 7 icos 3 A- 


3 Aj; J 


Substituting the values of A, and A, given by ( 25 ) and ( 20 ) we got, 

7 ]= — — — r AjC 
' 2kU' + a L 


— 2 A *1/7 iket -17/ 
,e (' snmkk 


2 A ® A 5 asiiih • kh 4 - r A ® A * si idi * kh 4 - 
jy ^ ^Ai.. ^sinh 2 AA 4 ‘ 3 ( 2 A*v 4 ‘“)«cosh 2 A// 

5 A® A* 

2 AjAa ( 2 A*r 4 *a)* sinhAAsinh 2 AA — A*<;®sinh*AAcosliA/i 

A^ g 4 - ^sinh 3 A 7 i 4*3 2 A*r 4 -a)aco 8 h 3 AA 
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Putting 






= we gei 


_ — 2 i'A:*/ Uxi , 

i/=ae c eos/i.x* 


^ 2 + »'A ^<'4® co82/r.r 


. g+ ^siiili2/A-‘27.ofcosh‘iAA 


. — Ir/.®/ ‘ 2 //.C/ . w,., 

sinnJ/iW 


y «AaC®A-®.sinli2Z'/i— -r» , 

I ^ .L/.T/ . ,07 7 «)7 

-j- . . _ .sinli.)AAcos.U-.r. 

In veal quantities tliis can bo \vrilten as 
- 2 i/A®^ 


rf^ae 


cosAr/cosA.c 


^2 + ^ sinli2/i//(?os2/.(7c()s2A.j 

^ ^sinb 2 A- 2 Ac®co«Ii 2 ;:// 


+ . 


2 u A‘‘'c®,sinli 2 /.A — ^ A'‘^r®eotli/./i 


^ ^ + J?— - ^sinlii 5 AA-~.*l/.t ®cosh 3 /.// 

For infinite dejitli, iliis becomes linallv. 


r/=a(' ^ eos/rriv'osA t! . 


( J A V> + .-A'r,’ b" , 

+\? i. e ' i-os2A.V.'os2A', 

j' (, + ^- 2 A<- 


ii aa 7 c*c® — ^ A-’-c* ^ ,2. 


(»-’f )- 


cos:5Ac/cos2A’.r 


;]Ac« 


(27) 


(28) 
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where a' is given by 

/t«c*+vAV« 

^ ^ — 2Ar® 

Equation (28) shows that the effect of viscosity is greater on the second 
term than on the first ; hence the viscosity has an effect on the form of 
the wave similar to that of divergence. The above solution also shows 
tliat the viscosity effecls the form of small ripples more than those of 
large gravity waves. A similar affect has also l)een observed experi- 
mentally. In the case of long waves, the division of waves into two 
crests, extends over many wave lengths, while in the case of shod 
ripples no division is noticed. The author liopes to make a more 
detailed experimental verification in the i\ear future. 



Geometrical Investigations on the Correspondences 

BETWEEN A RIGHT-ANGLED IRIANGLE, A THREE- 
RIGHT-ANGLED QUADRILATERAL AND A 
RECTANGULAR PENTAGON IN 

Hyperbolic Geometry. 

BY 

S. Mt’KIIOrADIIYAYA. 

Thkorem 1. 

ABC is a triangle right-angled at C in a given hyperbolic plane. 
AU is parallel to OB and DV is parallel to AB, where D is a point in 
AC produced and the angle ADV is a right angle. EF is the common 
perpendicular to AU and DV, meeting AU in E and DV in F. 

Then is AE ecjual to AB and DF equal to CB. See Fig, 1. 

Proof. 

With a view to perspicuity the proof will he divided into several 
distinct parts. 

( 1 ) 

Let G be the middle point of CD and IT t)f EF. Produce CB to X 
and AB to Y. Join GH and produce it to Z. 

Then GZ is parallel to CX. See Fig. 1. 

As G is the middle point of CD which is common perpendicular to 
CX and DV, a parallel GW to VD will in the opposite sense WG be 
parallel to CX and therefore to AU. TTence WG passe.s through the 
middle point H of the common perpendicular EF to AU and DV. 

( 2 ) 

From AU cut off AE' equal to AB and from DV cut off DF' equal 
to CB. 

Then the angles AE'F' and DF'E' are equal. Sec Fig. 2. 
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Letjp denote the line which hs common pavalleP to CX and AY and 
consequently also common parallel to AU and DV. Join BE' and BF'. 
The bisector of the angle BAE' which bisects BE' at right angles is 
perpendicular to The perpendicular bisector of CD which bisects 
BF' at right angles is also perpendicular to p. It follows from Bolyai’s 
Theorem that the perpendicular to E'F' through its middle point H' 
is also perpendicular top. It follows from considerations of symmetry 
that the angles AE'F' and DF'E' are equal. 

, ( 3 ) 

Produce AD to K making DK equal to AC, so that G the middle 
point of CD is also the middle point of AK. Join KF'. From the 
congruence of the triangles KDF' and ACB, KF' is equal to AB and 
parallel to CX. 

Tlien Gir joining the middle points of AK and E'F' is parallel to 
CX. Sec Fig. 3. 

Through G draw the parallel GZ to AU. Produce KF' to T. Then 
GZ is also parallel to CX and KT. Draw perpendiculars AM, E'N, 
KF, F'Q on GZ. Then Ai\I is equal to KP bec.uise AG is equal to 
GK. Consequently tlio angle of parallelism AU is equal to the angle 
of parallelism PKT. Also AE' is equal to KF' as each of them is equal 
to AB. Therefore the iigures AMNE' and KPQF', arc congruent, so 
that E'N is equal to F'C^. Hence the line GZ passes through H' the 
middle point of E'F'. See Fig. 3. 


(4) 

It follows from (1 (2), (3) that EF must coincide with E'F'. 

For if EF do not coincide with Pl'F', it follows from (2) that IIH' 
is perpendicular to EP\ But it follows from (1) and (3) that HH' is 
parallel to A E and therefore cannot be [»erpendiciihir to PIF, 

Thus Theorem 1 is completely proved. 

COUOLl.AUY 1, TiIEORKM 1. 

If a and h denote two sides of a riglit-angled triangle and c the 
hypotenuse and if A, p denote the angles opposite the sides 6, then 
a three-right-angled quadrilateral can always be constructed of which 
the fourth angle is and the sides reckoned in order from this side are 

Ij fl, m', c, 

' Hilbert in his Orundlagen gives an elegant construction of tho common parallel 
which is indopondent of the PnstiUnlc of Archimedes, reproduced by Carslaw in his 
Non-Euclideau Geometry, p. 66 * 
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Notation ; — The angles of parallelism eorrosponding to lengths 

a, 6, c, I, in are represented by the corresponding Greek letters a, y 
X, /X, and a\ h\ c', l\ are lengths coiTes])onding to angles of 

parallelism A called lengths 

complementary to 6, r, /, lii, n. 

Theorem 1 gives the three-right-angled rpiadrilateral ADFE corres- 
ponding to the right-angled-triangle ABO, ^’he angle DAE is 
being the angle of parallelism coi-responding to distance AC which is 

b. The distance AD is I as it corresponds to the angle of parallelism 
CAB which is X, and DF is equal to CB which is n. Also AE is equal 
to AB which is c. 

The angle of parallelism (5ori*csponding to distanc.o E'P"' is E'F'T, 
which is complementary to angle DF'K. But angle DF'K is equal 
to fingle ABC which is /x. Therefore PIF is }tt\ being identical with 
E'F', Sec Fig. :i. 


CoiJOl.LAKY 2, Tnr.UJiKM 1. 

Given a length I to construct the coiTcspo riding angle of parallelism 
X. (Bolyai’s classical construction.') 

Take a length AD equal to /. Draw DP’ at right angles to AD and 
of any length. Draw FPi at riglit angles to DF and draw AE 
perpendicular from A on P’PJ. Thus DP’ and API are obtained. 
Construct a right-angled-triangle witli DF as base and API as 
liypoteniisc. The angle opposite to the base is the required angle X, 
as is obvious from Theorem 1. 


TllKOKI'M 2. 

ABCD is a threc-right-anglcd quadrilateral, having right angles at 
A, B and C, Along 13C and BA take lengths BA' and BC' comple- 
mentary to BA and BC, respectively, so lliat A'U the parallel to AD 
through A' makes a right angle wdtli BA' and C'V the parallel to CD 
through C' makes a right angle with BC'. Let P]F bo the common 
perpendicular to A'U and C'V. mocting C V at E and A'U at P\ 
See P’ig. 4. 

Then AD is equal to C'E and CD is equal to A'P’. 

^ P’or another geometrical proof of Bob’ai’s Parallel Construction, sco Liebinaun, 
Nichtenklidischo Geometric, 2iiil Edition, p. 35, or, Carslaw, Non- Euclidean Geometry, 
p 73. 
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Proof. 

To avoid compliciicy of constructions it would be convenient to 
divide the proof into several distinct parts. 

( 1 ) 

Let G be the middle point of CA' and II of EF. 

Then GH is parallel to CD. See Fig. 1*. 

Proof similar to that of corresponding part of Theorem 1. 

( 2 ) 

From C'V and A'U cut olT C'E' and A'F' equal to AD and CD, 
respectively. Let IP ))e middle point of E'F'. 

Then angle C'E'F' is equal to angle A'F'E'. See Fig. 5- 

Proof. 

Consider the triangle K'F'J). Produce AD to X and CD to Y. 
The perpendicular bisectors of AC' and A'C are also perpendicular 
bisectors of the sides F'l) and K'D and are perpendicular to tlic common 
parallel p of AX and CY. 'rhereforo the perpendicular to E'F' at H' 
is also porpendicular to p. (.\msequcntly from symmetry the angles 
C'E'F' and A'F'E' arc equal. 

( 3 ) 

GH' is parallel to CD. See Fig 6. 

1’R( K)F. 

Produce BA' to Iv making A'K equal to BC so that G the middle 
point of CA' is also the middle point of BK. Draw KL at right angles 
to BK and make KL e({ual to BA, Join F'li. The quadrilaterals 
ABCD and LKA'F' are congruent and tlie angles ADC and LF'A' are 
equal. Produce liF' to W, Then LW is parallel to CY as AX is 
parallel to A'U. 

Join C'L. Lot O be the middle point of C'L. 'riirough 0 draw OZ 
parallel to C'V. Sec Fig, 7. 

Draw C'M, LX, E'P, F'Q perpendiculars to OZ. Let B'M' and K'X' 
be common perpendiculars between BC' and OZ, and KL and OZ. 
Then C'M is equal to IjN, as OC' is equal to OL. Therefore angle 
MC'V equals angle XLW, and because C'E' equals LF' the figures 
MC'E'P and NLF'Q arc congruent. Therefore E'P is equal to F'Q. 
Consequently OZ passes through H', tlie middle point of E'F'. 
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Again MC'B and NTiK ai*e equal being supplements of the equal 
angles MC'V and NLW, Consequently MC'B'M' and JsLK'N' are 
congruent. Tlierefore B'AI' is equal to K'N'. The two figures BB'Al'G 
and KK'N'G are congruent. (.Consequently BG is equal to GK, that is, 
OZ passes through G, tlie middle point of BK. 

(4) 

It follows from (1), (2), (3), that must coincide with K'F'. 

This is established exactly us in the corresponding part of 
Theorem 1. 

Thus Theorem 2 is completely pi‘oved. 

Corollary 1. Theouem 2, 

*lf wo write the five elements «, c, X, /a of a right-angled triangle 
in the order A, /x, a, c, h there exists a rectangular pentagon whose sides 
in order are /, m. a, c, h\ 

Suppose A BCD is the three-right-angled quadrilateral corresponding 
to a right-angled triangle with elements a, 6, r, X, /a so that AB, BC, 
CD, DA are equal to a, /, c and angle ADC is equal to 

Construct the rectangular pentagon A'BC'EF as in Theorem 2. 
Then FA' A'B, BC', C'E are equal to /, a', c. The fifth side EF 

corresponds to angle of parallelism EFW which is complementary to 
angle UFW. But UFW is cipial to XDY, that is /?, so that EF is equal 
to h'. See Fig. S, 


COllOLLARY 2, TuKOKKM 2. 

With each vertex of the rectangular pentagon as origin we can 
re-construct a three-right-angled pentagon and from this again a 
right-angled triangle. I’Jie sides of the rectangular ])eiitngon may be 
written in order in five different ways ; 


h 



C, 

V 

(1) 


a\ 


h\ 

1 

(2) 





VI 


c, 

h\ 

h 

r>i, 

a' 

(4) 

h\ 

h 

VI y 

a', 

c 

(5) 
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By ideniifyiiig each the sets (2), (3), (4), (5) with the set (1) we 
have five sets of possible values of a, 6, e, A,, /jl iiicliuliiijj the given set, 
viz., 

a, h, e, 

C\ V, h\ I -a 

h, m\ 1 

^ 7 ; Z-P 

m\ c\ a -/?, A 

AVe have tlius the closed scries of 5 associated riglit-angled triangles 
and the Engel-Xapior Rules are shewn to possess a real geoineti’ical 
basis in the rectangular pentagon. 



? 
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TonsroNAL Vibkations of a Cikcular Tube 

BY 

J. Ghosh. 

1. The problem of the vibrations of cylinders has been discussed at 
great length by Rayleigh.' A pai-ticular solution in the case of the tor- 
sional vibrations of a solid cylinder has also been obtained. It is 
proposed in this paper to find the frequency equation in a more general 
case, viz.^ when the solid is bounded by two co-axial cylinders and also 
’when the thickness of the shell is small enough to be regarded as an 
infinitesimal of the first order. 

2. Taking the axis of the cylinder as the axis of z and (j'fi.z) as the 

cylindrical coordinates of a point, the displacements of any point may be 
denoted by , which are usually assumed to be of the forms 

1 

„^=v/(y-'+y) j. ... (1) 

" J 

w'here U, V, W are independent of z and i. 

II. In our present problem, we have 

n =h =0 and 
r z u 

where V is a function of ?• only. 

The equation of motion gives* 

9^ + I ^ 1 V + l‘V=0 ... (2) 

Qr* r dr »* 

' Theory of Sound, Vol. I, Chaps. Vll, VIII. 

® bove’s lilaslicity, Art. 200 
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where 



( 3 ) 


The solution of (2) is evidently 

V=AJ,(A>0 + BY,(^r) ... (4) 

where is the Bessel Function of the first kind and Yj the Bessel 
Function of the second kind, both of the first order. 


The traction across any surface /•=r are given by 


ir = rz =0 


and 


r6= fi 


[ 


eu, 

dr 



] 


Hence if the surface r=r is free from tractions, we have 


A +B 

d(hr) 0(Ar) 


l{AJ,(XT)+BY,(lr)}=0. 


trhich, by means of identities 


0J.(2) 

0^ 


z 


dY.(i) 

0Z 


=Y...(z)-”y.(z), 

z 


reduces to 


A[J„(Zr)-.?J.(*r)]-B[Y,(*T)-|.Y,(/r)]=0 ... (5) 

Writing the conditions at r=a and /•=6 and elinimating A and B 
from these conditions, we get 


ZaJo(A-al-2Jj(Za) _ A6Jo(^5)-2J^f^6) 
AaYo (A«) -2 Y^ (Aa) A6Yo(A6)-.2 Y ^ {kb) 


... ( 6 ) 
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This equation determines h We may get the value of y fiom the 
conditions at the plane ends of the cylinder and the period p is then 
obtained by means of (3). 

One solution of (6) is found to be A=0, and the corresponding 
solution for a cylinder clamped at «=0 and ^=Z, is 

«<,=(o./-+ ) sill Y «««( r Vp +“) 

For a solid cylinder, we must put D=0. 

4. We consider two particular cases. 

(i) One of (hti hunmlaries ntjuUy Ji^ed. If r=?> be a rigid boundary, 
we have from (4) and (5) the frequency equation 

hiJ,Xka)-2J,(ka) _ 3,(H) 
hiY^i 'ka)-2Y\{ha) Yl\kb) 

(ii) Thickness of the shell very small. For a shell of radius a and 
thickness an infinitesimal of the first order, the frequency equation (6) 
may be replaced by the ecjuation 

0 r Art J Q ( Aa ) 2 J ^ (kn ^ 1 =r0 ^7^ 

art L AaYoTM-2y,(Art) J ••• w 

or [A'rtY^f Art) — 2Yj ( Art)][J „(Aa)-f- AaJ’(,(Art) + 2J\ (Art)] 

-[AaJo(Art)-2J,(Aa)][Yo(Art) + ArtY'o(Art)--2Y\(Aa)]=0. 

By means of the identities 


0J^) 

0.U 




aYoO) 

a t' 


= -Y,(.0 


aJ^(^) 

' 'd\v 


=J<,(.r)-l J.(*) 


9 =y,(.,.)-L Y,(..) 

Qx X 

the above equation reduces to 

A*a*[Jo(Att)Y,(Art)-.J,(Aa)Y,(Aa)J=0. 
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ils 

Since the value of the expression within brackets is of the form 
where c is independent of /ca, we get X:=0 and this is the only sola- 

Ktt 

tion of the equation (7). It is noteworthy that the relation between p 
and y and hence the value of p itself is, in the case of a thin shell, 
independent of the radius of the shell. 



On ra® Figukbs of Equilibrium of two rotatino 
Masses of fluid for the Exponential 

— kr 

Potential . 

r 

Part II. 

BY 

Abanibhusan DaTI'A. 

1. In the first pai-t of this paper, published in the Bulletin of the 
Calcutta Mathematical Society Vol. IX, No. 2, pp. 59-70., January, 
1919, I studied the figures of equilibrium of two rotating masses of 

fluid for the exponential potential ~ and intended to give later 

on a detailed numerical calculations of the results obtained therein and 
some diagrams, illustrating those results. 

The present paper comprises the said numerical examples and some 
diagrams, showing the sections of the figures of equilibrium. 

2. In part 1, it has been shown that the equations of the two 
masses can be apjiro.vimately written in tlic forms ; 


^ =1 + 


207r 


cosli Ale- ) I, iale) K, {le) + -< a* 

\ « / 2 2 0 


-lir cosli ttA: — ^ (ha+Vj + af .^{ak) 

Ao* (u» pi (jit) cos 2<p 


-p, (p) 


— ak 


47 r (if d cosh ak--- ^ - i^'d + l)+af^ (ak) k^ (ak) 

(k*\ k / a a 2 

1(A cosh Ah- ) 4 I ) I, ' k, (kc) 


ca 
—ak 


cosh aA;— ^ (A*a+l) + a/| (ak) A*, (ak) 
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B 


From symmetry, the equation of other mass is 
=1 + 


\ a cosh aft- ] I, (Aft) ft, (ft6)+i. A* o)* P, (/x) 

S k ) 2 V O 


k* y/o 


sinliAft +A/ (Aft)ft^.(Aft)} 


4ft (a cosh Aft- (fta+1) 


(i>* PJ (/i) cos 2^ 


47r I ^ ^ A cosh Aft- ^ ^ '^^’(ftA+l) 


+A/^ (Aft) ft, (Aft)} 


ft 

+ - 


1( a cosh aft- )- L- »• ’ I I, (Aft) ft, (ftc) 

t*\ A: J jJr, A ^ '2 


v'c A 


A cosh Aft- (ftA + l) + A^ (Aft) ft,_ (Aft) 


3. First let us consider the case when the masses are equal i.e, 
when A=a, 

Let the distance between the centres be c=2-5a. For these data, 
the figures of the two masses are similar in shapes. 

When ^ra=‘5, each is given by an equation of the forn. : 


Z =l+-19706p, (jx)- 021 jpI (^) cos 2<^+ 01164 p, (p) ■) 

? =1+ 19706 P, (^)- 021 PJ (p) cos 2.^+ 01164 P, (^n) ) 

A 

Again, when A=a, c=:2'5a, and ^ff=l the figures are given by 
i =1 + *16287 Pa (p)— *0144} p* (p) cos 2<^+-02135pj^ (p) "N 


( 1 ) 


^=1+ 16287 P, (p)- 0144 P; (p) cos 2(^+ 02135 P^ (p)) 
A 

Also, when A=a, c=2'5a, and fta=10, the figures are given by 


( 2 ) 


Z =1 + -00C2S45 p,(ja)--0000119 pKjx) cos20+ 000014823 pj(/t)’) 

R [ 

j =l+ 0002845P,(/*)--0000119 Pj(/t)cos2^+ •000014823 P,(/a); 
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On plotting (1), [r/. Table T, and Fig. I], it is found that the figures 
are almost similar in shapes to those given by Darwin with similar 
data. If however, Zra is increased, the figures tend to become more 
spherical in shapes as will appear from (1), (2). and (3), When la is 
fairly large as in (il), the terms involving the different harmonics are 
almost of negligible order of smallness. 

Similar peculiarities are also noticed when the masses are unequel. 
When A=3a, and =5'.‘l and A«=*2, it is found that the figures are 
given by 

J!: =1+ 2881 (u)--0234 pi (p) cos 2.#.-1079 (p) "1 

ii I 

(4) 

? =1+ 06558 P,(/i)-0029 P* (,.) cos 2<;.- 000272 P, r^) J 

A. 

The figures, as given by (4) have been drawn [cf. Table II, Fig.* II 
and III]. The carves, however, do not present any marked difference 
from those obtained by Darwn*n for Newton’s law w'ith similar numerical 
data 

TABLE I, (For Figure I), 
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Algae Epiphytical Epiphioise Indicae 

OE 

Indian Bark AIgse 

BY 

r. Bhuhl and K. P. Biswas. 


Myxophyceae. 

Chroococcus turoidus (Kuctz.) Na3geli. 

For the description of this species see “ Algce of Bengal Filter- 
beds in the Science Journal of the Calcutta Uni ve»'sity, Vol. IV, 
.2)age 2. 

See also plate 1, fig. 1 of the present contribution. 

The contents of the sjiecimeus found growing on the bark of trees 
are granular and of a more or less distinctly brownish tint. 

Chroococcus minutus (Kuetz.) Naegeli, forma typica. 

Cellulis globosis vel ante divisionem ellipsoideis, saepe mutua 
pressione plus minusve angulosis, plerumque geminatim vel quater- 
natim approximatis, sine tegurnento 3-5/*, cum tegumento 3-6/* 
diametroj familiis e cellulis 2, 4, 8, 16, 32, ssepissime 8 compositis ; 
familiis S-cellularibus cum tegumento com muni suborbiculari hyalino 
9-13/* longis, 6-12/* latis ; coutentu cellularura semper granuloso, 
aerugineo vel pallide brunneo-viridi. 

Habitat ad corticem Termmaliae Catappae, 

Cells globose or ellipsoidal, bj mutual pressure often more or less 
BOgular, usually in twos, fours or eights closely approximate, but also 
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in groups of 16 or even 32, usually eight united into a family 9-13/i 
long, 6-1 2fx wide, surrounded by a common hyaline integument ; the 
single cells without tegument 3-5 /a, with tegument 3-G/a in diameter ; 
contents of cells always granular, pale verdigris-green or pale brownish 
green. 

Flate /, fig, 2, 

Be Toni, Myiophgcea, p. 14. 

Rabenhorst, Flora Europoea Alg,, II, p. 30. 

Hansgirg, Prodr. II, p. 162. 

Aphanocapsa Brunnea, Naegeli. 

Forming a thin, gelatinous, brown layer of indefinite outline closely 
adhering to the bark. Cells spherical or ellipsoidal, before division 
roundish-oblong, 4-6/a in diameter, often 4-5/a across and 5-6/a 
in length, either singly or in pairs ; teguments thin, hyaline, 
diffluent ; cell-contents pale brown or brown with a greenish tint, 
granular. 

Found growing on Terminalia Catappa and Enterolohium Saman 
during the rains, mixed with other bark algae. 

See Plate I, fig. 3. 

Be Toni, Myxophgeeae, p, 71. 

Microcystis marginata, Kuetzing. 

Colonia globoso-Ienticulari aut omnino sphaerica (ssepe ooloniis 
pluribus contiguis sed vix oonfluentibns), pallide cajruleo-viridi, 14- 
100 ( — 180 )/a diametro, margins diapbano interdiimque modice inter- 
rupteque lamelloso, 1'5-2/a lato ; celliilis 3-4/a diametro, dense aggre- 
gatis in familias multicellulares ; coutentu granuloso, pallide coeruleo- 
viridi. 

Arete adhaerens cortici Terminaliae Catappae, Mangiferae iaidicae, 
Enterolobii Saman, Swieteniae Mahagoni. 

Lecta 22-8-22. 

Colonies lenticular-globose or quite spherical, often a number of 
them close together, but rarely confluent, pale bluish green, usually 
between 14 and 100/a in diameter, but sometimes reaching 180/a, the 
margin of the colony being translucent, sometimes sparsely and inter- 
ruptedly lamellose, 1'5-2/a wide; the cells 3-4/Ain diameter, densely 
crowded into a mauy-celled family ; contents granular, pale bluish* 
green. 
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Closely adhering to the bark of various trees. 

Plate /, fy, 4. 

Be Toni, Myxo^hyceae, p. 91, 

Kuetzing, Tab, Phyc, I, pL 8, 

Cooke, Brit, Freshw. Alga, pi. 86, 

OSCILLATORIA K UETZINGIANA, Naegeli. 

Strato laevi, continno, in siceitate papyracco, nitido, circiter 0*5 
mm. crassOj viridi-nigrescenle, aqua niadefacto caeruleo-viridi, gelati- 
noso ; trichomatibus inter se parallelis, cortici arete adhaerentibus, 
rcctis^ apicQ seiisim modieeque attenuatis neqne capitatis^ ad genicula 
constrictis, l-5-‘2/ut crassis, aut prorsus progredientibus aut parte 
superiori oseillantibus ; articulis 2*5-i3/i longis; contentu caeruleo- 
viridi, minute granuloso, cum granulis erassioribus uno vel duobus 
ceutraliBus et duobus dissepimento utroque approximatis ; dissepi- 
mentis conspicuis. 

Creseit ad corticem Tectonae grandis in suburbe Baliganj dicta 
Calcuttensi. 

Leeta 12-7-1922. 

Forming a smooth, continuous covering on the bark of Tectona 
grandu, the covering being, when dry, papery, sinning, about half a 
millimeter thick, greenish-black, when moistened with water bluish- 
green, slimy ; the filaments parallel to each other, closely adhering 
to the bark, stiaight, somewhat attenuated towards the apex, not 
capitate, constricted at the joints, 1’5-2/x thick, moving straight 
onwards or oscillating to and fro with their upper part ; cells 2*5-3/Lt 
long; contents bluish-green, finely granular and with one or two 
thicker granules near the centre and two similar granules near each 
dissepiment • dissepiments conspicuous. 

Found growing on the bark of Tectona grandts in Baliganj. 

Plate lyfig. 6, a, b. 

Be Toni, Myxophyceae, p, 170. 

Occurs in various parts of Europe and in Australia. 

OsciLLATORiA AcuIiA, Brulil et Biswas, species nova. 

Trichomatibus solitariis vel in fasciculos paralleliter aggregatis, 
vix fragilibus, ad genicula baud constrictis, 4-6/i crassis, 70-400/a 
longis, plerumque strictis, apice acutatis vel acuminatis, subobtusis, 
baud capitatis neque calyptratis, saepissime plus minusve uncinatis, 
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rarissime omnino rectis ; articulis 3-4/i longis ; con ten tu caeruleo- 
viridii tenuiter granuloso, interdam cum gvanulis paullo maioribus 
superficiei approximatis intermixtis. 

Occurrit intermixta Lyngbiae arboricolae et Lyngbyae connectcnti 
ad corticem Knierolohii Saman, Terminaliae Catappae et specierum 
Fid. 

Affinis Osdllatoriae animalh, sed minus fragilis, baud agglomer- 
rata in stratum aeruginosum^ sed semper aut singula aut plures 
parallele in fascicula consociata, trichoma apice rectum vel subab- 
rupte uncinatum. 

Trichomata cither solitary or a number of them parallel to each 
other aggregated into bundles of moderate size^ hardly brittle, not 
constricted at the joints, 4-6/a thick, 70-400/i long, usually quite 
straight, narrowed or acuminate towards the subobtuse, non-capitate, 
DOn-calypirate apex, which may be straight, but is more often rather 
abruptly bent aside ; cellules 3 — 4 /a long ; their contents bluish- 
green, finely granular, sometimes with some larger granules close to 
the surface. 

On the bark of various trees accompanying Lyngbya arboricola 
and Lyngbya conneciens. 

This species is near Oscillaioria animaliSy but the trichomes are 
less fragile and never, as far as known, form an expanded continuous 
stratum, but occur as single filaments scattered among other algae or 
aggregated side by side into small fascicles ; also, the trichomes, 
although sometimes straight throughout, are usually rather abruptly 
bent sideways near one or both ends. 

Plate Ijfig. 6, a, b. 

LTfNQBYA coNNECTENs, Bruhl et Biswas, sp. nova. 

Stratum extensum, continuum, corticem arborum vestiens, tenue, 
circiter 1 mm crassitudine, in siccitate saepius nitidum, nigro- 
aeruginosum ; trichomatibus rectis vel subrecfcis, parallelis, in iuven- 
tute nudis, vagina hyalina in vetustate fuscescente vel plane 
fusca vestitis, siccitate fragilibus, ad genicula baud constriotis, 
12^1 7/a crassis, apice vix attenuatis et saepissime rotundatis, iuterdum 
paullo incrassatis ; vagina firma, 1.5 — 2/* crassa, homogenea vel rarius 
e lamellis 2—3 composita; articulis 2 — 2.5/* longis, Ion gitudine circiter 
sexta pars latitudinis ; dissepimentis granulatis ; contentu granuloso, 
aerugineo. 
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Habitat ad corticcm Fici infectoriae et specie! Fiei indeterminatae 
in Buburbibus Calcuttensibus et Lucknowensibus. 

Lecta Julio 1922 et lanuario 1923. 

Forming an extensive coating on the bark of Ficvs infectoria 
and an undetermined species of Ficus, the stratum being about one 
millimeter thick, when dry shining and dark verdigris-green. Fila- 
ments straight or nearly so, lying parallel to each other, the trichomes 
often creeping out of their entire sheath, the alga then being 
scarcely distinguishable from Oscillatoria limosay Agardh ; when older 
the trichomes cover themselves with a sheath which is at first delicate 
and colourless, but which with age becomes firm and assumes a 
brown tint ; trichomes not constricted at the joints, slightly thickened 
at the apex ; cellules 2 — 2*5/* long, the length being about 'one-sixth 
of the diameter ; dissepiments granulated ; contents granular, verdigris- 
green. 

Plate lit fig, S, a-e, 

Lyngbya aestuabii (Martens) Liebman, var, arbustiva Briihl et 
Biswas, vaf, nova. 

Stratum expaiisum, arborum corticcm vestiens, tomentosum, 
1— 10 mm. crassitndine, in siceitato colore fiisco vol badio, pluvio 
humectnlum caeruleo-viiide ; filamentis elongatis, ilexilibus basi plus 
minusve prostratis, sinuosis, plus minus ve dense intertextis ; vagina 
initio tenui, brevi, achroa, aotate provocta fusca vel badia, vetustate 
pallidiori aut plane achroa, 20 — 28/* externo diametro, 2 — 5/* 
craesitudine, extus plus minusve rugosa, interdum annulis tenuibus 
15 — 18 /a distantibus cincta, lamellosa, lamcllis 2 — 10; trichomatibus 
17 — 18^ diametro, ad dissepimenta baud vel vix constrictis, apice 
rotundatis ncque conicis neque attenuatis capitatisve ; articulis 4 — 6, 
raro 9/* longis ; contentu pallide smaragdino, dense granuloso, granulis 
partim minutissimis, partim paulo crassioribus, translucent ibus, saepe 
prope dissepimenta aggregatis. 

Habitat ad corticem Swieteniae Mahngoniy Tcctonae grandis, Fnfero» 
lolii Saman et Fici hengalensh. 

Forming an extensive coating on the bark of various trees, the 
coating being felty, from 1—10 mm. thick, when dry of brown tints, 
when wetted by rain bluish-green ; filaments long, flexible, at the 
base more or less prostrate, sinuous, more or less densely interwoven ; 
sheath at first thin and colourless, later on greyish or reddish brown, 
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20 — 28/x in external diameter, 2 — 6/i thick, rough on the outer surface, 
lamellose, the number of lamellae being two to ten; trichomes 17 — 18/* 
in diameter, scarcely or not at all constricted at the joints ; articula- 
tions usually 4 — 6, rarely 9/* long ; contents pale emerald-green, 
densely granular, granules partly minute, partly somewhat larger, 
often more crowded near the dissepiments. 

The alga grows vigorously when placed in a dilute 
solution of sodium chloride. According to De Toni it grows in 
brackish water, in peat swamps and near hot springs and is 
cosmopolitan. 

The following is translated from Manrico Gomont^s Monographie 
des Oscillaries ” (Annales des Sciences Naturelles ; Botankjue, Vol. 
XVI, 1892, pp. 30, 31). 

Lynghya aestnarii adapts itself to the most diverse media as 
regards chemical composition. It is found not only at the mouth of 
rivers, as its name indicates, but also, and in great abundance, in the 
saturated waters of salt swamps. It has been gathered in hot springs 
and also in fresh water. As it occurs in similar cases, its synonymy 
is complicated. But if we except variations in diameter, the various 
forma are merely passing modifications due to age and the conditions 
in which it grows. For instance, if the plant develops at a certain 
depth, the sheaths remain hyaline and allow the colour of the trichome 
to be clearly seen. The sheaths become red-brown and communicate 
this tint to the plant-mass, when the latter lloats on the surface. The 
names Lynghya aeruginosa and L, ferrnginea correspond to these 
different states. On moist soil the filaments lengthen more freely 
than when immersed in water and interlace in thousand different 
ways. Wo have L. pannosa. L, curvala, L.congesta dXiA others. 
Sometimes the filaments become erect and form a mesh work. We 
have then Symploca crispata, Symphyosip/ion hucoccphnlus. As regards 
thickness, the extreme forms are connected by an uninterrupted 
series of connecting links, .so that divisions which one would feel 
inclined to establish on the basis of that character, would be absolutely 
artificial.’’ 

We may add that the form described by us has been observed 
at various places in the southern suburbs of Calcutta, growing on the 
bark of various tall trees. During heavy rains the bark of these trees 
is closely covered on all sides with a bluish-green lining of the algse, 



INDIAN BARK ALGA? 


7 


which lining becomes dark reddish-brown after the cessation of the 
rains. 

Plate II, Jiff. 9, a-c. 

See Be Toni, Mffxophycece, p. 262. 

Cooke, Brit, Fresh w. Alffre, pi, 101. 

Wolle, Freshw, Alff, lJ,S.,pl, 200, 

Ltngbta arbobicola, Briihl et Biswas, sp. nooa. 

Stratum corticein arborum vestiens, plus minusve extensum, 
humidum aerogineo-viride, in siccitate tenue, fulvum, densissime 
tomentosum et velutinum, minus 1 mm. crassitiidine, in atmosphaera 
humida cultum sublanosum, ad 6 mm. crassum, pelli simile, e hlamentis 
vivis atque vaginis vacuis achrois aut fuscis constans ; filamentis 
subrectis vel modiee eurvatis et dense intertextis, elongatis, cum 
vagina 18 — 22/i, crassis ; triehomatibus ad genicula leviter sed 
manifeste constrictis, acrugineis, ad extremitatem rotundatis ; vagina 
iirma, 1*5 — 2/a crassa, in statu iuvenili achroa, laevi, homogenea, 
aetate provecta saepius fusca ct hand raro e stratis duobiis composita, 
saepe facie externa minute transverse rugulosa ; articiilis 1(> — 21/a 
crassis, saepissime 5 — 6/a, rarius 6 — 10/a longis ; dissepimentis 
saepissime manifestis, rarius obscuris vel plane evanidis ; contentu 
aeniginoso, dense granuloso ; hormogoniis ex articulis 2 ad 20 
compositis. 

Habitat ad corticem Fjnferolobii Saman, Tiwiarindi Micae, Fid 
reliffiosae, Swietoniae Mahagoni, Termiiialiae CaUtppae^ Tecionae grandis, 
Mangiferae indicae, in iirbe atque suburbibus Calciittensibus, in horto 
botanico Sibpurensi, in ditioiie Mymensing (legit S. P. Nag) et 
Lucknow. 

Stratum coating the bark of various trees, when moist verdigris- 
green, when dry more or less reddish-brown, in both states velvety 
to the feel, forming a continuous layer consisting of living filaments 
and empty sheaths ; sheaths colourless at first or, after having been 
empty for some time, mostly reddish-brown ; filaments nearly straight 
or moderately flexuous, long, with the sheath 18 — 22/a in diameter ] 
the trichomes shallowly but distinctly constricted at the joints, 
verdigris-green, rounded at the extremity ; sheath firm, 1*5 — 2/a 
thick, homogeneous or slightly stratified, often slightly transversely 
wrinkled, articulations usually 5— fi/A, sometimes 6—10/a long \ 
contents verdigris-green, densely granular. 
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Found on various trees. 

It may be held to be related to Lynghya aeHuarii^ but differs 
from the latter by the thallus being quite continuous^ usually bluish- 
green and always velvety to the feel (not rough to the feel and more 
or less interrupted and having a reddish-brown tint), the trichomes 
being distinctly constricted at the joints (not without constrictions), 
the sheath consisting at most of three lamellae (not of 3 — 10 very 
distinct layers) and being 1*5 — 2/* (not — 5/i) thick. 

Plate jig, fO, a-e, 

Lyngdya DENDROBiA, Bruhl et Biswas, sp. nova. Forma typica. 

Stratum plus minusve expansum, compactum, tenue, minute 
densissimeque tomcntosum, cortici arboriim arete adhaerens, tempore 
pluviarum colore cinereo vel fuscescente, temporibus siccis colore badio 
vel pullo; filis elongatis, flexilibus, modice ilexuosis, arete intertextis, 
cum vagina 10 — Up crassis ; vagina initio atque aetate provecta 
tenui, 1 — l*5/x crassa, extus laevi, hyalina, aetate provecta vulgo 
haud fuscescente ucqne stratosa, raro fuscescente, modice lamellosa ; 
trichomatibus ad genicula haud vel obscure constrictis, apice 
rotundatis vel levissime attenuatis, 9 — 10 /a crassis, articulis 4 — 6 /i 
iongis (4*5x10, 6x10, 4x10, 5xl0;i), diametro 1*7 — 1’5 longi- 
tudinis ; contentu fulvo vel fusco, uniformiter denseque granuloso ; 
dissepimeutis conspicuis, haud notatis serie granulorum ; membrana 
cellulae apicalis haud incrassata. 

Habitat ad corticem Tectonae grandisy Enlerolohii Sama?i, Stoiele* 
niae Mahagoniy Mangiferae indicaey Fid religiose y Fid bengalensisy 
Oriodoxae regiaCy in suburbibus Calcuttensibus, et ad corticem Meliae 
AzidarachtaCy Tamarindi indicae et Fid religiosae in Lucknow et 
Burdwau. 

Forma lurid A. Uti in forma typica, articulis 10 — l2/x diametro, 
6 — 8/1 Iongis ) vagina circiter 0 ’ 6 /i crassa, hyalina ; contentu cellu- 
barum livido, olivaceo-ciuerascente, interdum Ravescente vel purpura- 
scente, dense conspicueque granuloso, granulis crassioribiis quam in 
forma typica. Stratum Rlamentis vivis discolor ibus atque vaginis 
vacuis achrois arete intermixtis, colorem cinereum vel canum pracbens. 
In iisdem locibus pluviarum tempore. 

Stratum more or less expanded, compact, thin, minutely and 
densely tomentose ; filaments long and fiexible, closely interwoven, 
with sheath 10 — ll/i thick : sheath usually thin, 1 — 1 * 5/1 thick, 
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smooth^ hyaline^ usually colourless^ more rarely when old brownish 
and very moderately stratified : trichomes scarcely or not at all con- 
stricted at the joints ; cellules 4— long, 1 . 7— -^.5 times as broad ; 
contents of various shades of brown, uniformly and densely granular ; 
dissepiments conspicuous, not marked by granules. 

During the rains the colour of the stratum is greyish-brown or 
of various shades of grey, in the dry seasons the colour is reddish 
brown. The forma lurida is found during the rains. 

Plate Illyfg, 11, a»d. 

Lyngbya corticigola, Briihl et Biswas, novi. 

Strato tenui, arborum corticem vestiente, dense tomentoso, fusco 
vel fulvo ; filamentis subfragilibus, modice fiexuosis, plus minusve 
intricatis, cum vagina 1*2 — 16/a crassis ; vagina initio hyalina, mox 
fuscea, 2 /ji crassa, hand vel vix lamellosa, superficie irregulariter aspera; 
trichomatibus 8 — 12/a crassis, ad dissepimenta levissirne constrictis, 
longitudine dimidia vel tertia pars latitudinis, apice rotundatis ; con- 
tentu aerugiueo, granuloso ; dissepimentis granulis hand notatis. 

A hynghya aeatnarii differt filamentis subfragilibus neque 
flexilibus, vaginis vix vel baud lamellosis, trichomatibus ad dis- 
sepimenta leviter constrictis, articulis diametro 2 — 3 plo (nec 3-6- 
plo) brevioribus, vaginis asperis (nec rugiilosis). 

Vesticns corticem Terminaliae Catappae in horto botanico 
Sibpurensi. 

Lecta 22-8-1922. 

Forming a thin, densely tomentose, dark or yellowish-brown 
layer on the bark of Terminalia Cafappa ; filaments somewhat 
fragile, moderately tlexuous, more or less closely intricate, in- 
cluding the sheath 12— 26/1 thick; vagina at first hyaline, but 
soon Looming brown, 2/a thick, scarcely or not at all lamellose, 
with a rough, uneven, but not wrinkled surface; trichomata 
8—12/a in diameter, slightly constricted at the joints, about i to i 
as long as wide, rounded at the apex ; contents of the cells 
verdigris-green, granular ; dissepiments not marked by prominent 

granules. 

Plate IF, fig- 
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Lyngbya aerugineo-cabrulea, (Kuetzing) Gomont. 

Stratum obscure aerugineum; (ilameutis saepe singulis^ aliis 
algis intermixtis, flexuosis ; vaginis tenuissimis, hyalinis ; tricbo- 
matibus 3-6. crassis^ pallide aerugiiieo-cacruleis^ std genicula baud 
constrictis ; articulis 2-4 fi Joiigis, saepiiis diametro brevioribus, 
rarius diametro aequilongis ; coutentu uniformiter et grosse granuloso, 
granulis saepe dissepimeuta obducentibus ; cellula apicali rotun- 
data vel leviter conicaj membrana le viler incrassata. 

Occurrit ad corticem Entcrolobii Saman^ Terminal iae Catappae et 
Swieteniae Mahagoni in Calcutta et in horto botanico Sibpurensi. Lecta 
Julio 1922. 

Forming a thin stratum on tbc bark of various trees or occurring 
in similar positions singly among other bark algae. Filaments 
flexuous. Trichomata 3-0 /a thick, pale bluish-green, not constricted 
at the joints ; cellules 2-4 /a long, usually shorter, never longer than 
wide; contents uniformly and rather coarsely granular, the granules 
often nearly obscuring the dissepiments ; apical cell rounded or 
slightly conical at its outer end, very slightly thickened. 

Be Toniy Myxopligccae^ /?. 281, 

G, S, IFest, Algae y vol, fyp,42y Jig, 28, B,C. 

Plate III, fig. 12, 

Lyngbya subtilis W. West. 

var. TYPiCA. 

Filamcntis solitariis et sparsis vel in socielates laxas congregatis, 
tenuibus, elongatis, ilexuosis, ad genicula hand constrictis, strato 
Tolypothricis byssoideae ad corticem Terminaliae Catappae intermixtis, 
1*5-2 fi crassis ; vagina tenuissima, minus 0*5 p crassa, hyalina, 
achroa; articulis 3-4 longis, diametro circiter dupio longioribus; 
contentu pallide aerugineo, evidenter homogeneo ; dissepimentis 
aegre conspicuis ; hormogoniis e tribus vel pluribus cellulis efformatis. 

Lecta. 22.7. 2-^ In cultura viva in Decembro 1922. 

Filaments solitary among Tolypothrix byssoidea on the bark of 
Terminalia Catappa, also forming lax associations among themselves, 
thin, long and flexuous ; sheath exceedingly thin, hyaline and colour- 
less ; the cellules 3-4 p long, about twice as long as wide ; contents 
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pale verdigris-green, apparently homogeneous ; dissepiments difficult 
to distinguish. 

J)e Toni, Myxopht/ceae, p, 286, 

Plate l\fig. 7c, 

Lyngbya sUBTiLis W. West, var. graniii.osa, Briihl et Biswas. 

Differt a varietatc typica contentu minutissime sed manifeste 
granuloso. Filamenta saepissime solitaria, diametro 2-3 /x; dissepi- 
menta manifesta ; cellulae saepe diametro diiplo longiores ; vagina 
achroa, aliis algis (Tolypothriei byssoideae, Lyngbyae dendrobiae 
et Lyngbyae arborieolae) intermixta ad corticem Terminoliae 
Calappae, Enlerolohii Samany Smiefenia Mahagoni et Fid infecioriacy 
in suburbibus Caleuttensibus et in horto botanlco Sibpurensi. 

Lecta Julio 1922. 

The present variety is distinguished from the typical variety by 
the contents of the triehomes, as seen under higher powers of the 
microscope, being clearly granular. 

Plate 7, Jig, 7, a, b, 

Lyngbya palmarum, Briihl et Biswas, (=scytonbma PALMARUir, 

Martens.) 

Stratum extcnsum, dense minuteque tomentosura vel velutinum, 
saturate aerugineura, in siccitate pallide viridi — caeruleum vel pallide 
ilavescens, faciem exteriorem vaginarum vel cicatrices foliorum delap- 
sorum palmarum vestiens ; filamentis substrato applicatis et 
ascendentibus, subrectis vel modiee curvatis sinuatisve, laxiuscule 
vel arctissirae intertextis, cum vagina 0-10 p crassis ; vagina initio 
atque aetate provecta laevi, achroa, byalina, aetate provecta saepe 
discolori neque fuscescente, 0*0-1 /x crassa ; trichomatibus ad genicula 
baud constriclis, apice rotundatis vel vix atteuuatis ; articulis 4-5-8 p 
longis (1 : b : : 8 : 8, 0:6, 8 : 6 p.) ; eontentn aerugineo, aetate 

provecta interdum fulvescente, dense granuloso ; dissepimentis paullum 
conspicuis, saepe granulis fere occultatis, sed serie granulorum baud 
notatis ; membrana cellulae apical is baud incrassata. 

Occurrit in horto botanico Sibpurensi et in palmetis burmanicis. 

Lecta Julio 1922. 

Forming a continuous, minutely and densely felty or softly 
velvety coating on the lower surface of the leaf-sheaths or the 
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cicatrices of fallen leaves of Phcenix sylvestris and certain other 
palms. Filaments nearly straight or flexuous, usually densely interlaced. 

Knrz^ collections, No. 1789 : 

On Pluentx sylvestris, hi the cicatrices of the fallen leaves^ 
wherein wafer accumulates, Calcutta 7, 67.” 

Plate IVjfiff, 14, 

Lingbya CMT.CiFKRA, Briihl et Biswas^ sp, nova, 

Stratis initio parvis, rotiindatis, 1-2 mm, diametro, demum in 
stratum extensum 0.5 — 2 mm erassum, lichenoideum, plus minusve 
pustulatum, arborum corticem vel caleera tectorium murorum 
vestientem, in sieeitate eolore Ciesio, aqua conspersum plus minusve 
nigrescentem consociatis ; filamentis calce inerustatis, sine crusta 
calcaria circiter 8-10‘/a crassis, crusta calcaria crassitudine valde 
inaequali, 2-9/)t crassa, alba vel einerea, superfieie aspera; filamentis 
plus minusve flexuosis, apice rotundatis ; vagina circiter 2/x crassa, 
saepe lamellosi e lamollis 2-5 eoiistrueta, colore fusco; cellulis 
circiter 4/a diametro, 6-10/a longis; contentu viridi-cau’uleo, fere 
jcquabiliter granuloso. 

Habitat ad corticem Aegle^ llarmelosy Terminalm Catappte, 
Pierocarpi sp.^ atque ad muros urabrosos urbis Calcutta. 

Filaments at first aggregated into small roundish clusters, 1-2 mm. 
in diameter, which finally fuse into an extensive, lichenlike, 0.5 — 2 mm. 
thick, pustulate stratum, ashy-grey when dry, rather black when 
wetted; filaments inerusted by calcium carbonate, without the 
crust 8-10/x thick more or less flexuous, rounded at the apex ; vagina 
about 2/a thick, usually lamellose and then consisting of 2-5 lamellie, 
brown ; calcareous crust very uneven in thickness, 2-9/a thick, 
rough on the surface ; cells about 4/a in diameter, 6-10/a long, 
greenish-blue, pretty uniformly fine-granular. 

Found on the bark of various trees and commonly on the white- 
washed plaster of the shady side of walls. 

The specimen of Acgle Marmelos on the bark of which the alga 
was first discovered grows close to a building the roof of which had 
been recently reterraced ; the calcium carbonate encrusting the algae on 
other trees is possibly derived from the slaked line carted along 
the streets. The alga is never found without the coating of calcium 
carbonate. 

Plate IV, fig, 16, af. 
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PORPHYIIOSIPIION Notauisti (Meneghini) Kuetzing. 

Stratum expansum, tomentosum, fuseo-purpureum, set etiam, 
sucundum Kurz, initio plus minusve viride, aetate provecta colore 
eupreo ; filaoientis varie ciirvatis atque dense intricatis, cum vagina 
10 - 20/1 crassis; vagina firma, lamellosa, apice in strata, plus minusve 
divergentia vel in fibrillas soluta, purpurea vel cuprca interdum 
aureofulva, apice saepe achroa, lamellis 2-G vel pluribus trichomatibus 
aerugineis vel eaeriileorviridibus, ad genicula vix vel manifeste cons- 
trictis, 4-6-8 (12-18) /i diametro ; artieulis 4-12/ilongis, diametro tricho- 
matis subaequilongis vel eo usque ad tri plum brevioribus; contentu 
granuloso ; cellula apieali rotundata vel attenuata obtusacpia. 

Ad corticen arborum vel (errarn uclam. 

Stratum expanded, usually thin, densely and softly felty, 
purplish brown or copper-coloured when older; lilaments closely 
interlaced, with the sheath 10-20 or more /i in diameter ; sheath firm, 
lamellose, upwards resolved into loose layers or fibrils, purplish or 
copper-brown, sometimes golden-yellow, at the apex often colourless ; 
trichomes verdigris-green or greenish-blue, not at all or distinctly 
constricted at the joints 4-12 (-IS)/!, in diameter; cellules 4-12/i 
long, about equal in length to tlie thickness or only one-third a^s long; 
contents granular. 

We have not found Ibis species yet in Bengal, but it is not likely 
to be absent from this province, as it is practically cosmopolitan. We 
follow De Toni’s treatise in including in this species the following: 
Scylonema peguanum^ Martens, (Kurz’ sheets 3189 3180), &cy — 
tonema variiim^ Martens (Kurz’ sheet number 3241a), 
Scytonema fulvnm, Zeller, (Kurz’ sheet 314) and Scyionema 
fnscum, Zeller (Kurz’ sheets 3153, 3187 and 3201), as after a careful 
examination of the Kurzian specimens preserved in the Sibpur 
herbarium we have not discovered any characters by which these 
forms can be spesifically distinguished from Vovpliyrosiphiyn. Notoriui* 
We also agree with Professor Achilles Forti iu holding that it would 
be preferable to unite Porphyrosiphon with Lyngbya. 

Be Toni, Myxophyceae, p, 314. Gornont, Monogniphie dcs Omllaria- 
ct'es^p 331, tab. 12. 

Plate Tr,jlg. 16, a-c. 
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SCYTONEMA OOBLLATUM, LynGBYE. 

Stratum e pulvillis 3-5 mm. diametro, eireiter 1-2 mm crassis, 
plus minusve interriiptis^ siccitatc nigris, Immectatis badiis et 
subvelutinis compositum ; filamentis 10-18 /x crassis, intricatis, 
psoudoramosis ; pseiidoramis brevibus, curvulis ; vaginis firmis, 
baud lamellosis, fiiscis, laevibiis, 1.5 — 2 /x crassis; trichomatibus (6) 9- 
10 ( — 14) fjL diametro, olivaceo-viridibns ; articulis 4 — 8 fi longis, 
diametro saepissime brevioribus ; con ten tu caeruleo — viridi, 

subgrosse granuloso ; heteroeystis transverse oblongis vcl quadratis. 
4-S p. longis. 8-10 /x latis, bomogeneis, tlavidis. 

Habitat ad corticem Swie/eniae Mnhagoni^ Mangiferae indicae, 
Tamarindi indicaCf Volyctlihlae longifoUaCy Fid religiome^ Meltae 
Atidaracldae in subiirbibus Caleuttensibus et in dictione urbium 
Lucknow et Fyzabad ad corticem arboriim variorum et in aliis locis. 

Stratum consisting of small cusbion-like aggregations 3-5 mm 
in diameter 1-2 mm. thick, more or less interrupted, usually quite 
black when dry, when fresh choccolate-brown and more or less velvety 
to the feel ; filament.s 10 — 18 /x in diameter, interwoven ; false 
branches somewhat curved, short and rather scanty ; sheaths firm, 
not lamellose, braun, smooth, 1*5 — 2 mm. thick ; trichomata 6 — 12/i 
in diameter, olive-green ; cellules 4 — 8 g, long, usually shorter than 
the diameter ; contents somewhat coarsely granular ; heterocysts 
square or short oblong, 8 — -10 /x wide, contents yellowish and 
homogoneous. 

De Toni, Myjtophyceaey v, 300, 

Plate y,Jig. 17, <t-c. 

SCYTONEMA MIRABILE, (DiLLWYN) BoRNET. 

Aut stratum pannosum, spongiosum, expansum, tomentosum, 
fusco-nigrum in terra uda tempore pluviarum, aut pulvillos 3 — 5 mm. 
diametro, plus minusve irregulares strato Lynghyae corlidcolae inter- 
sperses, nigros efficiens ; filamentis tortuosis, intricatis. flexuosis, 
apieem versus paullulum attenuatis, apice o,btusis, 15 — 24/x crassis ; 
vagina lamellosa, 2 — 3/^ crassa, fusca, lamellis 3 — 5, parallelis ; tricho- 
matibus 6 — 12, saepius eireiter 10^ crassis, aerugineis, interdum 
Havido-aerugineis ; articulis inferioribus diametro paullo brevioribus vel 
longioribus, 8 — 12/^ longis, superioribus diametro distincte brevioribus, 
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3— 8/i. longis ; coDtentu granuloso, j^ranulis minutis atque grossis 
intermixtis, dense aggregatis, saepe dissepimenta obscurantibus. 

In terra uda et ad corticem Terminaliae Catappae in horto botanico 
Sibpuronsi. Lectum Julio 1922. 

Forming either ragged extensive brownish or greenish black 
layers on wet ground or small cushions, 3 — 5 mm. in diameter on the 
bark of certain trees ; filaments flexuous, interwoven, slightly nar- 
rowed down towards the apex, 15 — 21//. thick; sheath lamcllose, 
2 — 3 /a thick, brown, lamellae 3 — 5, parallel; triehomes 6 — 12 /a thick, 
verdigris-green, sometimes with a yellowish tint; lower cellules 
8 — 12/a long, somewhat shorter or longer than the diameter, upper 
cellules 3 — 8/^ long, distinctly shorter than the diameter ; cell-contents 
granular, consisting mostly of fine granules int(u*mixed with fewer 
very coarse granules, the finer granules often nearly hiding the dissa- 
piments. 

De Toni, M}jxophyceae, p. ol7. G, ff ^esL Algae, I, p, M, Jig, 33. 

Plate F,fg. 18, aAj. 

SCYTONEMA TOLYPOTillCIIOIDES, Kueizing. 

Thallus saepius natans, tuin ' suborbieiilaris, 2 — 5 ( — 10) mm, 
diametro, sed etiam ad corticem Terminaliae Catappae maculas 
bruuneas efiiciens ; lilamentis a centro radiantibus, repetite pseudo- 
ramosis, 10 — 15/a crassis ; pseudoramis strietis vel parelle sinuosis, 
filis primariis eonformibus, raro singulis, saepissime geminatis, paribus 
pseudoramulorum approxiraatis ; vagina 2 — 3 /a crassa, fusca, lamellosa, 
apice fere achroa, lamellis oblique transversis, brevibus ; trichomatibus 
6 — 9/a crassis, caeruleo-viridibus ; articulis 3 — 9/a longis, subquadratis 
vel oblongis; contentu dense granuloso ; heterocystis 6 — 10/a longis, 
circiter 6/^ latis, luteolis. 

In horto botanico Sibpurensi. Lectum Augusto 1922. 

The specimens were found near the base of a Termitialia Calappa, 
associated with Lgngfjyu acrngineo-caerulea, Lynghya corticicola and 
Lynghya cahifera, forming small circular brown patches about 2 mm. 
diameter ; grown in water in a Petri dish most of them remained 
attached to the bottom of the dish, but a number of them floated on 
the surface and formed patches reaching a diameter of 5 mm. 

The filaments radiate from the centre, and are 10— 13/t thick ; 
pseudo-branches straight or slighly curved, similar to the main 
branches, rarely single, nearly always in pairs, the pairs often rather 
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close together; vagina 2 — S/i thick, consisting of short, more or less 
transversely placed lamellaj ; trichomata 6 — 9/ii thick, bluish green ; 
cellules 3 — 9fi long, subquadrate or oblong ; contents densely granular ; 
heterocysts 6 — 10/^ long, about 6fi wide, yellowish. 

De Toni, Myxophycea:, p. 

Kuetzing, Tab, Phyc, II, tab. 22. 

Plate V, fig, 19, a-c, 

SciTONEMA Zellerjanum, Briilil et Biswas, sp. nova. 

Among Kurz* collection of Indian algae preserved in the herbarium 
of the Royal Botanical Gardens, Sibpur, there are six sheets, namely 
numbers 1733, 1857, 2709, 3175, 3376, 3352, all of them marked 
Scytonema aureum Mencghini. A careful and detailed examination of 
all six specimens has convinced us that they belong to the same 
species. One of the specimens grew on a gneissic rock in the Choung- 
menah Hills, at an elevation of 2500 to 3000 feet; the second was 
found growing on rocks at Kayengmathay Choung in the Pegu 
Yomah; ihe third and fourth occurred on the bark of trees in Pegu 
(one at Elephant Point), the fifth (No. 1733) was collected in the 
Manbhum District and the sixth occurred on mud walls in the Sibpur 
Botanical Gardens. Three of the Burma specimens are referred to by 
G. Zeller in the journal of the Asiatic Society of Bengal, Vol. XLII, 
part ir, p. 181 under the name of Scytonema anremi, Mencghini. 

The following is a description based on the six Kurzian specimens. 

Stratum pannosum, extensum, circiter 1 mm crassum, fuscum vel 
fusco-nigrescens, densissiine tomeulosum ; filamentis clongatis, ficxu- 
osis, arete intertextis, pseudoramosis ; pseudorainis solitariis vel gemi- 
natis, elongatis, paullo tenuioribus, interdum reciirvis ; vagina firma, 
3 — erassa, lamellosa, fusca, lamellis 2—5, parallelis; trichomatibus 
12 — 20 / 1 . diametro, ad genicula hand coustrictis, caeruleo-viridibus 
paullo flavidis; articulis 10 — 1 5/x longis, rarius subquadratis, saepius 
diametro brevibus ; contentu uniformiter granuloso ; heterocystis a 
pseudoramis remotis, quadratis vel oblongis, 15 — 20/i. longis, 12 — 15/i. 
diametro, colore luteolo. 

Stratum extensive, about 1 mm thick, densely felty, from brown 
to nearly black; filaments long and flexible ; false branches single or 
in pairs, slender, somewhat thinning out towards the apex, sometimes 
recurved ; sheath firm, 3 — 5/x thick, consisting of 2 — 5 lamellae, 
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brown; trichomata 12—20/1. thick, not constricted at the joints, bluish- 
green with a yellowish tint ; cellules about as long as wide or usually 
shorter than long ; contents uniformly granular ; heterocysts distant 
from the base of the branches, 15 — 20ft long, square or oblong, 
yellowish. 

Meneghini’s Scylonoma aureum was considered by Borzi to be a 
species of Tolypothrix, aj)parently after examination of more copious 
material ; the description of Toly pot hr'ijc auren^ as given in De 
Toni’s M yxophyce(ee does not well agree with the Kmzian specimens; 
in any case the Kiirzian and Zellerian species is certainly not a Tolypo- 
thrix, but is a bona Jhle Scylonema, 

We have examined authenticated specimens of Scylonewm Myochor- 
'ftSf Agardh, and are convinced that, notwithstanding some points 
of resemblance with that species, the present species is certainly 
different. 

Plate V.fig, 20, a^d. 

Toly roTi mix byssoidka, (Hassall) Kirchner. 

Stratum pulvinato-tomentosum, fuseum, nigreseens; filamentis 
plus minus ereetis, cespitula etiicientibus, irregulariter pseudora- 
niosis, 10 — 15/1. erassis ; vagina tenui, 0‘5 — l*5fi erassa, fragili ; 
trichomatibus torulosis, 8 — 0 /a erassis ; j)seudoramis saepiiis brevibus, 
curvatis, iuierdum recurvis, patentibus vel crecto-pateutibus, apicem 
sub-obtusum versus paullulo vel vix atteiuiatis, sub hetcrocystas vel 
ex hetcrocystis i])sis ortis; artieulis 2 — 4fi erassis, transverse oblongis 
vol oblato-ellipsoidcis, longitudiue tertia pars latitudinis ; contcntii 
cellularum caerulco-vividi, dense granuloso, granulis crassitudine varia ; 
hcterocystis sphaorieis vel oblato-sphaeroideis, 10 — 12 /a diametro. 

Habitat ad corticem Vici inp'ciontpj ^^nu(/^f€rae itidtcae et Swietemae 
M aha goiti in suburbibus Caleutteusibus. 

Locta Augusto 1922. 

Dc Toni, My.rophycr(ce, y/. oo/. 

U olle, Freshiv, Algae, U,S.,pl- ISl. 

Cooke, Brit, Freshw, Algae, pi. 111. 

Plate TT,fg, 21, a-c. 


3 
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CHLOROPHYGEAK 

Tbentepoiilia tenuis (Zeller sub nomine CJiroolejmsI tenne^ in 
Journal of the Asiatic Society, Vol. XLII, Part II, p. 191. Sheet 
number 3 :08 of Kurz* Collection, preserved in the Herbarium of the 
Royal Botanic Gardens, Sibpur.) 

Stratum c respitulis oxiguis arete aggregatis eompositum, aurari- 
tiaeum (o notula Kurzii), in siceitate aurantiaeo-oinereum ; filamentis 
primariis subreetis vcl Ilexnosis ; tilamenlis ordinum superiorum varie 
divarieatis vel reeuvvis; eellulis filamentonim primaiioriim plcrum(pie 
ellipsoideis vel ellipsoideo-oblongis, rariiis subglobosis, 6 — 8 /a diametro, 
saepius (8 — ) ]0 — 14/x longis ; cellulis ramorum 4 — 6 /a diametro, 
baud raro prope basin subisodiametricis, plurimis ellipsoideis; cellulis 
omnibus ad genieula manifeste constrictis, filamenta torulosa efficien- 
tibus, saepe plus miuusve asymmetricis ; mernbrana eellulari hyalina, 
1 — 7‘5/i erassa, superficie externa asperrima, quasi granulata; con- 
tentu granuloso ; gonidiis globosis, terminalibus et lateralibus. 

Habitat ad corticem Sonneratiae apelalae in ditione Pegu. 

Stratum consisting of minute closely packed tufts, orange-coloured 
when fresh, ashy-grey with a dull-orange tint when dry. Filaments 
nearly straight or (lexuous, those of higher orders divaricate in various 
degrees. Cells always distinctly constricted at the dissepiments, 
elongate-ellipsoidal or short-subcylindrical, often asymmetric, those of 
primary and secondary filaments (8 — ) 10 — 14/i long, 6 — 8/x at the 
widest, rarely as long as wide, usually 1 [ — twice as long ; those of 
the thinner filaments 4 — 0/* at the wides'.. Cell-wall 1 — 1’5/a thick, 
very rough on the outer surface. Contents granular. Gonidia spheri- 
cal, terminal or lateral, not clustered. 

Plafe r/, Jig, a-il 

Trentepoiiua aukk.v (Lin.) Martens, vnr, tenmou, Briihl et 
Biswas. 

Stratum tenue, jubstrato arete appositum, extensurn, eolore aureo 
vel aurantiaco, in siceitate plus minusve cineiasceute, densissime 
tomentosum aut e pulvillis parvis eompositum ; filamentis prostraf'e 
atque ascendentibus, saepe valde elongatis, plus minusve ramosis; 
cellulis vegetativis eylindricis, medio saepe leviter irregulariterque 
intumescentibus, ad dissepimenta vix vel baud constrictis, 1 4 —24/a 
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loDgis>.4 — 8/a crassis (longitudo : crassitude : : 12 : 14 : 6, 15 : 6, 

16 : 6, 18 : 6, 21 : 8, 24 : 8/a), terminalibus apicem obtusum versus 
saepissime attenuatis ; contentii e guttuHs intense coloratis et cieber- 
rimis atque granulis chlorophyllaeeis paucis protoplasmatcque com- 
posite ; membrana cellularum vulgo e lamellis tiibus composita, 
cellulae terminals apice crassiori; zoogonidangiis lateralibus vel 
terminalibus, sphaericis, circiter 16/a diametro aut obovoideis, 12 — 20/a 
longis et 9 — 16/a crassisj zoosporis biciliatis. 

Stratum thin, extensive, when fresh golden-yellow or orange- 
coleured, when dry more ash-coloured, densely felty or consisting of 
minute closely packed cushions. Filaments at first prostrate, fuither 
on more or less ascendant, often elongate, more or less branched ; 
vegetative cells cylindrical, in the middle often slightly and irregularly 
swollen, at the joints slightly or not at all constricted, 4 — 8/a thick, 
14 — 24/i, long, the terminal ones narrowed towards the apex; con- 
tents consisting of protoplasm, nucleus, scanty chlorophyll granules 
and crowded droplets coloured by carotinoids. Cell-membrane eon- 
sisting commonly of three lamellae; zoogonidangia lateral and 
terminal, either spherical and about 16/a in diameter or obovoid,^ 
12-20/a long, 9-i6/A wide. Zoospores bieiliate. 

According to De Wildeman, Heering and Fischer the vegetative 
cells of the typical variety are 9 — 24 ( — 30)/a wide and one and a 
half to three times as long, and the zoogonidangia (9 — ) 18 — 38/a in 
diameter. 

Found on the bark of Tenainalia Arjuna in the Royal Botanical 
Gardens, Sibpur. 

&ee J7inales du Jardin Boinnupie de Biiilenzorg^ , 

L Sujgplement, Also rol. IX, p. 131. 

Oesterrichische Bolanische Zeitung, 192ji, p. 19, 

l)e Toniy Sgll. Alg. /, p. 236. 

WolUy Frenhw. AUj. 115. 

VI ate Vly Jig, S3, a-e. 


Trentepohlta gracilis, P. Iyengar, sp, nova. 

Stratum tenue, continuum, plus minusve viride vel luteo-viride, 
interdum fulvum ; filamentis elongatis, parte basali prostrata, ramis 
vix crebris, modice flexuosis, cum parte primaria angulum aeutum vel 
fere rectum efficientibus ; cellulis partis prostratae saepe subglobosis, 
sed etiam ellipsoideis, ad dissepimenta manifeste, rarius leviter oou- 
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strictis ; cellulis ramoriim ellipsoideis, etiam pyriformibiis^ saepc plus 
minusve asymmetricis ; cellulis terminalibus subglobosis vel ellipsoideo- 
oblongis vel sublageniformibus ; crassitudiue cellularum 3 — lO/x, 
longitudiue crassitudini fere aequali vel duplo crassitudinis ; membrana 
achroa^ tenui, laevi, eirciter 0.5/4 crassa ; contentu granuloso, cum stiilis 
spbaericis aclirois vel pallide luteis singulis vel paucis, in cellulis %asa- 
libus manifestioribus ; nucleo sphaerico^ subcentrali. 

Layer tbin, continuous, of greenish, yellowish -green, more rarely 
brown tints. Filametjjts elongate, prostrate below, branches somewhat 
remote from each other, moderately flex nous, forming an acute *6r 
nearly right angle with the main filament. Cellules of the prostrate 
part often subglobose, but also ellipsoidal, at the joints conspicuci^sly, 
more rarely slightly constricted ; cellules of the branches ellipsoidal, 
sometimes even pear-shaped, often more or less asymmetric ; terminal 
cells subglobose, ellipsoidal-oblong or somewhat fl-Ask-shaped ; diameter 
of cells 3 — lO/i, about as long or twice as long as thick ; cell-membrane 
colourless, thin, smooth ; cell-contents granular and with single or 
several globular, colourless or pale-yellow droplets, which are more 
prominent in the basal cells ; nucleus spherical, subcentrally [daced. 

Tmdepohlia grarilu forms a thin coating on the bark of climbing 
plants (Aristolochia and others), as well as on iron posts, railings, tee 
irons and twisted galvanic iron wires in the Orchid House of the 
Botanical Garden in Sibporc. The coating is, as a rule, continuous 
except where it sits on JUkes of iron rust. Near the ground the 
colour of the coating is nearly a pure green, higher up it merges into 
different shades of yeliowish-green, whilst near the top it assumes more 
decidedly orange tints. When moistened after having dried up it 
absorbs water greedily and assumes a greenish black colour. The 
droplets mentioned above are oil droplets coloured by carotin, which 
gives the more orange-coloured cells their tint; minute chlorophyll 
granules usually predominate. We have not observed any zoospores, 
and therefore we are not sure about the larger spherical cells being 
zoosporangia. 

The present species evidently belongs to the moniliform group of 
Trentepoblias. Trentepohlia monilijormis of Karsten (the T, Month 
of Wildeman and the 71 monilia of De Toni) agrees as to the shape of 
the cells, the thinness and smoothness of the cell-wall and the relative 
dimensions of width to length ; but the length of the cells of 71 monili- 
formis^ according to Wildeman, is 14 — 23/4, according to Karsten SO/a, 
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the greatest width being whilst in jT. (,racilu the largest 
dimension is 10/a. 

01 the more or less moniliform species of Treniepohlm the width 
of which lies between 5 and IO/a, T, ahictina and T, procumbens 
are distinguished by the common occurrence of clusters of sporan- 
gia. Chroolepm teme of Zeller, described in the present paper under 
the uame of Trentejjohlioi is easily distinguishable by its rough 

cell-walls and other characters. 

-Plate a-J\ 


Tuentepohlia touolosa, AVildeman. 

Stratum tenue, cortieem arborum vestiens, extensum, subuniforme 
vel saepius quasi granulosuni, e pulvillis vel eaespitulis minimis arete 
confertis compositum, in siceitate luteo-virescens vel fulvum vel 
ochraceum ; lilamentis torulosis, primariis saepe elongatis, ramosis, 
ramis ramulisque patentibus, pauci — aut pluricellularibus ; cellulis 
vegetativis ellipsoideis, raro subsphiericis, ad dissepimenta manifesto 
constrictis, interdum synimetricis, sed saepissime plus minusve con- 
spicue asymmetricis, latere altero nioJice convexo, altero ventricoso, 
dimensionibus (longitude x latitiido) : Ob’ X 20, 32 x 18, 30 x 12 — 16, 
28x18, -iOx 16, 22 X 16, 20 X 16, 20x 10, 18 x 18, 16 x !1/a, ad dis- 
sepinienta 1 — 10ft latis; moinbraua cellularum saepissime tenui, 

1 l*5fL crassa, vulgo laevi, interdum miniitissime quasi muricatula ; 

contentu granuloso composite e protoplasmate atque gutlulis caroti- 
noideis coloratis, guttulis saepe prope partem vontricosam aggregatis, 
granulis chlorophyllaceis viridibus, interdum in discos raro in taeniam 
aggregatis saepissime singulis interraixtis ; gonidangiis sphaericis, 
raro intercalaribus, saepissime lateralibus vel terminalibus, 1 1 — 24/a 
diametro, aut sessilibus aut terminalibus pedicellatis, collula pedicellari 
inferne ovoideo, hie circiter 20ft lata, siiperne uncinatim curvata et 
circiler 10ft diametro Hake n sporangia 

Habitat ad cortieem Stoieiemae Mahagotu^ Jfitufisojjis Eleugi et 
Poinciauae regiae in horto botanico Sibpurensi et in suburbibus 
Calcuttensibus. 

The Bengal form agrees with those reported from Sumatra in 
posiessing hook-supported as well as sessile globose sporangia, but 
differs in the cell-walls always being thin, not thick membrane 
epaisse of Wildeman)* Trenkpohlia inoaiHfonnc of Karsten, which 
according to this author has cells about 30/t long and 20/a at 



22 


1*. UKLJIL A^D KAlIPxVDA BISWA^ 


their widest, possesses a Uin cell-membrane. Unfortunately De 
"Wildeman did not give tlie thickness of the cell-walls of the two 
species in microns and his figures do not show any difference in this 
respect. T, viotiili form is is s^a,\d. to be common in Java. Ai other 
species of Trenfepo/Uia with habitually thick cell-walls occur with thin 
walls either in the younger stages of their development or in damp 
localities or in other conditions, it is probable that the relative thicks 
ness of the cell-walls cannot be employed to distinguish 7\ forulosa 
and T. monili/onnis, Karsten, from each other. As regards nomen* 
claturo, Kuetzing pictures under the name of C^froolepHu moniliforme 
what undoubtedly is I'feutepohlia nmhrina surrounded by fungal 
hyphae and the name has therefore to be dropp^ as having been erro- 
neously applied to a composite form, but th|tt seems to be not a 
sufficient reason why Karsten's name should not stand. Do Wildeman 
changed Kai^sten’s name into Trentepohlia Monile, where Monilc is 
evidently meant to be a noun, signifying necklace \ for “ nionile^* 
cannot be an adjective associated with Trentepohfiuy the latter being 
feminine, whilst monile would be neutre. De Toni changed monile 
into moniliay a form ultimately adopted by Wildeman. Unfortunately 
monifins is rather impossible as a Latin adjective derived from wonile. 
Scarcely any confusion can arise from adopting Karsten's name 
Trentepohlia moniliformu for the species referred to. As we cannot 
find, in the literature at our disposal, any statement about the 
sporangia of 1\ moniliformis, Karsten, and as the sporangia of the 
Deugal species agree with those described as occurring in Trentepholia 
lortdosn, Wildeman, we have adopted the latter name for the Indian 
bark alga described above in detail. 

&(e Wildeman, Lee Trentepohlia des Indes Xeerlandaisvs in Ann 
Jard, Sot, de Bnitemorg, rol. IX, p, 130, 

Plate y If, Jig, ,9(j, af, 
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EXPLANATION OP FIGUEES. 


Plate I. 

Fig. I . Ckroococcus iurgiduB^ x 950. 

Fig. 2. Chroococcns mviutus, x 600. 

Fig. 3. Jphauocapsa hrunneay X 500. 

Fig. 4. Microeydic marginatny x 650. 

Fig. 5. Oscillutoria Kuefzingiana : 

(a) bundle of filaments ; x 1000 ; 

{p) single filament, x 1 500. 

Fig. 6. Omllaioria Aenia : 

(a) bundle of filaments, x 550 ; 

(A) single filament, x 700. 

Fig. 7. Lyngbya mltilu ; 

(a) war. granulosa^ single filament, x 1000. 
(i) the same, bundle of filaments, x 500 ; 
(c) xar, iypicay x 1000. 



PLATE I 



Dmtni 1)1/ K. V. Bintntx 





liXPLANATION OF FIGURES. 


Platk 1 1. 

3. hynghja connectens : 

(a) stratum, x 50 ; 

(d) bundle of tilamcnts with lionnogones, x 3.30 ; 

(c) portion of filament, x 600 ; 

(^) part of filament with escaping hormogone, x 600 ; 

(e) escaped trieliome, showing apical cell, x 600. 

0, Lj/iigfj/fif aeatnani, vai\ arbiistiva : 

(a) stratum, x 50 ; 

{6) part of lilament, glycerine prejiaration. x 600 ; 

(c) part of filament, living, mounted in water, X 500. 
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Jh'utcH by K. P. liinwas. 




EXPLANATION OF FIGURES. 


Plate III. 


Fi". 10. Lfnghija arhoricola : 

(</) sfratum, x 50 ; 

(fj) part of old filament, x 650 ; 

(r*) part of younger filament, x (>50 ; 
(//) empty sheath, x 650 ; 

(e) hormogones. 

Fig, 11, Lif'ngbjja dendrohia ; 

(rt) stratum, x 50 ; 

{h) three filaments, x 350 ; 

(^) younger filament, x 700 ; 

{d) older filament, x 700 ; 

{e) apex of younger filament, X 800 ; 
(/*) hormogones. 

Fig. l:i. L}j'i\gh}ja aenigineo-cocndea \ 

(d) bundle of filaments, x 500 ; 

(/>) parts of two filaments, x 1000 ; 
(c) single filament, x 1000. 







EXPLANATION OF FIGURES 


Plate IV. 

Fig. 13. Jjynghya coriicicola : 

(rt) stratum, X 50 ; 

(i) upper part of filament, x 700; 

(f) a whole filament, x 500 ; dissepiments obscure ; 

{(1) hormogones, about 500. 

Fig. 14. Lyngbya palmarnm : 

(a) stratum ; 

(i) group of filaments, x 3.50 ; 

(e) part of filament, x 1000. 

Fig. 15. Lyngbya calcifera : 

(a) stratum ; 

(/>) stratum, more highly magnified ; 

(e) part of filament, after treatment with the dilute hydro- 
chloric acid, X 800 ; 

(d) escaped trichome, x 400 ; 

(e) part of filament with calcareous deposit, x 800 ; 

(f) part of filament with hormogones, x 800. 

Fig. 16. Por 2 jhyrosiphon Notarisii : 

{a) stratum ; 

{b) upper part or filament, x 1000 ; 

(e) part of sheath with escaping trichome, x 400. 







EXPLANATION OF FIGURES. 


Plate V. 

Fig. 1 7. Sci/ioneMu ooellalvw ; 

{a) stratum ; 

iji) part of filament with heterocysts and young 
pseudobranch, contents omitted, x 500 ; 

(c) part of branched filament, contents fully depicted, 
X500. 

Fig, 18. ; 

(rt) stratum ; 

(/>) part of filament with pseudobranches, x 350. 

Fig. 19. Sc^tonema loI^potrlchoith'S : 

(^f) stratum ; 

{b) filament with pseudobranches, contents omitted, 
X 150; 

(c) upper part of filament, showing contents and 

obliquely stratified sheath, x 750. 

Fig. :!J0. Sc^lonema ZeUcrianum : 

(a) stratum ; 

(/y) part of filament with two pseudobranches, contents 
not shown, x 350 ; 

(/^•) part of filament with hetorocyst, contents and 
lamellar sheath shown, x 350 : 

(d) apex of filament, x 350. 



riTnifflPu 


n<)?oc. 








lilXPLANATIOIS OV FIGURES. 


Platk vr. 

Fi". 21. Tnhfiioihrix hfjsiRouleti : 

{ii) stratum ; 

{/j) branclied filament with lieterocysts shown, X 250 ; 
(6‘) part of tilament with pseiidobranches and hefcro- 
eysts, contents shown, x 500. 

Fig. 22. Ti'enie]po1ilia tennu: 

{(() part of filament, contents omitted, x 1000 j 
similar, contents shown ; 

(e) tilament with lateral sporangium, x 650; 

(d) basal cells, x 1000. 

Fig. 23. Trentepphlia avrea^ tar, tenvior : 

(rt) branched filament, x 400 ; 

{h) part of filament with two lateral sporangia, x 800; 
{(•) part of filament with lateral and terminal spor- 
angia ; 

{d) apex of filaments with terminal sporangia; 

(f') sporangia and zoospores. 








EXPLANATION OP FIGURES, 

Platk VI L 

Fig. 24, Trenlepohlia {p'liciliis : 

{a) stratum, x 200 ; 

{fj) branched filament, x 500 ; 

(c) biaiiclied filament, cell contents shown, x500; 

{(I) basal part, with three branches, x 500 ; 

{e) parts of filament, showing apical cell and sporangia, 
x500; 

(/) basal coll with young branch, x 500. 

Fig. 25. Trent epohUa torn loan : 

{o) much-branched filament, x 500 ; 

{!)) branched filament with supporting cells of zoogoni- 
dangia, x 500 ; 

(c) parts of filaments with sporangia and su])porting 
cells, X 000 ; 

{(I) upper part of lilament with apical cell, x 600 ; 

{e) part of filament with lateral zoosporangiuin, treated 
with chlorozinc iodide, x 600 ; 

{/) apical part of filament with young zoosporangium 
and supporting cel), x oOO. 
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III 

ON A SPECIES OF COMPSOPOOON GROWING IN 
BENGAL 

BY 

P. Bruhl, D.Sc., and Kaltpada Biswas, M.A. 

In Decomber, 19^0, we observed a much-branched alga growing 
on one of the brick steps leading down to the pond in the grounds of 
the Biological Laboratories, LFoiversity College of Science, Baliganj, 
Calc'itta. A specimen of the alga was kept alive in Knop’s culture 
solution for several months in the laboratory, but finally died. On 
examination it proved to be an undoubteil sj)ecies of ComjmpOf/on, 
sho.v^iiig all the essential features of the Compsopoffon depicted on pag 
ol9 of Part I, section 2 of Engler and PrantPs Pllciiizeufainilieu. It 
was only later on that our attention was drawn b/ N. Svedelius* note 
on the Compsopogonacea*, in Eugler and PrantPs Nachtrag zunfi I. 
Teil, 2. Abteilung, to the highly interesting paper by R. TifAXTEii 
entitled ‘‘ Note on the structure and reproduction of Compsopogon ” 
(Botanical Gazette, Vol. XXIX, 1900). 

In December, 1921, we observed a numbei of young filaments of 
the same species of Coiupf^opoijon growing on stems and roots of certain 
grasses and on the .stems and leaves of llffdnlld vorf icillnin in a 
pond witiiiii the grounds of the nursery belonging to Mr. A. Bose in 
Baliganj. In January fallowing the alga was found growing in 
bunches all along the edge of the nursery pond, occurring not only 
attached to the submerged parts of aquatic plants, but also on the mud 
below the level of the water. Whilst the Compsopogon grew in pro- 
fusion in the pond of nursery referred to, we were unable to discover 
the slightest trace of it in the College pond. In January of the present 
year, however, we observed the species again both in the pond of the 
nursery as also that in the College grounds. It is noticeable that the 
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j)lant8 begin to disappear as soon as the hot season sets in^ so that to 
find specimens oE them one has to look for them in the months of 
December, January and February. The disappearance does not depend 
entirely on the ponds being cleared of weeds under orders of the 
Calcutta Municipality, although its date is influenced by that opera- 
tion. Quite lately we discovered very healthy specimens in a small 
pond beyond the IJaliganj-Sealdah milway line ; further investiga- 
tion will probably show the species to be pretty widely distributed in 
Lower Bengal. Sir David Praia in Volume III, No. of the Records 
of the Botanical Survey of India, in which he deals with the vegeta- 
tion of the Districts of Hughli-Howrah and the 24-Pargannas, 
states tliat Cowpsopoffon Ifookeri^ Montague, occurs at the canal 
banks near the Calcutta Salt Lakes and in the marshes near Matla. 
This form may be identical with the species observed by us in and 
near Baliganj, but wo have not yet been able to spot it at the localities 
mentioned by Sir David Prain. 

The following is a description based on the specimens observed 
by us. 

Young specimens are always found attached to stems, branches, or 
loaves of aquatic phanerogams as well as to small submerged sticks, 
decaying loaves, or bricks. They form comparatively short filaments 
attenuated at both ends, attached by a slightly broader base and con- 
sisting of a single row of cells {see fig. 5, plate IX). Very soon much 
smaller colls are cut off from the main row of cells by periclinal cell- 
walls so as to form a continuous rind {sec fig. 6, Plate IX). 

After the simple undivided young individuals have attained a 
certain length, they begin to give rise to lateral branches, which form 
angles with the parent stem varying commonly between about 30 and 
60 degrees, the angle being usually not very different from i5 degrees. 
Branches of the first order branch agaiu simiLirly, and so on to branches 
of higlier orders. As far as our own observations go, the branches 
always arise from cells of the axial row before the furmation of rind- 
C(dls; we have never observed branchlet ari.sing from undoubted rind- 
cells. 

The primary filaments as well as the branches and brauchlets, as 
long as they consist of a single row of cells, are distinctly constricted 
at the joints ; thiir cells are discoid, always wider than long, with 
rounded side-walls, the length of cells which have not recently divided 
by the formation of their transverse walls being pretty uniform, whilst 
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the width depends on the position of the cell in the branchlet ; it will 
be noticed that growth in length takes place probably always by inter- 
calary transverse division. {See, for instance, lig. on plate X.) 
The cell-walls of fully formed cells are colourless, firm and about S/w. 
thick. The cells contain numerous ehromatophores, which are always 
spheroidal or ellipsoidal, never anvil-shaped, nor sigmoid, nor resem- 
bling the “ ossula phalangariim supremarum they are more densely 
aggregated close to the cell- wall, sometimes arranged in rows, but 
always discrete, never pectinatim compacta.^^ 

Sooner or later, in the ease of the primary filament and the lower 
primary branches at an early stage {m for instance figure fi on plate 
IX), by the formation of cell-walls placed more or less obliquely to the 
axis of the filament, a ring of cells is cut off from each of the original 
cells; as the latter grow in length and breadth, the peripheral cells 
divide by the formation of cell-walls orientated in different directions, 
most of them obliquely to the axis, the result being a cortical layer of 
very small cells, irregularly polygonal in face-view ; the greatest and 
least dimensions of these rind-cells were found to be in surface view 
12-9,12-12,0-6, 6-6, 6-4, G-V, The rind-cclls may form only a 
single layer, but by further tangential divisions, which do not seem to 
follow any definite rule, the rin<l may consist locally of as much as 
five cells arranged radially. This is especially well seen iu figure 25 
of plate XT, which represents a cross-section through the basal part of 
an older plant of very irregular outline. 

The axial column, formed by whatever is left after the cutting-off 
of the cortex, consists of a tissue of thin-walled cells, most of them of 
considerably larger size than the rind-cells and divided into sets by 
the much expanded original transverse cell-walls, which retain their 
greater thickness and firmness and which can usually be more or less 
distinctly seen in transmitted light, except where they are obscured 
by thicker jiortions of the cortex. This is brought out by various 
figures on plates IX and X, The walls of the cells forming the 
central column are exceedingly delicate and probably often tear during 
the process of growth. If, however, microtome sections arc prepared 
with the utmost care, these delicate cells can be seen even in sections 
through the oldest parts of the main filament {see the figures on plate 
XI, and also figures 22 and 26 on plate X). 

Although wo have examined numerous, especially younger, 
specimens attached to sticks or leaf-blades, we have not ‘discovered 



4. 


l>. BliUHI. AND K. I*. BISWAS 


any evidence of the formation of '^rliiziiies.” The young plant is 
attached by a cell which is wider than those immediately succeeding it 
in an upward direction and which^ like the latter ones^ surrounds itself 
later on with a ring of rind-cells ; this ring, together with the axial 
cells, forms a broader base, which gives the growing plant a firm hold ; 
we may call it the foot-plate figures c and 6 on plate IX). 

The axial column of cells is of so delicate a nature that it can on 
no account be considered to form a skeleton ; ” the mechanical 
strength of the thicker pirts of the plant is entirely due to the rind- 
cells which are stayed by the firmer cross-walls of the original cells. 
The short brauehlets of higher orders owe their sufficient mechanical 
strength to the comparatively firm walls of their constituent cells. If 
the axial column at all adds to the mechanical strength of the filaments, 
that can only be due to the cells being tightly filled with what is 
probably nearly pure water. 

The colour of the plants varies considerably. A dense tuft grow- 
i»\g near the edge of the nursery pond was dark verdigris-green in 
the middle portion, nearly black lower down and deep bnlf coloured 
where more freely exposed to the sun’s rays. When enltivated in glass 
jars, either in ordinary pond water or in Knop’s solution, the plant 
soon loses its original colour and assumes a pale huff tint. In some 
localities the plant, and more especially the younger branches and 
branchlets are decidedly purple or rose-coloured ; hut the normal tint 
may b? taken as verdigris- green or greenish-blue. 

RKiHiODi'cn iox. — The plant produced both micro-aplanospores and 
macro-aplanospores, exactly as described by Prof. Ronald Thaxter in 
his Note on the Structure and Reproduction of Cornpsopogon ” 
(Botanical (iazette, Vol, XXIX, 1900). The microsporangia occur in 
sori formed from single cells or small groups of cells forming consti- 
tuent parts of the cortex i^see figs. 10, 11, 1?, 15 and 16 on plate X). 
The sori are more or less hemispherical or oblong in shape and consist 
of 15 to 25 or even more microsporaiigia ; the latter are normally 
spherical, but very commonly polyhedral, due to mutual pressure. They 
may also arise from any cells of the filaments before the formation of 
the rind. In any case, the sori may be formed anywhere on the 
branches, so that ultimately they appear as scattered minute heaps of 
cells. 'J’he diameters of tlie hemispherical sori, as measured, were 25, 
40, 50, 65, 75/i ; the oblong sori were 100 x 50, 90 x 60/i. The dimen- 
sions of the microsporangia, in surface view, were found to be 12 x 9, 
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X 1 9 X 6, 6 X 4, C X 3/x ; the spherical ones wore 6 to 1 in diameter. 

In the formation of the micro-aplanos{K)re.s the contents of the micro- 
sporangia contract slightly and become spherical. The wall of a 
microsporangium opens by a slit and the miorospore is discharged with 
a jerk, the impetus given to it being evidently due to tiie tiirgescence 
of the surrounding, ych intact, inicrosporangia. The microspore is 
thus projected to some distance from the parent, sporangium and finally 
Hoats away out of the field o*^ view. It is in diameter, contains 
a central nucleus and a somewhat denser })eripiieral shell of chroniato- 
phores, the latter being less densely crowded nearer the centre; the 
colour of the microspores is pale bluish-grey. 

The formation of the macrospores has been described by Professor 
Tliaxter in great detail; the process can be easily inferred from figures 

and 18^ on plate X. The following is an account of observations 
made in the })otanieal laboratory of the Scieiiee College, Ikliganj.' 
A bunch of the plant was kept hanging in a cylinder filled with water 
and a branch was observed under the micros(to})e. A eousulerablc 
number of macrosporangia had formed during the preceding Jay. 
They contained ellip.soidal ehroniatophoros densely crowded not only 
close to the cell-wall, but also in the central part round the conspicu- 
ous nucleus. At about midnight the macrospores commenced to 
escape. After the bursting of the cell-wall the contents of the macro- 
sporangium escape, but not with a jerking, but a gliding motion. The 
macroaplaiiospore thus liberated is seen to be enclosed in a slimy 
envelope, which, however, dissolves within thirty to sixty seconds, after 
which it iloats out of the field of view, but very much less rapidly 
than the microspores. The macrospore is spherical in sliape, O-IO/a in 
diameter, has a centrally placed nucleus and closely packed ellipsoidal 
bluish-grey chromatophores. 

It may be added that the maerosporangia are found both on the 
primary row of <,‘ells constituting younger branches as also on the 
cortex of older branches. Tiiey appear to bo formed in large profusion 
during night-time, but can also be observed, though in much smaller 
numbers, during the day, and the escape of macropores is not entirely 
confined to the hours of the nig*ht. 

Professor J. Bapt. De-Toni in Vol. W of his invaluable ‘‘ Sylloge 
Algarum,” Florideiv, Seetio I, pp. ^18-30, describes seven species of 

‘ Tlio observatij)!!.** dosci ibcit in tlni following,' lines won? mado t)y niy coUnborntor, 
Mr. Kolipftda Biswas, between 11 o’clock and 5 o’clock at niglit on tli« i;3ili to the 
14th Fcbrnary, the latli being the fasting day of tlie Sliivaratva festival. l».B. 
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Compsopoffon, of which five are depicted in Kuetzing’s Tabulae Phyco- 
logiceB) Volume VII, plates 88 ‘nnd 80. Of the species described hy 
De*Toni Coinp^opf^gon f a^oaimy Zanardelli, a small species not ekceedittg 
Si5 mm. in height, covering rocks on the island of Borneo with a 
yellowish -brown felt may be at once excluded ; it may not even be a 
species of Conipsopogon. C. Coriiinldii^ Knetzing, appears to be hardly 
known ; Kuetzing’s illustration of it does not suggest specific identity 
with our plant. leplodada^^ Montagne, of which an excellent 
illustration is found in Part I, Section *2, p, JilO of Engler and Prantl’s 
Pflanzenfamilien, has a much thinner main stem and branches and 
is said to possess anvil-slmped or duml)-b»dl-shaped chromatophores 
(endorhromala). fA diahfhem^ Knetzing, is stated to have erect and 
strict branches and, like C. aerngnuma^ has very much smaller rind- 
cells than our species. C, livid ita (Hooker), which has been reported 
from Madras, is stated to have ct>mpianate fronds and patentissima ” 
branches; this does not at all agree with our species. There remains 
C coerulem^ Montagne. Specimens of the alga collected by Prof. 
Tliaxter in Florida were compared by Bornet with specimens of C. 
coenilens from Porto Rico in Montague’s herbarium and are declared 
to be ‘^beyond question identical with Montague’s type specimens. In 
De Toni’s Sylloge the chromatophores are stated to be pectinatim 
compacta transversim oblonga (vel linearia).” Figures C, E, F on 
page 319 of Engler’s Pilanzenfamilien show the chromatophores to 
be mostly elongate, sinuous, sigmoid or U-shaped, forms which we 
have never observed in our species. According to Tliaxter the Florida 
form has oval or oblong or nearly spherical chloroplasts, which agrees 
with our species. There can he little doubt that the Bengal species 
is identical with the species occurring in Florida, and we propose to 
apply the name of Compsopocjon coerulkcs to the Bengal alga. 

We once more draw attention to the fact that the Bengal plant 
has been found by us in stagnant ponds, and not in running water. 

Quite lately we have discovered a second species of Compsopogon in 
similar localities, a form which, however, is markedly different from 
the species dealt with above. It will form the subject of a subsequent 
paper. 

BOTANICAL LABORATORY, 

U'NivERSiTY College of Science, 

The 2m of March, 1923, 




liXtiiANATION OP PIGURPS. 


Plate VIII. 

1 , Part of a specimen of Compsopogon sp. ; natural size. 

Upper part of a branch of the second order with branch- 
lets of higher orders ; rind-cells developed on the 
older portions ; x 100. 

J3. Portion of a branchlet of a higher order showing, like 
the basal cells of the ultimate order, the beginning of 
tiie formation of rind-cells by periclinal cell-walls ; 
upper cells of the ultimate braochlet yet undivided ; 
X 250. 

4. Upper part of ultimate branchlet, cells with nucleus and 
chromatophores ; x 450. 








EXPLANATION OF FIGURES. 


Plate IX. 

5. Young specimens growing on branches of an acjuatic 
grass (^); xlOO. 

f). Two individuals of different ages attached to the culm 
of an aquatic grass {a ) ; rind-cells well developed in 
the larger s|jecimen ; x 200. 

7. Rind-cells in face view with contents; x 450. 

8. Older branch with a sorus of microsporangia ; x 150. 

9. Young branchlet with macrosporangia ; x 300. 






EXPLANATION OF FKJURES. 


Plate X. 

10. Young iilament with developing inicrosporangia ; x350. 

11. Filament with two sori of microspoiangia j x 350. 

12. A sorus of microsporangia in surface view ; x 450. 

1 3. Crroup of rind-cells with macrosporangia ; x 300. 

14. Young filament with macrospores in some of the rind- 

cells; x300. 

15. Portion of a filament with a sorus of microsporangia ; 

one of the discharged microspores x 500. 

Ifi. Microsporangia and a microspore; x500. 

17. Microsporangia; a mierospore on the point of being 

discliarged ; x about 1000. 

18. a and h. Discharge of macrospore; x 1500. 

1 9. Macrospores ; x 1 500. 

20. Microspores; x 1500. 

21. Young filament ; discharge of a macrospore ; x 400. 

22 and 23. Transverse sections through tertiary branchlets 
of an older filament ; x 70. 



,C. 

hij K. 1\ liisirits. 






EXPLANATION OF FIGURES. 


Plate XI. 

24. Transverse section through a secondary branch ; x 100, 

25. Transverse section through the lower part of the main 

filarnent of ah older specimen ; x 50. 

26. Transverse section through a very young filament ; x 150. 

'27. Longitudinal section through part of the main ii lament 
' of an older specimen,,, of which fig. 25 shows a trans- 

verse section ; x 50; . 

28. Transverse section through a young filament with a 
sorus of mierospoiangia ; x 150. 
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EICHHORNIA STUDIES 
BY 

Paul Bbuhl, D.Sc., and Atulchandra Ddtta, M.So. 
1. MORPHOLOGICAL 

The first condition of successfully fighting a formidable enemy is 
carefully to study his qualities and idiosyncrasies, his powers of offense 
and defence and the resources at his disi:)osal. Before, therefore, 
investigating the physiology of the Water Pest,^^ it will be advisable 
to deal with the morphological characters, both external and internal, 
of l^ichJwniia speciosa Eichhornia crassipea), 

Solms-Laubach, in De Candolle’s Monographiae phanerogamarum, 
Vol. IV, pp. 5'2r)-53l, describes five species of Eichhornia, all of them 
indigenous in Tropical America, only one of them being also found 
in Madagascar and various tropical parts of the African continent. 
Two of these species — E, nafans and PJ, speciosa — are normally float- 
ing, although the latter may continue to vegetate after being stranded 
on mud or on layers of vegetable debris, when the water-level is 
lowered after the cessation of the Monsoon rains. 

The external morphological characters of Eichhornia speciosa have 
been so often described in detail, especially since the eradication of 
the Water Pest ” has become a pressing economical problem in 
various parts of India and Burma that we may confine our attention 
to certain features of special interest. 

That feature which prominently arrests the attention even of the 
casual observer is the pseudobiilb, which normally develops as part 
of the leaf-stalk. The factors which induce the formation of these 
swellings will be dealt with in a subsequent paper, so that for the 
present we may restrict ourselves to the following remarks. 
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The pseudobulb is invariably developed in plants which float 
freely on the surface of the water ; such plants continue to bear leaves 
with bulbous leaf -stalks, even if stranded on the banks of jhils and 
ponds, after the water evaporates during the dry seasons of the year, 
when they finally have to continue their existence with their roots 
buried in mud. We have transferred plants which originally were 
freely floating into earthen- ware vessels filled with slushy mud ; 
although not growing as vigorously as before, they continued to live, 
producing short runners ending in rosettes with pseiidobulbous leaf- 
stalks. On the other hand, whole jhils can be seen densely covered 
with the water h 3 'acinth, the single individuals of which, although 
still floating, are so crowded together that not even a fraction of a 
square inch is left for any additional plant to grow. This, as well 
known, is of common occurrence. In such circumstances the stem, 
which is surrounded by water, attains a certain length, and the leaf- 
stalks, which may attain a length of two feet or more, commonly 
develop no pseudo-bnlb at all, tapering from a thicker base to their 
upper end. When such plants are transferred to vessels filled with 
water, so that they have more room to grow in, the slender petioles 
may increase in thickness in their lower part so as to become con- 
spicuously spindle-shaped, therefoie showing a decided tendency 
towards the production of a pseudobulb. What usually appears to 
happen in the case of these densely crowded individuals is that during 
the cold weather the older individuals, after throwing out runners, 
decay, their leaves withering and gradually disa|)j)earing, whilst the 
young rosettes, having now a sufficiency of space to grow in, develop 
petioles consisting nearly entirely of spherical or pear-shaped pseudo- 
bulbs. 

The leaf-blades of the free-floating individuals are nearly always 
pronouncedly kidney-shaped, whilst those of the crowded specimens 
are larger and more ovate or ovate-oblong. After these leaves have 
died down and the old individuals have made room for the young 
offsets, the young leaf-blades are reniform. Something similar hap- 
pens when individuals with thinner, tapering petioles are transferred 
to large earthen-ware vessels (gamlas) containing Sachs’ culture 
solution or a solution containing 1 gram of potassium nitrate, 0*25 
gram of dih^^drated calcium sulphate, 0’25 gram of magnesium sul- 
phate, 0-6 gram of hydrogen potassium phosphate, and a few drops of 
ferric chloride. No apprciable difference was noticed with plants 
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growings in gamlas filled with ordinary clean pond water and vessels 
filled with the culture solution referred to above. The rosettes which 
were cultivated in moist mud continued to produce kidney-shaped 
leaf-blades and petioles with small globular pseudo-bulbs ; but no 
tendency to develop thin spindle-shaped leaf-stalks was observed. 

Mr. Jivanna Rao, in his paper on the formation of leaf-bladders 
in Eichhornia speciosa Mournal of Indian Botany, vol. I, p. 219 and 
£F, 1920) distinguishes four types ; ** (1) all leaves with bladders ; (2) 
no leaves with bladders, (3) outer leaves bladdered, inner bladderless ; 
(4) inner leaves bladdered, outer bladderless.” Type (1) is the 
typical form of free-floating plants ; type (2) is eommonly found 
in the rainy season in jhils den^ely overgrown with the water 
hyacinth ; type (4) is evidently formed when type (2) haj)pens to 
get into positions where the crowding is relieved in some way 
or other, and is found also more commonly in the cold season ; type 
(3) is probably developed when, during the rainy season, the 
originally bladdered form becomes more and more crowded, which 
state of things would result in the stem elongating and the stalks of 
the younger leaves becoming longer and more slender. Without 
going into the real causes of these differences at the prseent 
moment, the elongation of stem and petioles may be compared to 
what happens when various species, such as Dif/itaria sanguinalu, 
Solanim nig mm, Aealgpha Indica, F/tyllanlhus Niruri and others, 
attain considerable lengths of stem (and branehes) when growing in 
dense thickets formed by taller species. It is noticeable that in the 
case of jhils overgrown with the water hyacinth during the rainy season 
the plants growing near the edge of the plant mass are much shorter 
and bear bulbous leaf-stalks, whilst the main mass further in consists 
of plants with longer stems, more slender petioles and more ovate leaf- 
blades, These features give the whole plant mass a convex transverse 
section, whilst during the cold season the transverse section of the 
plant mass is more uniform, and the mass is less dense. These facts 
seem to indicate that if any mechanical method of clearance is adopted 
—and this, it appears to us, is the only leasable method of getting rid 
of the pest— this clearing, cpiite apart from other reasons, should be 
done in the cold season. 

In the free floating form the interuodes of the stem remain 
exceedingly short, giving thus rise to the formation df rosettes of 
leaves ; the densely crowded, although floating plants possess, when 
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fully developed^ a short and thick cylindrical stem ; the latter consists 
of the stem proper and a peripheral continuous pseudo-cortex consisting 
of the very bases of the petioles, as shown on plate I, fig. I. This 
feature will be dealt with in a subsequent paper. 

The primary root, as is well known, soon dies, its functions being 
transferred to adventitious roots, which take their origin in the periderm 
of the stem, invariably break through the leaf-sheaths in a more or less 
horizontal direction ani together form ultimafely a dense bujich 
hanging down into the water. These adventitious numerous short 
secondary rootlets stand nearly at right angles to the parent primary 
rootlet. No roothairs are observable in floating plants, but they develop 
on plants growing in wet mud. The* adventitious roots and rootlets 
remain colourless, when the plants grow in dense masses or in mud 
or vegetable debris ; but when free-floating and particularly in the 
drier seasons of the year, the bunches of adventitious roots are coloured 
purplish blue or even assume a dark indigo-coloured hue, due to the 
copious formation of anthocyanin in the stronger and more continuous 
illumination from sun and sky after the close of the monsoon, (See 
also the excellent figure on plate III opposite page 148 of Principal 
G. C. Bose^s Manual of Indian Botany). The colouring matter is 
not only dissolved in the cell-sap, but tinges also the cell-walls of roots 
and rootlets and diffuses into the walls and contents of two or three 
layers of cells of the cortical tissue of the main adventitious roots, 
lied colouring matters develop often on the parts of the pseudo-bulbs 
and in the runners immersed in water. 

Goebel, in Pflanzenbiologischc Schilderungen, part I, p. 6, 
suggests that a purpose secondarily served by the pseudobulbous leaf- 
stalks may be the righting of the floating rosettes, after they have 
been turned over by wind or waves. This, at firet sight, seems to be 
verified by experiment ; for when a rosette is thrown upside down on 
a surface of water, the plant (piickly turns back into its normal 
position ; if, however, the bunch of adventitious roots is clipped off 
with a pair of scissors and the experiment repeated, the plant is 
unable to right itself and continues to float upside down. It may be 

* Various rath£r hysterical statenienta have been mado by certain netospaper 
correspondents. Thus it has been stated that the colouring matter escapes into the 
surrounding water colouring the water blue and poisoning it. This has no foundation 
in fact. As a curiosity it may be mentioned that certain people in Eastern Bengal mix 
the flowers of the Water Hyacinth with flour and fry the mijutihre. 
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mentioned here that if a plant bearing only leaves with non-biilboiis 
petioles is thrown on a free surface of water, it is unable to float in 
the upright position. One of the results of the existence of pseudo- 
bulbous petioles in freely floating individuals is their greatefr resistance 
to bending as compared with the resistance offered by an equal length 
of the slender leaf-stalks, as can easily be verified by a simple experi- 
ment. It must, however, bo noticed that the cuticle of the bladdered 
petioles is probably always thinner than that of the bladderless ones. 
In any case, the greater stiffness due to the presence of the pseudobulb 
makes the bladdered stalk a more efficient mast to which the com- 
paratively broad leaf-blade is attached as a kind of sail in the freely 
floating form. 

By far the most common form of reproduction is that by means 
of runners. In the axil of a leaf arises a bud, which at first develops 
into a miniature sessile rosette, which, after having attained a certain 
size, is carried by the development of a stalk-like structure to a certain 
distance from the parent plant ; the roSette rapidly grows in size, 
and, the stalk being brittle, ultimately may become separated and 
embarks on a separate career, may be, at some distance. The daughter 
rosettes, in their turn, produce new rosettes in all directions, and this 
process may be continued indefinitely, until, especially in stagnant 
pools,, large colonies are formed, often constituting an extensive and 
closely packed network. 

Statements have been made that aiiji part of a plant separated 
from the main stock can reproduce the species. According to our 
own observations this is hardly correct. Leaves cut off slightly 
above their base and thrown into water soon decay ; but if the cut 
is made so as to include a small portion of the stem, a bunch of 
adventitious rootlets soon arises from the stem part and a new plant 
originates from the fragment. Further, if the stem is cut across in 
two places and the cut portion split longitudinally^ buds arise from 
the cut surface and new plants are formed. As a matter of fact, 
any part of the slcm will regenerate the plant, when thrown into 
water. 

The intrapetiolar stipules will form the subject of a subsequent 
paper. 
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2. ANATOMICAL 

The Tegumentaky System. 

The epidermis consists of a single layer of cells. These cells are 
somewhat irregularly oblong on both sides of the leaf-blade as well as 
on elongated, spindle-shaped petioles, whilst those of the pseudobulbs 
‘ are more isodiametric and often nearly regularly pentagonal, hexagonal 
or heptagonal. The outer wall, including the cuticle of the epidermal 
cells of the leaf-blade, is about 2*2 micra in the central part of the 
leaf, but somewhat thinner towards the margin, while on bladderless 
leaves the outer walls of the cells of the fully developed petioles 
is 4 to 1*5 micra in thickness, that of the mature pseudobulbs of 
bladdered leaves being 2 to 2*4 micra. The cells of the tegumentary 
system contain no chloroplasts. 

The Conductixg System. 

This system consists of thin fibro-vasciilar bundles of the ordinary 
monocotyledonous type. In very young leaves, before they have 
unfolded, there is seen a minute subcylindrical projection, the base 
of which is situated at the lower surface of the apex of the leaf- 
blade. This projection consists of an envelop of loosely packed cells 
surrounding a core of a few cells, several spiral vessels being seen 
imbedded in the core. In slightly older leaves a narrow strip at the 
lower apical part of the leaf-apex assumes a brown colour, the projec- 
tion mentioned above falls off and its place is taken by a slight 
depression. The ordinary stomata of this region are transformed into 
water stomata, losing their chloroplasts at the same time. The number 
of water stomata increases with the age of the leaf. In longitudinal 
sections it is seen that the vessels closely approach the apex giving 
place to a number of tracheids with spiral thicknings. As already 
stated by Max von Minden in his '‘Beitrage zur anatomischeu und 
physiologischeh Kenntnis Wassersecernierenden Orgatie” {Bibliotheca 
Botanicay voL IX)^ Eichhornia is remarkable for the copious secretion 
of water. It may be added that the size of the water stomata varies 
from 42 p, x 31*5 //. to 33 /a x 33 /a, whilst the projection referred to 
was, in one case, measured to be 265 fA in length, the thickness being 
about the same. 
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The Ventilating System. 

The secondary rootlets possess no intercellular spaces ; the primary 
rootlets^ on the other hand, have a well developed aerenchyma 
situated within the vertical region and consisting of short-prismatic 
air-spaces. Tn the stem the ventilating system is formed of inter- 
communicating narrow intercellular spaces ; only comparatively rarely 
well-developed air-canals, interrupted by transverse diaphragms, are 
observable in the central portion of the sterns. 

The petioles, both the bladdered as well as the bladderless ones, 
contain air-canals, which, as a matter of fact, are much more numer- 
ous in the former than in the latter and which in both cases are 
widest in the centiul portion and narrowest in the peripheral regions. 
In a particular case, the diameter of the central air-chambers varied 
between 5 and 2 millimeters ; along a radius the consecutive measure- 
ments were 3mm., 2-5mm., 2mm., 1mm., 750/x., 600/i, whilst the peri- 
pheral ones were 225jUL, 150^, 105 /a, 90/4 in diameter. 

These air canals are bounded each by layers of single thin- 
walled cells, which in cross-section are siibqiiadrate or oblong with 
rounded corners ; a longitudinal section shows the boundary cells to 
be arranged in one or more tiers of mostly oblong cells filled with 
watery usually non-granular contents separated by a few layers of 
mostly transversely oblong or irregularly shaped smaller cells contain- 
ing numerous starch grains. The single air-canals are partitioned off 
into compartments by transverse diaphragms. These diaphragms 
consist of a single layer of cells, which at and near the margin are 
mostly oblong in shape, whilst the inner ones arc practically isodia- 
metrical, the cross-dimensions of the former being from 56 x 45 to 
130x49/4, those of the latter being 18 — 36/4. In the bladderless 
leaves intercellular spaces are seen to be present between all the cells 
of the diaphragms, except between a few peripheral cells of the 
diaphragms of tlie central canals ; flie intercellular spaces, where they 
occur, are 5-9/4 in width ; in the bla'idered leaf-stalks, on the other 
band, the intercellular spaces of the diaphragms diminish in width 
from the circumference of the stalk towards the centre, where they 
are usually entirely absent. The dimensions of these intercellular 
spaces vary between 2 and 4 /a. It is noticeable that the intercellular 
spaces become narrower and narrower and finally disappear as 
we pass from the circumference of the petiole towards its centre, 
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as well as from the periphery of the individual diaphragm towards 
its centre. 

By the aid of Edinger’s projection apparatus we have been 
able to count the number of air-canals over various cross-sections 
of the leaf-stalk. Thus in a set of sections through a bladderless 
petiole we found 224? canals at the apex, 359 a few centimeters 
below the apex, 463 at the middle part, and 490 at the thicker 
basal end. In bladdered leaf-stalks the number of air-canals varies 
greatly with the age and size of the pseudobulbs. Thus in the 
bladdered leaf-stalk of a very young leaf we counted per cross-section 
112 canals in the upper part of the bladder, 186 in the middle, and 
166 at the base ; the corresponding numbers in the case of a fully 
grown leaf of moderate size were 254, 407 and 273, whilst the 
numbers in the ease of a larger, fully grown leaf were 715, 842 and 
648. In the latter ease, therefore, the number increased from the 
base to the middle by nearly eighteen per cent., whilst they diminish 
upwards by nearly thirty per cent. 

The increase in the number of air-canals from the base towards 
the middle of the pseudobulbs is due partly to the independent forma- 
tion of new air-canals, partly to the bifurcation of already existing 
ones, whilst the reduction from the middle upwards has apparently 
its cause in the abrupt ending of certain canals in the upper and 
thinner end of the petiole. 

It was interesting to gain some idea about the volume of gases 
present in a pseudobulb ; in the case of a bulb arbitrarily chosen, the 
bulb, which had a volume of 19 cc. contained more than 16 cc. of 
gases, so that in this case the air occupied nearly 85 per cent, of 
the total volume of the bladder. 

As the boundary cells of the air-canals contain chiefly water, 
we determined the percentage loss of water on drying at 1()0°C, and 
found it to be 94 per cent, in the ease of a bladder and 90 per cent, in 
the case of a bladderless petiole; similar results were obtained with 
entire leaves, blade plus petiole. 

The air-canals extend into the leaf-blade, accompanying the 
fibrovascular bundles and spreading out with the latter, whilst as 
they approach the apex of the leaf-blade their width diminishes and 
finally they disappear, before they reach the apex. 

Starch grains occur in considerable numbers in the cells of 
the transverse diaphragms of the bladderless petioles, but in the 
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corPesponding cells of the pseudobulbs they are much scarcer and 
usually of smaller size, or they are entirely absent, particularly in the 
central cells of the diaphragms. It may also be at once mentionipd 
that starch grains occur in large numbers in the cells of the stem 
as well as in those of the continuous rind formed by the leaf-bases. 
Starch is also found in the inner cortical cells of the primary rootlets. 
The diameter of the starch grains varies from 7 /ia downwards. 

The stomata will be dealt with in a future paper. 


The PiiOTosYNTiiETic System. 

The chloroplasts are contained in a few layers of cells below the 
epidermis on all sides of the bladdcrless leaf-stalk, whilst in the 
pseudobulbs the photosynthctic system is confined to the upper part 
more exposed to sun-light. In the leaf- blade chloroplasts occur in 
both the palisade and the spongy tissues. Starch grains are plentiful 
in the cells of the photosynthetic system. 

Finally, we may refer to the Kbaphides. These occur either 
singly, traversing the longitudinal walls of the air-canals, often 
projecting into adjacent canals at either end and varying in length in 
various cases measured by us between 1 50 and ^50 /a and in width 
between 7 and 11/^, or they occur in bundles contained in particular 
cells associated with transverse diaphragms, where they vary in 
length between about 50 and 80/*. These bundles are especially 
numerous in the stem and also in the cells near the apex of very 
young leaves, before the latter assume a green colour. 
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EXPLANATION OP FIGURES. 


Plate XII. 

Fig. 1. Transverse section of a bulbless petioloj showing epider- 
mis with two stomata, part of the photosjnthetic 
system, two fibro-vascular bundles, and portion of the 
aerenchyma, one of the air-chambers with transverse 
septum, X 113. 

Fig. 2. Part of transverse section through a pseudobulbous 
petiole, X 113. 

Fig. 3. Surface view of epidermis of a pseudobulb, x 113. 

Fig. 4. Surface view of epidermis of a bulbless petiole, x 113. 

Fig. 5. Stoma, x500« 
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Plate XIII. 

Fig. 0. Partition wall of an air-chambcr in longitudinal section, 
xll3. 

Fig. 7. Surface view of epidermis of leaf-blade, x 113. 

P"ig. 8. Surface view of a stoma from the leaf-blade, x 500. 

Fig. 9. Transverse section through the central portion of a 
pseudobulb, x 18. 

Fig. 10. Partition -wall of air-canal in transverse section, x 113. 

Fig. 11. Longitudinal section of leaf -blade, showing upper and 
lower epidermis, palisade and spongy tissues, numerous 
air-chambers, and a fibro-vascular bundle. 
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Plate XIV. 

Fi|», i2. Tran5?verse section through leaf-blade, showing upper 
and lower epidermis, photosynthetic and conducting 
system and aerenchyma, x 58. 

Fig. 13. Stoma in transverse section, x500. 

Fig. 14. Peripheral transverse diaphragm of bulbless petiole, 
showing comparatively large intercellular spaces and 
cells with starch grains, xll3. 

Fig. 15. Transverse diaphragm of air-canal from the more central 
portion of a bulbless petiole ; no intercellular spaces 
between the peripheral cells; starch grains diminish 
in size from the periphery to llu» centre of the dia- 
phragm, X 113. 

Fig. 10. Diaphragm of an air-canal situated near the circumfer- 
ential portion of a pseudobulb ; cells near the peri- 
phery of the diaphragm (on the right) larger, without 
intercellular spaces and larger starch grains. 

Fig. 17. Central portion of a transverse diaphragm from the 
inner part of a pseudobulb, without intercellular spaces 
and no starch grains, x 1 13. 
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Plate XV. 

Fig. 18. Peripheral part of the diaphragm shown in fig. 17 on 
plate Xiy ; no intercellular spaces and a few small 
starch grains. 

Fig. 19. Some of the boundary cells of an air-chamber ; one of 
the cells much larger and containing a bundle of 
rhaphides. 

Fig. ^0. Transverse section of stem ; inner portion (below) with 

^ • numerous fibro-vascular bundles and cells of the 

ground-tissue full of starch grains; rind portion 
(above) formed of leaf-bases traversed by air-canals. 
From the more elongated stem of a plant with long- 
petioled bulbless leaves, x 58. 

Fig. 21. Transverse section through a primary adventitious 
rootlet, showing large air-spaces, x 58. 

Fig. 22. Longitudinal section through a primary rootlet ; epider- 
mis on the left, x 113. 
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Plate XVI. 


Fig. 23. 
Fig. 24. 

Fig. 25. 

Fig. 2<). 
Fig. 27. 


Apical protuberance of a very young leaf ; five vessels 
converge towards the tip of the protuberance, x 113. 

Longitudinal section through leaf-apex after the drop- 
ping of the protuberance ; a number of tracheids are 
seen, x 180. 

Part of lower surface of Jeaf-apex with water stomata, 
xl80. 

A single water stoma, x 500. 

Portion of a transverse diaphragm of an air-canal of a 
leaf-blade, xll3. 
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BY 

Paul Bjiuhl, D.Sc. 

I 

ON VITAMTNES 

The present paper is in substance part of a lecture, delivered 
before the Botanical Section of the Science Congress held at Lucknow 
in January last, on ^‘Ncw Avenues of Botanical Research/* 

The nature and origin of life is undoubtedly the central problem 
of biology ; and any new avenue which holds out a promise of leading 
in a direction towards the solution of that all-important problem is well 
worth attracting the attention of biologists, even although not every 
one interested in biological studies may have time, opportunities, or 
inclination to proceed along even one of those avenues. Wlien I 
mention new avenues of reseanih, 1 do not refer to avenues which have 
been planted only yesterday. The atomic theory, for instance, was 
conceived nearly three tliousand years ago, and yet it has advanced 
with giant strides only during the last twenty-five or thirty years, and 
the epoch-making discoveries regarding the structure of the atom, 
the result of painstaking work and the application of analytical 
powers of the highest order, are of very recent date indeed. 

Among the comparatively new lines of research which finally 
must deeply, perhaps fundamentally, affect the progress of biological 
science I may draw attention- only to the following : Intensive 
application of physio-chemical methods to the study of the vital 
processes which go on uninterruptedly in the living cell j the utilisa- 
tion, in the investigation of physiological prob'eras, of the advances 
% 

» It is proposed to publish under this heading the results of morphological, 
anatomical and physiological researches carried out in the botanical laboratory of tho 
College of iSeience, University of Calcutta. 
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steadily made in tlie province of Kolloid Chemistry; the application 
of the recent developments of the Atomic Theory, including radio- 
activity, the doctrine of isotropes, the structure of the atom and similar 
subjects, to the solution of problems which carry the physiologist into 
ultra-molecular regions ; ultra-microscopic researches into structures 
and events beyond the reach of the microscope. 

Not entering, however, at the present instance, on any of these 
avenues of research, I propose to confine myself to a subject which up 
to the present time has attracted comparatively little attention among 
botanists, and that is the subject of Vitamines. 

It were the investigations into the ictiology of three dreaded 
diseases — Scurvy, Beriberi, and llhaehitis — which led to the discovery 
of a class of substances, found in vegetable tissues, to which various 
names have been given, among which the shortest is that introduced 
into science by Casimir Funk in the first edition, published in 1913, 
of his book entitled ^‘Die Vitamine. Ihre Bedeutung fur die 
Physiologic and Pathologic/’ The second edition of the work 
appeared early in 1922. 

At the present moment it is safe to assume the existence of at 
least four types of vitamines : the anti-rhachitic or A vitamine, the 
anti-beriberi or B vitamine, the anti-scorbutic or C vitamine, and a 
fourth or D vitamine which stimulates the growth of organisms. 
Even this does not exhaust the number of probably distinct 
vitamines, but of these the existence of the four just mentioned has 
been clearly established. 

The majority of the vitamine investigations has been carried out 
by experiments on animals, such as rats, dogs and pigeons, or by 
observations in hospitals and lunatic asylums ; but there are strong 
hopes that investigations on the part played by vitamines in plant 
life wdll lead to discoveries which will enable biologists to substitute 
shorter-time experiments on members of the vegetable kingdom for the 
somewhat lengthy experiments which have been carried out on 
animals, chiefly by members of the medical profession. In this 
direction experiments with yeast have yielded promising results. 
Observations made by pastbur as early as 1871 led wildiers 
to experiment with culture solutions containing salts of ammonium as 
the only source of nitrogen and to which, besides some living* yeast 
cells, a small quantity of a sterile extract of yeast was added. 
W 1 LDIER 8 concluded that, besides k/io(7ii substaaoes thei’O must he 
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present in tlie yeast extract some substance, then yet unknown, which 
he Called Bios and which he supposed to produce a growtli impulse on 
*the colony of livinjj cells. That substance was found to be soluble in 
water and in eij^hty per cent, of alcohol, but insoluble in ether, and to 
be dialysable. The properties of this ‘‘ bios ” were therefore similar 
to what now is known as the B vitamine. It is highly probable that 
yeast cells are particularly suitable for testing for vitamines, 
especially those belonging to the B type. One of the most important 
contributions to the subject is J. 11, W. AVilliams* paper on The 
vitamine requirements of yeast. A simple biological test for 
vitamine’* in the journal of Biological Chemistry, XXXVIIT, p. 7G5 
(1919). One of the important results of investigations was the 
discovery that B vitamine is readily absorbed by Fuller’s arth. funk 
describes a convenient method of determining the activity of the 
vitamine which accelerates the growth and multiplication of veast 
cells. Further experiments have shown that this vitamine is not 
identical with the anti-beriberi vitamine and is therefore called 
D vitamine by la’xVK, It is this vitamipe which will probably prove 
to be the most promising of its class in experiments with lower 
organisms. 

Regarding the anti-rhachitic or A vitamine it has to be stated 
that the only method yet discovered to prove its presence in any 
product consists in experiments with rats. From experiments of 
this nature it follows that, besides in cod liver oil, it also occurs in 
seedlings and in green leaves. 

A great deal remains yet to be learned about vitamine C, the 
anti-scorbutic vitamine. It is certain to occur in vegetables, oranges, 
sweet lemons, grapes, raspberries, strawberries and pine-apples. An 
interesting observation was made by alwe smitk, namely that, 
although C vitamine occurs in the lime prepared from Southern 
European limes, it is absent from the lime juice manufactured from 
West Indian sour limes. Mr. Howard informed me that this differ- 
ence is due to the two plants from the fruits of which the Mediter- 
ranean and the West Indian lime-juices are prepared are not co-speciBc 
(or CO- varietal ?). This raises an interesting question to which I shall 
refer lajj^r on. 

The B vitamine appears to be the most widely distributed in the 
vegetable kingdom. It probably occurs in the grains of all 
Graminaceae, in the seeds of Papilionaceac, in buckwheat, cauliflower, 
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potatoes^ carrots, tomatoes, onions, spinacb, oranges, I^ons> grapes, 
bananas, walnuts, cocoaniits, chestnuts, hazel-nuts and almonds. 

The A vitamine has been proved to be present in maize, oats, 
alfalfa, tira^gthy grass, cauliflower, spinach, sweet potatoes, salad, 
tomatoes and carrots, and in small quantities or doubtfully in other 
vegetable products. 

The C vitamine has been found in the germinating seeds and ^ 
the seedlings of barley, in peas, beans, lentils, in cauliflower, potatoes, 
raw tomatoes, sun-dried onions ; particularly rich in^itatj||nes of the 
C type are oranges, citrons, somewhat less so grape juice, apples, 
bananas, tamarind, mango. It may be noticed that cabbage, raw or 
rapidly drild, but not boiled, fresh carrots, raw tomatoes and bananas 
contain A, B and C vitamines, and that long continued drying or 
steaming or boiling appears either to diminish or entirely destroy 
one or the other of the vitamines. 

Of particular interest to the botanists are the results of 
the experiments carried out by boitomley, uosENiiEiir; and 
MISS MOCKEBiDaE. BoTTOMLEY experimented at first with young 
plants of the tomato, buckwheat, radishes and oats, which were 
grown in a nutritive solution to which was added an extract 
indirectly obtained from the peat aimmone. In later experiments 
BOTTOMLEY used Lemna minor y Salvinia nafanSy and a species of AzoUa 
as test plants. Rosenheim found that very small quantities of 
the extract from fermented peat added to the soil of pot plants 
of a species of Prumtht citised a remarkable increase in the vigour of 
growth of the test plant. Miss mookeiudob investigated the 
effect on the growth of Lemna major of extracts from putiifying 
leaves and of bacterized peat. The influence on the growth of lest 
plants exercised by rotting leaves was found by her to be about twice 
that, and that due to bacterized peat about five times that of an 
ordinary culture solution. The difference of effect on the growth of 
plants due to fresh and rotten dung is probably at least partly 
ascribable to the production of vitamines by bacteria. 

A large amount of work has yet to be done on the subject. Of 
prime importance is the elucidation of the chemistry of the different 
types of vitamines ; this is chiefly the business of the biochemist. A 
further most important problem is the extent to which soil^bacteria 
and soil algra • are responsible for the production of vitamines. To 
this chapter belongs evidently the subject of -the symbiosis of bacteria 
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lijvith aiM the influence which the latter exercise on the process 
of germination of the former, and perhaps also the symbiosis of 
.certain algae such as Anahaena with ^zolla and some phanerogams. 
We have further the problem whether green leaves have the power 
of manufacturing one or several vitamines; why closely related 
varieties or species differ from each other by the presence or absence, 
tUS the case may be, of a certain type of vitamine ; why some species 
are able to produce at least three types of vitamines, whilst others 
maybe wjrablofejto manufacture even one of them ; what is the 
signiflcance of certain vitamines occurring in fruits such as those 
mentioned above. Considering the truly wonderful iwjdity with 
which in a few weeks or even days Claihrocy^th aerugtm^a, various 
species of Lemna^ Azolla^ Trapa, perhaps also Eiekhornia speciosa, 
PisUa StratiofeSf Salvima natans spread over the surface of pools, 
ponds and jhils, it would appear to be worth while investigating how 
far vitamines are concerned in the process. 

^Finally it may be pointed out that a detailed investigation into 
the occurrence of the vitamines in Indian fruits, seeds and vegetables 
other than those already mentioned would be certain to lead to 
interesting results, and that the nutritive value of Indian foodstuffs is 
a subject which requires being thoroughly overhauled in the light of 
the results of recent vitamine researches. 
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INDIAN PRE-HISTORY. 


BY 

Hem Ohanbsa Das-Gupta, M.A., P.G.S. 

Introduction. 

I was agreeably surprised at the kind invitation of Dr. Simonsen, 
our worthy Secretary, to deliver a public lecture in connection with 
the present session of the Indian Science Congress and, as soon as I 
selected the present topic as the subject of my lecture, the memory 
of one man whom I had the privilege of meeting a few years ago on 
the top of the Shevaroy hills arose in my mind. Among the many 
illustrious geologists, including the President of the present session 
of the Congress, to whose indefatigable labour we owe our knowledge 
of the geology of this part of the Indian Peninsula, the late R. B. 
Footers was a very prominent figure. But I presume that the late 
Mr. Foote who, evidently after his retirement from active service, 
adopted this Presidency as his home, is known to the wider public 
more as a student of the pre-historic geology of India than as a 
student of its Archaean time. Mr. Foote joined the Geological Survey 
of India in 1858. After retirement from the Government service in 
1891 he joined the States of Baroda and Mysore as a geologist and 
on the completion of his work in these States he devoted his well- 
earned leisure to the study of the Indian pre-historic antiquities till 
his death which took place in 1912.' According to a statement pub- 
lished by the late Dr. BalP the credit of the first discovery of a pre- 
historic stone implement in situ belongs to the late Mr. Foote, the 
description of which was one of his earliest works while his last con- 
tribution dealing with the pre-historic and protohistoric antiquities 
of his own collection and preserved in the Madras Government Museum 
was published posthumously by the same Government in 1914. 

' Q|*J. G. S., Vol. 69, pp. Uv-lxvi, 1913. 

* Proc. Roy. Iriah Acad., Ser. IT, Vol. 1, p. 403, 1879. (Polite literature and anti- 
quities.) 
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Methods of Stifd^, 

Anthropology finds a place now in the curricula of some Indian 
Universities^ but it appears that in all cases the subject is not pursued 
with the proper scientific bent. Like all other branches of scientific 
study, any conclusion that is to be drawn in the domain of anthropo* 
logy must be based on well-established facts. Thus, while no evidence 
has been found as yet on which the existence of the Tertiary man can 
be un(|uestionably placed, it is extremely surprising to see an author ^ 
stating that the human culture reached such a high state of perfec- 
tion in the upper Tertiary times as rendered the composition of the 
Vedas possible. The absurdity of this statement is so clear that I 
would not have referred to it at all but to show the depth of the pit 
to which wo may fall if we do not know how to discriminate between 
fact and fiction. There are many kinds of evidence on which the 
antiquity of the human race is based and one principal type of it is 
the handiwork left by the primitive man. Extreme caution is neces- 
sary beiore the artifacts arc accepted as such and to the want of this 
care is to be traced the mistaken recognition of pieces of stone frac- 
tured by natural agency as being due to artificial means. A remark- 
able ease of the deceptive nature of a piece of rock was observed by me 
while in the Bhavanagar State® in Kathiawar in 1914 (PI. I), where I 
came across a natural fragment of limestone simulating the peculiar 
shouldered types of neolithic celt first described from Burma * and 
afterwards from parts of Chutia-Nagpur ^ and of Assam.® In the 
Portuguese province of Sattary near Goa there is a petrified forest 
overlaid by the Deccan trap and laterite. According to Marchesetti ^ 
many of the trunks of the trees of which it is composed bear evident 
traces of the instruments which have been employed to cut them 
down. This will lead to the existence of a man in the pre-upper- 
Cretaceous time, but, as it has been shown by Dr. Ball,^ the so-called 
evidence of cutting by the man is really due to the effect of jointing, 
lleference should be made in this connection to the interesting dis- 
cussion that took place at the sitting of the Geological Society of 

^ A. C. Das., Ri"-Vedic India, Vol. I, p. 21, 1921. 

* Proc. Bang. Sahitya Parishad, Vol. 21, p. 36, 1321 B. 8. 

, Mem. Gcol. Siwv Ind., Vol. X, Pt. 2, pp. 167.171, 1874. 

* Proc. Asiat, Soc. Beng., pp. 118*120, 1875. 

* Jonrii. Asia.t. Soc Beng., N. S., Vol. IX, pp. 291-293, 1918. * 

® Joiirn, Bomb. Br. 11. A. S., Vol. XII, pp. 216*218, 1877. 

» Mem. Gi*ol. Sur. Ind., Vol. XIII, p. 218, 1877. 
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London held on the 19(h Noveiiibor 1913* where Prof. Boyd 
Dawkins and others showed that often flints could bo so broken by 
natural causes as to give rise to forms resembling exactly those 
produced artificially. It must also be borne in mind that unless the 
artificial im])lements are found in some natural dejwsits, they lose their 
intrinsic value as the zone-fossils of the Human period and that the 
correlation of the implements found at different places simply on the 
evidence of the chipping they have undergone is always open to a 
serious objection. To explain more clearly what 1 mean 1 wish to make 
a small digression. 


Cla-^sfjicaiion of Pre-histuric Time, 

The principle underlying the classification of the I're-historic time 
was enunciated by Lucretius (99 6\ 98-55 B. C.) about two thousand 
yeats ago in a few significant lines which have been translated as 
below : — 

Arms of old were hand, nails and teeth and stones and boughs 
broken off from the forests, and flame and fire, as soon as they had 
become known. Afterwards the force of iron and coj)per was dis- 
covered ; and the use of copper was known before that of iron.*’ - 
At present the anthropologists recognise a number of cultural stages 
iuto which the whole litliic period is divided and it may a[)pear to a 
casual observer that the shape and the type of the implements are the 
factors which deterniiiie the stage to which any implement may be 
assigned. Nothing, however, is in reality far frjin truth and for a 
proper elucidation of this point I wish to give a very short account of 
the important prc-historic discoveries that were carried out at Menche- 
coiirt and Saint-Acheul in the neighbourhood of Abbeville and Amiens, 
respectively. Extremely interesting and far-reaching in tlieir imj)or- 
tance were the Pre-historic finds discovered at these places by M. 
Boucher de Perthes, one of the pioneer workers in the field of anthro- 
pology, in 184*1, though the })OSbibility of such a discovery occurred 
to him fifteen years before, /. e.j in 1820.^ Important sections were 
discovered at these places where Paheolithic flint implement.s were 
found associated with mammalian and other fossils. For a complete 
account of these sections reference may be made to the contributions 

• » Q. J. G. S., Vol. 70, 1 ) 1 ). ii-xii, 1914. 

= tTiidUoii : Ilistoiy of Aiitliropulo^y. p 101, lOlO, 

=» Phil. Tnins. H. V(.I. loO, V‘ 270, m>). 
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to the lioyal Society by Prestwich * and a paper published by 
Commont in 1908/** Two sections, as observed by Prestwich at 
Menchecourt, give very clearly au idea of the associates of the 
flint-implements. In his paper Commont has published some 
sections found at Saint-Acheul with a description which shows 
^he arrangement of the beds with their peculiarly worked flint 
implements while an idea of the great antiquity of these beds 
may be made from an examination of the mammalian remains found 
at these places. In this connection attention may also be drawn to 
the great grotto of Castillo in northern Spain and to the stratigraphic 
section of the grotto with an appended descrii^tion published by 
Osborn.^ These show very clearly that the classification of the 
Palseolithic period into a number of cultural stages is chiefly based on 
the relative position of the implement-bearing beds together with the 
animal fossils while the shape and the nature of the chipping ex- 
hibited by the implements is of secondary importance. Mr. Johnson 
has published a figure containing four implements of the dumb-bell 
pattern.'^ A glance at the figure is quite sufficient to show the 
great clastic resemblance that exists between these specimens, but in 
point of age they range from the so-called Eolithic to the Neolithic. 
It is not the purpose of the present paper to enter into the question 
of the classification of the implements, but I wish to take an 
advantage of this opportunity to refer to a classificatory scheme 
recently proposed by Mr. Abbott which shows very clearly that 
the form of the chipped implements is not always a sure criterion 
of the particular cultural stage which is represented by it.° 


Lower ^iwalik Ancestor of Man, 

One of the most perplexing questions is the date of the first 
appearance of man and in Burma we have evidences which may lead 
us to believe in the existence of an upper Tertiary man. Before 
treating this subject somewhat in detail I wish to refer to two 
other matters of great interest to the students of anthropology 
and one of them relates to the supposed Miocene relative of the 

* Phil. Tiaiis. K. S., Vol. 160, pp. 277-317, 1860. 

* L’Anthrop., Tom. XIX, pp. 627.572, 1908. 

Osborn : Men of tho Old Stone Age, p. 164, 1019. * 

* Folk Memory, p. 42, fig. 2, 1908. 

« Sci. Progr., Vol XII, pp. 272.281, 1917-1918. 
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man. Recently a number of fossil Primates has been described 
from the Indian Siwalik beds* and they include the remains 
of an animal called Sivapithecus indicus by Dr. Pilgrim of the 
Geological Survey of India. This animal, found at Chinji, is 
known chiefly by the right mandibular ramus with the three 
molars (two of which are in a complete state), two pre-molars 
(one being in a good state of preservation) and a part of the canine. 
Besides this, a few other fragments have been found including the 
left half of another mandibular symphysis with the canine and the 
roots of the two incisors and of the first premolar. The most im- 
portant human feature in them is the bicuspid nature of the last lower 
premolar, and, though there are many im]wrtant points of discrepancy 
between the human mandible and that of a SivapMecus, Dr. Pilgrim 
thinks that we may consider it possible that the human ancestor 
might have belonged to the same genus as the mandible of Siva^ 
pUhfcus indicus. According to the author, however, Sivapithecus is 
not on the main line of descent but a marginal adaptation. 
This paper has deservedly attracted a good deal of attention and 
according to M. Boule the evidence on which the above-mentioned 
conclusion is based is extremely weak.*-^ According to Lydekker 
the animal is allied to Valfeopithecus and not improbably they are 
generically identical.^ Giuffrida-lliiggcri is also doubtful about 
the conclusion of Dr. Pilgrim.'* Mr. W. K. Gregory'''* is 
of opinion that Sivapithecus is closely allied to Dvyopiiliecns and is 
better referable to the Siwiidrc than to the Hominidee. His res- 
toration of the jaw is also different from what was proposed by 
Dr. Pilgrim. The important points of distinction between these two 
reconstructions arc given below : — 

Pilgrim (1916). Gregory (1916). 

1. The mandible is wide. 1. The mandible is narrow. 

2. The and have their 2. The and have their 

internal edges touching the inter- internal edges at a distance of 
nal edges of the mandible. about 1-5 mm. from the internal 

edge of the mandible. 

^ Rcc. Gcol. Siirv. Ind., Vol. XLV, pp. 1-74, 1916. 

* L’Autlirop., Tom., XXVI, p. 409, 1915. 

* ® Nature, Vol. 95, p. 277, 1915. 

* Su Vorigino dcll’uomo, pp^. 64-65, 1921. 

Bull. Amcr. Mus. Nafc. Hist., Vol. 35, pp. 287-293, 1910. 
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Pilgrim (1916). 

3. The distance between the in- 
ternal edge of and the mandi- 
bular internal edge is 3 mm. 

4. The crown of is situated 
within the internal and the exter- 
nal edges of the mandible. 

5. The distance between the in- 
ternal edge of and the inter- 
nal edge of the mandible is 3 mm. 
and only a very small portion of 
its crown projects beyond the 
external edge of the mandible. 

6. The height of the manibular 
symphysis is 16*5 mm. 

7. The incisors are internal to 
the canine so that in a side view 
they are not visible. 

8. The crowns of the incisors 
touch one another. 


Gregory (1916). 

3. The distance between the in- 
ternal edge of Wi and the mandi- 
bular internal edge is about 
1*5 mm. 

4. A portion of the crown of 
jm^ projects beyond the external 
edge of the mandible. 

5. The distance between the 
internal edge of jowj and the inter- 
nal edge of the mandible is 6 mm. 
and a very considerable portion of 
its crown projects beyond the ex- 
ternal edge of the mandible. 

6. The height of the mandi- 
bular symphysis is 18 mm. 

7. The incisors are external to 
the canine so that they are visible 
in a side view. 

8. There is a diastema between 
the incisors. 


The materials on which these restorations are based are (1) the 
fragmentary right ramus found at Chinji, (2) the fragmentary left 
ramus found at Haritayalnagar and (3) the left upper canine from 
Chinji. Let us consider the points of distinction enumerated above 
in the light of the evidence supplied by the fossils themselves and 
see which restoration agrees more with the fossils. Here the numbers 
of the discrepancies arc taken seriatUn : — 

1. Nothing decisive obtainable. 

2. Dr. Pilgrim^s restoration agrees more with the lig. 8 of 
pi. I. 

3. The same remark as under (2). 

4. The same remark as under (2). 

5. Nothing decisive but more in favour of Dr. Pilgrim’s res- 
toration. 

6. Dr. Pilgrim’s restoration agrees more with fig. I of pi. 2^ 

though the discrepancy is very small. ^ 

7. Mr. Gregory’s restoration agrees more with the specimen as 
found in pi. 2, fig. \a. 
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8. The great diastema between the preserved portions of the 
incisors may lead one to believe that possibly Mr. Gregory's restora- 
tion is a more correct interpretation. 

It thus appears that the evidences, though almost equibalanced, 
arc more in favour of Dr. Pilgrim’s restoration. 

Dr. Pilgrim made an exhaustive comparison of SivapMeats indiem 
with Dryopilhecus and discussed the several points in which they differ 
from one another.^ The pentaeuspid arrangement of the molars 
and the bicuspid premolar give the fragments certainly a human 
aspect and it is most unfortunate that no description of the lower 
premolar of Pithecanthropus erectus has been published as it would 
certainly have thrown a good deal of light on this question. The 
lower premolar has got the human aspect in its bicuspid nature, but 
it differs from the modern man in being double-rooted. As remarked 
by M. Boule, the fossils arc too fragmentary for any decisive con- 
clusion, but it appears that, so far as the available materials are con- 
cerned, Dr. Pilgrim’s deductions are more correct than those of 
Mr. Gregory. With the kindness of Dr. Pilgrim I had an access to 
the original specimens and it seems to me that in the right ramus 
there is one character which gives it a human aspect. The lower 
premolars are all two-rooted and the second molar shows that of its 
two roots, the anterior one is vertical while the posterior one is 
sloping backwards. This is indicative of a human type if we consider 
the following statement in connection with the human tooth : — ^ 

‘ Each lower molar has two roots, an anterior, nearly vertical, and 
a posterior, directed obliquely backwards.’ 

The two-rooted premolar is very strange for a fossil which is 
supposed to be more or less in the ancestral line of man but the follow- 
ing remarks of Owen^ are interesting in this connection 

‘ Both upper and lower premolars are bicuspid These teeth in 

both jaws are apparently implanted each by a single, long, sub- 
compressed, conical fang ; but that of the upper premolars is shown 
by the bifurcated pulp-cavity to be essentially two fangs, connate, and 
which, in some instances, are separate at their extremities.^ It thus 
appears that Stvapithecus indicus combines in its mandible the human 
and the simian aspect in a very remarkable way and we may preferably 

• * cit., p. 49. 

* Gray: Anatomy, p. 1041, 1916. 

* Odontography, p. 456. 
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look upon it, at present, as belonging to the Homostmiuhe, (be name 
being derived from Jlomostmins,'^ the supposed semi-human ancestor 
of the eoliths according to de Mortlett. 


Tertiary Man, 

The existence of the man in the Pleistocene time has been defi- 
nitely established, but, as mentioned already, there is a good deal 
of controversy regarding his existence in the Tertiary period. 
According to M. Boule,® the existence of man in the lower Tertiary 
time appears to be nearly impossible, the existence of a man or rather 
of a pre-man is very possible in the Miocene time while his existence 
in the Pliocene time is quite probable. So far as the prevailing 
opinions are concerned, there are persons who seem to believe in the 
existence of a man in the Oligocene time and this theory is based not 
on any skeletal remains, but on the objects known as eoliths. 
There is a considerable difference of opinion regarding the origin of 
these objects. A school of anthropologists, including M. llutot, 
regards them to be human artifacts and has proposed a number of 
cultural stages, — Reutelian, Mafflian, and Mesvinian — into which the 
Eolithic period may be divided. Sollas, Boule and others think that they 
are all due to natural causes while according to deMortillet they were 
made not by the man himself, but by a semi-human precursor which 
he named Ilomonmim hourgeomii, M. Rutot thinks that these eoliths 
are comparable to the implements of the Tasmanians though there is 
a great difference in the materials of which they are composed.® 
Mention must be made in this connection to the very interesting 
observations made by M. Boule^ at the cement works of Guerville, 
near Mantes and on the left bank of the Seine where, as remarked by 
M. Boule, ‘every form of eolith is said to be produced in great numbers 
daily, as a by-product.’® According to the upholders of the natural 
origin of the eoliths, they are due to pressure, action of frost or that 
of a torrential river or any other natural cause. Another interesting 
observation to be mentioned in this connection is that due to the Abbe 
Breuil who has found unmistakable evidence of the breaking of a 

* Sollas : Ancient Hunters, p. 55, 1911. 

* M. Boule : Les Hommes fossiles, pp. 111-112, 1921. 

» Bull, Soc. Bclgo. Geol., XXI, pp. 439-482, 1907. 

* L»Anthrop., XVI, pp. 267-267, 1905. 

^ Sollas: Ancient Hunters, p. 66, 1911. 
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piece of tiint in aitu^ the broken fragments having all the appearances of 
the eoliths. In connection with this eolithic controversy attention 
may be drawn to another important point. All known eoliths are 
chiefly of (lint, but the materials of the pala^oliths and the neoliths 
may be of any rock. Quartz and its varieties are marked by a 
very characteristic conchoidal fracture anil a great hardiness . Obsidian 
has also been found to enter into the comi^osition of the eoliths and 
this lava is likewise characterised by a prominent conchoidal frac’ure 
with a great hardness. I think that this explains why the eoliths 
are made up of flints or some other types of natural silica and 
obsidian because other rocks, when naturally fraclured, will not show 
the previously mentioned conchoidal surfaces and will be less 
resisting to the weathering agencies. The Abbe Bourgeois found 
peculiarly crackled flint fragments in the upper Oligocene beds of 
Thenay and was of opinion that the crackling was the work of fire 
pointing to the existence of a man who used fire, but the crackling 
might have been due to a forest-fire as suggested by Dr. 
Noetling.' 

It thus appears that the theory of the eoliths stands on very 
insecure grounds but, wuthiii recent years, another type of pre-Faheo- 
lithic objects 1ms been found for which a human authorsliip has been 
claimed by Sir Kay Lankestor and others. These have been called 
rostro-carinate implements by Lankester and, for a detailed study of 
them, reference should be made chiefly to the contributions of Sir Kay 
Lankester and J. K. ^loir.- These implements are laterally com- 
pressed and represent the type of a pre-Palieolithic industry known as 
the Icenian industry. The beds in which they occur have been sup- 
posed by Sir Ray Lankester to be Pleistocene rather than Pliocene. 
Lankester has also recorded implements of the rostro-carinate type 
from the upper Miocene beds. The artificial nature of those implements 
has been questioned by Boule'’ and Prof. SoHas^ and, according to 
the latter, '*the rostro-carinate form is very simple and may be produced 
by chance blows. It arises whenever an elongated mass of ilint — a 
nodule or a fragment already blocked out by joints — is traversed by 
tw^o surfaces of fracture whicii are inclined in opposite directions and 

' -C-iiiirall)!. r. Min. fJcol. u. Pal. pp. 74S-7on, inos. 

Phil. Trans. R. S., Vol. 202 B, pp. 1012. Mui Pre-pala-olilliiu* Man. 

* li’Anthropologie, Vol. XX VT, p. 2."», 19l.>. 

* Uep. Brit. Assoc. Adv. Sri., pp. <SvS-iOO, 1914. 
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converge so as to intersect along a Une (carina).^* It appears furlliev 
that the way in which Mr. Moir has tried to explain the variations in 
the rostro-earinates is only possible with a fairly \velI-developed type 
of intelligence which is not probable for a Heidelberg man as ‘ in 
most of the characters by wliieh this species differs from modern men, 
it approaches the higher apes,’* though it should also be noted that, 
according to Dr. Keith, the mass of the brain of the Piltdown man 
attained the modern human standard so that ' the Piltdown man 
saw, heard, felt, thought and dreamt much as we still do.’ ^ It may 
be mentioned liere that Mr. Moir has recorded the occurrence of sup- 
posed rostrc-carinate implements from a number of places, but in all 
cases the}'' arc made of flint and it appears to me that this similarity 
of the material goes a good deal against the theory that attributes 
them to an artificial origin. 


Terlian/ Man in Ihinna. 

Though no eolith has been found in India, a few im})V*ments have 
been obtained in llnrnia from wlnVh the exisienee of a Torliary man 
has been claimed by some and, .as by a careful study of the available 
literature on the subject, I have been led to form an opinion contrary 
to that which is generally held, I shall be excused if more than a 
passing reference is made to the question because it is a matter of 
supreme importance from the anthropological point of view. In the 
year 1 894 Dr. Noetling ^ published a paper in which he described 
the occurrence of chipped (?) flints in the Upper Miocene beds of 
Burma. In 1894 Prof. Rupert Jones ^ wrote a short review of the 
find and apparently 6n])portcd Dr. Noetling. In 1895 Mr. Oldham 
published a criticism of Dr. Noetling’s pa])cr and doubted the Tertiary 
age of the flakes. In 1897 Dr. Noetling ^ published a paper criticis- 
ing Oldham in whicli he expressed an opinion that the age of the 
beds was to be considered as Pliocene while, in the same year, 
in another paper he described an artificially worn femur of a 


* Sollaii; Aiificut Hunters, p. 60, 1011. 

- Keith : The Antiquity of Man, p. 420, 1910. 

3 Kec. Grol. Surv. Iiul., Vol 27, pp. 101-103, 1894, 

* Nui. Kei., Vo . V, pp. 345.340, 1894. 

Kat. Sci., Tol. Til, pp. 201-202, 1805. 

; Nat. Sci., Vol. X, pp. 233-241,1807. 
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llippopotamm from tlio lower Pliocene of Burma. ^ Two papers Jealhij' 
with the subject were published by Swinhoe ^ who seems to differ 
from the view entertained by Dr. Noetling while, in his work dealing 
with the oil-fields of Burma, •** Dr. Paseoe refers to the subject and 
appears to lean more on the side of those who do not wisli to ascribe 
any value to Dr. Noetling’s opinion. It is clear that to come to 
any conclusion regarding this matter we must discuss clearly the 
points at issue and they are the following : — 

(1) Were the chips found In ftUn ? 

(2) If the answer to the previous question is in the affirmative, 
what is the age of the beds in which the chips were found ? 

(8) Are the chips of natural or of artificial origin ? 

Regard ing. the ])oint 1, there are two distinct ojnnions prevalent. 
According to Dr. Noetling the chips were found in situ, while 
Oldham thinks that they might have dropped from the overlju'ng 
plateau. It is just and proper that every ease of a reported discovery 
of a Tertiary man should be 6erutinis(?d with as mucli care as possible, 
but all examinations should be made with an open mind and not with 
that of a sceptic. According to the rejoinder published by Dr. Noetling 
to the criticism of Oldham, the latter gentleman is said to have spent 
only 15 minutes at the place of discovery while an examination of tho 
section published bv Noetling leads one to doubt the possibility of the 
falling down of the chips from the overlying plateau and lying em- 
bedded at tlie locality where they were found. I'lie silence of ]\Ir. 
Oldliiirn and of the other explorers regarding this point apparently 
shows that the section published by Noetling represents the actual 
state of things. According to Oldham “ the implements are not con- 
fined to the outcrop of the fossilil’erous ferruginous bed, but are scatter- 
ed over the surface of the plateau above {op, at., p. 1^02). This 
fact and the apparent improbability of the existence of the Tertiary 
man led Mr. Oldham to doubt if the flakes were found in situ. 
The pieces of chert were found with mammalian remains ; never has 
any suggestion been made, that they dropped down from the 
overlying plateau. Implements are found on the plateau above, but 
the rectangular flake, to which more attention will bo drawn later 
on, has not apparently got any representative in tho overlying plateau ; 

» KeJ. Geol. Surv. Iiul., Vol. 30, pp. 242-249, 1897. 

® Zoologist Ser. 4, VI, pp. 321-330, 1902 and Sor. 4. VIT, pp. 254-259, 1903. 

* Mem. Geol. Surv. Ind., Vol. XL, Pt. I, pp. 53-54, 1912. 
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at least no one has described such a rectangular Hake from this locali- 
ty. A worn femur of Ilij)pojjofamus iravatiens was also detected 
embedded iu a similar ferruginous layer only about a half mile from 
the place where the implements were found and, as will be shown 
later, there are strong reasons for attributing an artificial origin to 
these worn faces. I have not seen the place myself, so it is not possible 
for mo to make any positive assertion on the matter, but it appears 
to me from an examination of the literature on the subject that there are 
very strong reasons for thinking that the chert pieces were found ia situ. 
It may be mentioned that this opinion is based not on the strength 
of a!jy one particular evidence, but on the strength of so many evidences 
which all point to the existence of such an early handiwork of a man. 

Let us now turn our attention to the second point. According to 
the opinion originall}' expressed by Dr. Moetling the age of the 
ferruginous conglomerate in which the chips wore found was either 
Pliocene or Upper Miocene {op. ciL, p. 10:2). Afterwards he pronoun- 
ced more definitely upon the age of this conglomerate and put it down 
as Pliocene.^ The beds in which the specimens were found overlie 
the Pegu series of Burma and have been described as the Inwadian 
series by Dr. Pascoe, the series consisting of three distinct members. 
The whole stratigraphic scheme, according to Dr. Pascoe {op, e/7., PI. R), 
is as given below : — 


Tlccent st ream alluvium. 


Plateau <leposits 
Irrawadian series : — 
Pegu series. 


{ 


Irrawadian sandstones, etc. 
Ferruginous conglomerates. 
Bed bed. 


It is in the ferruginous conglomerates that the specimens have 
been observed and it is in these conglomerates that the vertebrate 
remains of Siwalik atlinitics have been found.” Dr. Pascoe has 
correlated the Irrawadian series with the Pliocene including the Pontian. 
According to Dr. Pilgrim the mammalian remains of the Irrawadian 
series point towards the middle Siwalik dge which corresponds with the 
Pontian stage of Europe." The following mammalian remains have 
been recorded from this conglomerate, the list being compiled from 
the names given by Noetling, Pilgrim and Pascoe 


> Nat. Scj., Vol. X, p. 234, 1897. 

Mom. Gool. SiirT. Ind., Vol. XL, Pt. I, p. 33, 1012. 
" Rec. GeoL Siirv. Ind., Vol. XLIII, PI. 26, 1013. 
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-f-(l) Mastodon Sicalensis. 

+ (^) M, latidens. 

+ (3) Stegodon clifti, 

+ (4) Aceratherium Lgdekkeri. 

4- (5) A, periniense, 

4- (6) hhinoceros sivahnsis. 

4(7) Ilippari on pa nj abiense, 

4- (8) Hippodadjlus antilopinnm. 

4 (9) Mei'gvopoia mus d issi mil is 
( 1 0) Ti traconodoa mi nor. 

4"(n) Bushian, 

4- ( 1 2 ) Hippopotamus sivalensis. 

+ (13) 11, iravaticns. 

(14) LorcaiJierinm birmaniciim, 

+ (15) F ish nutheriiim iravaticum . 

(16) llydaspiiherium biramanicum, 
+ (17) Taufotragus latidens. 


In the foregoing list the species marked with a + have also been 
found outside Burma. Their geological distribution^ according to 
Dr. Pilgrim, is given below : — 



Fossils. 1 

L.B. ' 

M.B. 

U. R. 

1, 

Ma.'ifdulon nivnh'nsia ... ... ... j 

... 

... 

+ 

2. 

M, Latidenx ... ... ... j 

! 1 

+ 

... 

3. 

Stegodon clifti ... ... ... } 

... ! + 

1 

... 

■1. 

Acerntherium Lyilehlieri ... . . ... i 

+ 

... 

5. 

A. periiuen.^e ... ... , ... ... j 



! 

i 

6. 

Rhiiiocero's ^icaleintiii ... ... ... j 

I 

i + 

1 

i + 

i 

7. 

llippariou panjabicnse ... ... ... j 

... 1 + 
j 

... 

8. 

Ilippodactyhiii antilopinuin ... ... | 


+ 

U. 

Meri/ropotnmus dishimilis ... ... j 


+ 

+ 

10. 

Sns titan 


+ 

... 

11. 

Hippopotamus sicalensis 

... 


+ 

12. 

H. Irvnticus ... ••• ••• 



i 

i 


• 


i ‘ 

13. 

Vishnutherium iravnttcum ... 

... + 


14. 

Taurotragus latidens ... ••• 

... j + 

j ... 
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Thus, it is clear, as 1ms been pointed out by Dr. Pilgrim, that the 
Burma mammalian fossils occurring in the neighbourhood of Yenang- 
youiig show a characteristic middle Siwalik facies which is supposed 
to be the representative of the Pontian stage of Europe. 

Now remains th-e thiid point and in connection with this I 
wish at first to refer to the worn femur of Ilippopofamns iravaticus in 
which “ facets are exhibited on the anterior and posterior side of 
both extremities in such a way that they run parallel to the axis of 
the shaft ; no faces or any other trac(‘s of wear and tear are either 
noticed on the shaft or on the proximal or distal face.” In his 
paper Dr. Noetling discussed all possible causes which might have 
produced the facets, but found that the lest way in which the manu- 
facture of the facets might be explained was by ascribing them to some 
artificial i.e, anthropoid agency. I think that this conclusion has 
since received a strong support from an observation of Mr. Swinhee 
to whom was brought the upper premolar of a small fossil Rhinoceros 
with face ts on three separate proniinenoes which, on the admission 
of the man who brought it, were ]>roduced by the man himself. 
Accordingly, for all we know hitherto, there is nothing to preclude the 
probability that the facets on the femur of IHpjiopoiamns innatiem 
were produced in the way explained by Dr. Noetling. When the 
cliips are taken into consideration tluuv appears to be a strong reason 
for ascribing them to an artificial origin. With the i)ermissioii 
of the authorities of the Geological Survey of India, I had an 
opportunity of examining these chips and it appears to me that, but 
for the presence of the “ rectangular flake/^ it would not have been 
possible to come to a definite conclusion regarding their origin. Tiiis 
chip, which has also been figured by Prof. Rupert Jones, is extrenjoly 
striking as it has got faces which must have been produced 
artificially. The accompanying plate (PI. 11) contains the drawings 
of this implement and for these drawings I am extremely thankful to 
Mr. Tipper of the Geological Survey of India. Dr. Noetling has 
compared this implement with the one found in the Godavery valley, 
but it appears to me that it may be better looked upon as represent- 
ing a vostro-carinate tjpe. The simplest form of a rostiu carinate 
implement exhibits (1) an anterior, (*2) a posterior, (3) a dorsal, (4) a 
ventral, and (•)) two lateral surfaces with a keel on the dorsal 
aspect The implement from Yenangyoung is a little more complex 
than the simplest pattern and in it there can be very easily 
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distinguished a ventral and a dorsal aspect with a keel on each 
side, the keel on the ventral aspect being not so perfect as that 
on the dorsal side. Following Mr, Moir the side which has a less 
declivity is recognised as the anterior side, so that the right 
lateral surface shows faces of which three are markedly rectangular. 
The left lateral surface shows two small faces one lying over 
another at the anterior end. On the ventral side there is a small 
triangular area in the middle which may be described as the ventral 
surface- The section is of the rhoniboidal type. The specimen may 
be compared with the implement figured by Moir in plate 9 of liis 
Prepaheolithie man, the profile of which exhibits a marked resem- 
blance to the profile of the rostro-carinaie implement ** {op. cit.y 
p. .‘57). Thus, it is clear that we arc here dealing not only with a 
human artifact, but with an implement which is possibly more 
primitive in pattern than the forms which are usually regarded as 
palajoliths and that there is not only nothing to doubt the 
artificial nature of the inipleinenfs. hut the nature of at least one 
of them shows unmistakably that it roprosonts a cultural stage which, 
if not pve-lV.a’olithic, is representative of the earliest Paheolithic 
typo and we have in llurma evidences which may probably point to 
the existence of a man in the middle JSiwalik or Pontian time. 

Alhtrial Man. 

Hitherto I have been dealing with the cases cf human handicraft 
about the geological position of which some doubt is maintained in 
some quarters, but in the present section I wish to discuss the eases 
which enable us to lix the age of the artifacts with more precision 
because they were found associated with mammalian and other remains 
and their mode of occurrence was so clear as to preclude the possi- 
bility of any doubt as to the nature of the beds from which they were 
obtained. By the fortunate discovery of implements found associated 

with mammalian remains it has been possible to work out the different 

cultural stages of the Palieolithic period in the west, but unfortunate- 
ly the number of such finds in India is very limited and it is my 
purpose to describe these finds, /.e., one found by Ilacket at Bhutra 
in tl« Narsinghpur district on the left bank of the Narbada and 
the other by Wynne below the village of :Mungi (Hyderabad) 
on the bank of the Godaveri. The .Afungi specimen was found 
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earlier and, bei^jides being mentioned at a meeting of the Asiatic Society 
of Bengal/ we also find it referred to by Blanford ® and by 

Wynne, ^ while a detailed description of it was given by Dr. 

Oldham.'* Hacket’s find was described by Medlicott ^ while 

Thcobold dealt with the shells found in the ossiferous gravels of the 
Narbada.*^’ Dr. Oldham put the Godavery gravels under the Pliocene 
while Medlicott pointed out that the Narbada ossiferous deposits 
were not older than the late Pleistocene. It is admitted by all that 
the implement-bearing old alluvia of the Godavery and of the 

Narbada are of the same age and the determination of the age of 
these deposits being so important from an anthropological point of 
view, let us examine the materials on the evidence of which their age 
may be fixed. 

Both these deposits contain mammalian remains and the Narbada 
deposits are richer than the Godavery ones and the following 
fossils have been listed from the Narbada alluvium ^ 

(!) Umis namadicHS, 

(*2) lios uauiadicas, 

(3) Bos pala'ogaurns, 

+ (4) Bubalus pahvindicus, 

^ Froc. Asia Soc. fieng., pp. 207-208, 1865. 

= Gcol. Mag., Vol. HI, pp. 93-94, 1866. 

** Gcol. Mag., Vol. Ill, pp. 283-284, 18G6. 

* Ilec, Gcol. Snrv. Ind., Vol. I, pp. 65-69, 1868. 

® Rec. Gcol. Siirv. Iiid,, Vol. VI, pp. 49-54, 1873. 

® pp. 54-47. 

^ Pal. Incl., Ser. X, Vol. Ill, pp. 125 et .>tvy. The oxistonco of Hofi ptdu'oyaunis 
in these bods has been mentioned by Flower and Lydokkor (Mammals Living and 
Extinct, p. 366). Bubalus pala^indiciis is possibly a voi’iety of B. hiijfelus (N. J. F, 
Min. Geol. u. Pal. Bd. 1, p. 119, 1909). 

In two papers contribnted to the Jonrnnl of the Department of Letters, Calcutta 
University (Vol. I, pp. 113-200 and Vol. Ill, pp. 159-224, 1920), Prof. Panchanan 
Mitra has given a summary of pre-historio Indian culture. In one of this (Vol. 
Ill, p. 167) it has been stated that Oiraffa has been found in the older alliivinm of 
India. I do not know Prof. Mitra’s authority for such a statement. There are few 
other points in these two papers that I am unable to follow. Thus, for example, in 
his paper published in Vol. T, ho has made an attempt to classify the Indian 
paloBoliths into a number of cultural stages, hut this attempt has been preceded by 
the statement that one day it might be found more suitable to name the stages in 
India as “ Post-Siwalik ” “Pre-Narbada” “ Early-Sabarmatl,” " Late-Siiba*rmati,” 
etc.” (p. 124). It appears to me that here ProL Mitra has reversed the naiial 
procedure. 
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( 5 ) 

Lqdohos Frazeri, 

( 0 ) 

Boaelephas namarl lens. 

•r f (7) 

CervnSy sp. ( ? 6*. ditvaucelli). 

(8) 

Stis, sp. 

( 9 ) 

Ilippopoia mm palmlndicus. 

(10) 

Hippopota m m n a mad icm. 

+ (U) 

Equus namadiem. 

+ f(12) 

lihiuoccros miiconiis. 

(13) 

Elep/tas uamadicHs, 

+ (11.) 

Hephnfi imignu. 

+ ( 15 ) 

Elephas Qanesa, 


The species marked with + are those that have been found only in 
the Siwaliks while those marked with+ +are found living now. As 
remarked before, the Godavary beds arc very poor in fossils and they 
do not contain any species unknown in the >]arbada beds., In 1904 
fossil bones were found by Mr. Beale at Nandur Madmeshwar on the 
Godavary river and the bed, on examination by Dr. Pilgrim, yielded 
an elephant skull and, from a study of this skull, Dr. Pilgrim came to 
the conclusion that the NarVjada elephant was only a variety of 
JUephas anlupius^ It may be added that the existence of Elephas 
namatlicm from the Godavary alluvium had been noted previously 
also. Dr. Pilgrim also obtained from the Godavary beds a single 
tooth of numadicHfi and the lower jaw, possibly, of llipjiopofmnns 

palwindicHS, Thus it is quite clear that the Godavary and the Nar- 
bada ossiferous alluvia are contemporaneous and we shall now f)roceed 
to find out their age. 

In 1900 the late Dr. Blanford published a pai)er dealing with 
the distribution of the vertebrate fauna found in India- and it 
appears that some genera found as fossils in the alluvial beds of the 
Godavary and the Narbada are not known to occur, at present, in the 
regions including these alluvia and this points to a great anticpiity of 
the deposits. If, however, the fossils are compared with the upper 
Siwalik forms, it is found that, though the upper Siwalik beds 
contain a few genera that may be living now, no upper Siwalik 
species has continued up to the recent time. There is also a great 
structural unoouformitv between these alluvial beds and the upper 
0 

' Kpo. O. ol. Siii-v. 1ml.. Vol. 32, pp. 1!)!>-21I, U'Uo. 

Phil. Trane. Hoy. Vol. IIU-B, pp. 33.'). 430. liKKi. 



18 


M. C. DAS-GUm 


Sivvaliks. Accordingly the age of these alluvial beds may be fixed as 
Pleistocene, The Pleistocene beds are divided into upper^ middle and 
lower and we shall now proceed to see to what part of the Pleistocene 
time these alluvial beds may be relegated. 

According to Medlicott these deposits are possibly not older than 
th^ late Pleistocene, but the extremely small number of living species 
in these deposits makes us hesitate to accept this view. Dr. 
Pilgrim’s conclusion about the specific identity between E, namadtcm 
and E. aniifiiim has been referred to already. This identity had 
been previously suggested by Leith Adams and others, while it has 
also been suggested by Soergcl ^ according to whom the genealogy 
of the Narbada elephant may be expressed in the manner indicated 
below : — 


Fi, primigenim 


EJ H dicHS 
\ 


\ E, namadicuH = E. antigunK * troyni^theni 


E, hijMidricHS \ 


J 


\ 




E. planifrons 

I 

SiegodoHj sp. E. Africanui. 



It thus appears tliat Dr. Pilgrim’s opinion that the Narbada 
elephant was migratory from Europe is contradicted. An attempt to 
fix the age of the Narbada deposits with the help of the distribution of 
E, antiqmiH in Europe does not appear to bs very promising. According 
to M. Boule, tin's species is chai-acteristic of the inferior Pleistocene 

^ Pala*onto"raphicn, Vol, (JO, p. 99, lOlIi. H has boon iiiontionod by Df*. Scharff 
Tho history of the European Fauna, p. 252, 1809) that there is a great and 
marked similarity between E. ineridionalis and E, Jiysndricns. 
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and is replaced hy the mammoth in the middle Pleistocenei' but very 
likely this statement requires to be corrected as, according to Soergel/^ 
the species was found throughout the whole of the Pleistocene time, 
and in the fourth glacial stage (Wurmeiszeit) it lived in Italy and 
in Prance by the side of A’, primiyenius. Dr. Pilgrim^s opinion that 
these deposits are not earlier than the lower Pleistocene is based on 
the supposed migratory character of the Narbada elephant but, 
as we have seen already, this opinion has been questioned as it is 
supposed to be derived from E, hysiulriaiSy a well-known Siwalik 
species. 

I have examined carefully the case of the other fossil species 
and it appears to me that if we analyse the evidence of the fossil 
species of Ilippopotaimm we may come to a conclusion somewhat 
more definite. The family of Hippopotamd^e is now confined to Africa 
where it is represented by two species, U. amphibim and 11. liberienm. 
The dental formula of 11. amphibiuH is ^ |-, o f, jo/M m ^-=40 and 
of //. liherienm, is i \ , c } , pm m f =36. Though the family is 
poorly represented and so limited in geographical distribution now, 
it was very widely represented in the Tertiary beds. The genus 
llippopotnuiH^ begins in the Pliocene time and remains of the genus 
have been found in Asia and Europe besides Africa. Four species of 
the genus have been recorded from the Indian beds and of tliem one 
(//. iranifictta) comes from ihe middle Siwalik, one (//. sivalensiit) 
from the upper Siwalik and two (//. namadictiif and IJ. ptilfeindicm) 
from the Pleistocene beds of the Narbada and the latter of the last 
two possibly from the Pleistocene beds of the Clodavary. 

According to Falconer two sub-genera can be distinguished in 
the genus llippopotamuff, namely llexapi'Dlodon and Tetraproiodon, The 
recognition of Hexuprotodim and Tetraprofodon as possessing sub- 
generic value has been questioned, but they undoubtedly form two 
distinct sections of this genus and the arrangement and the number 
of the incisors in this genus iu the different species are so well- 
marked that from a study of the Indian species, the line of the 
specialisation of the genus can be very well observed and according 
to Lydekker'* this specialisation has proceeded chiefly on two main 
lines (0 the shortening and widening of the mandibular symphysis, 

» M. Boule : Les Uommes fossiles, p. 52, 1921. 

• Op. cit., p. 110. 

Pftl. Ind., Scr. X, Vol. Ill, Pt. 2, pp. 47-18, 1884. 
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frequently accompanied by a general shortening of the cranium and 
the mandible and (it) the reduction of the number of the incisors, 
the reduction being accompanied with the largely increased size of 
one or more of the remaining pairs of the incisors while the canines 
are also increased in size. Thus it is highly probable that the middle 
Siwalik II. irnva ficus, the upper Siwalik IL siralensis and the 
Narbada //. mmalicus and //. palmndicns are in one actual line 
of descent. IL iramticns has a long and narrow symphysis, 0 small 
incisors and a small canine ; the next step is //. siralensis with a 
considerably shorter symphysis but the same type of incisors ; the 
third stop is 11. namndiens in which the symphysis is still more 
decreased in length, while has become slightly smaller and is 
thrown more or less above the line of the other two. The fourth 
step is IJ. palmndicus in which the symphysis is shorter than in any 
other form, while ^ ^ and have increased considerably at the expense 
of which becomes wedged in between the other two. 

From the above description it becomes quite clear that the 
lI<\rnprof()donl type is more archaic than the Telraprotodont one and 
let ns now proceed to find out the upper limit of the former group. 
As is known at present, besides the Indian occurrences, the IIe.rnpro~ 
lodont type lias been met with in the upper Tertiary beds of Algeria 
and in the ritkectinthrojtHS-he'Axm^:^ beds of Java. This Java 
Hippopotamus — //. simjavaniens, Dubois — is closely related to //. 
siralensis and distinct from the Narbada species.^ From this we 
can safely conclude that the Narbada alluvia are younger than the 
beds containing Vithecanihropns and let us now see what we know 
regarding the age of these beds of Trinil. 

In course of liis discussion of the age of the materials obtained 
by the Selenkii- rrinil expedition Frof. M. Blanckenhorn has 
mentioned that there are three different groups of autliors holding 
different views regarding the age of there beds.*-* According to one 
grouf) the age is Pliocene, according to a second group it is diluvial 
or Pleistocene wliile a third group leaves the question still undecided 
(die Fnge unentschieden liisst). According to Volz the beds may 
be middle diluvial in age.^ It is known to some of us that accord- 
ing to Mr. La Touche the relics of a Pleistocene ice age in the plains 

‘ N. J. f. Min, Geol. u. Pal. B<1. I. p. 119, 1909. • 

" Die PitheeautliropuB'Schivhtcn aaf Java, p. 205, 1911. 

N. J. f. Min Geol. ii. P.al. Festband., p. 270, 1907. 
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of Northern India are exhibited b}' the older alluvia which rise to a 
considerable height above the present flood-levels.* Prof. Blancken- 
hoi’ii thinks that the lime of the formation of the Piiheoanihi'opua^ 
bearing beds was characterised by an extremely heavy downpour,^ 
an opinion shared by a few other geologists including Volz.^ 
According to Prof. Blanckenhorn this pluvial time may be divided 
into three periods, the first corresponding to the Giinz ice-age, the 
middle to the first short interglacial and the third to the Mindel ice 
period. As regards the age of the beds the author concludes that 
it may be either very late Pliocene or very early diluvial. Judging 
the question from the evidence of Hijipojmtamiis fossils we also arrive 
at almost the same conelusions for the Javanese species which is 
related with the upper Siwalik //. Riraleunia cannot be younger than 
the oldest Pleistocene, while the Narbada species of Hippopotamus 
is younger than the oldest Pleistocene as it really shows in its 
mandible a stage of transition between the li^xnprolodovt and the 
Tetrapr of orient type and I tliink that, under these circumstances, 
we ma}' jiseribe a middle Pleistocene age to the Narbada beds. It 
may be argued that (he Narbada Hippopotamus and the Trinil 
Hippopotamus were contemporary and, as a matter of fact, the 
Trinil fauna eonsisis of Stegodon Gauesa var. Jamaica and Elephas^ 
sp, (if, antiqum. We have seen,' however, that the Narbada fauna 
consists of a few mammalian species whicli are living now, while the 
Java fauna docs not include any such mammal. * It is thus quite 
clear that the Narbada beds aie younger than the beds containing 
Vilhecanlhropiix, The Narbada fossils include a number of fresh- 
water molluscs and, according to Theobald, these are all | represented 
in the living fauna, though, as it a|)pears from the measurements 
given by Theobald, they are undergoing a little decadence. This 
fact may lead us to go up in the scale and to fix the ago of the 
Narbada and the Godavary alluvia as being upper Pleistocene, but a 
little consideration will show that this is not possible. 

Besides the Narbada and the Godavary, mamm-iliferoiis older 
alluvia have been found in the beds of the Kistna, the Jumna and the 
Ganges. The Kistna alluvium has yielded JUtiuoceros lUccanaensis, 

» (Icol. pp. 193.201, 1910. 

* Op. vit, p. 

" Op. cit., p. 267. 

* VitliccanthropiiR-Scliirliten anf Java, p. 143, 101 1 • 
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a few bovine teeth, a few shells, and probably a Mastodon described 
as M, paudmm, 'the Jumna and the Ganges older alluvia include 
the following mammalian fossils * 

1. Semnopilhecm^ sp. 

2. Elepha^ anliqum, 

3. Mv%^ sp. 

4 . /// ppopotam ns palm ml tens . 

5. Eqnns, sp. 

G. Sus, sp. 

7. Bos palmndicvs, 

8. Bos cf. noMadtens. 

9. Bos^ sp. 

10. Antilop^, sp. 

11 . Cerrns,^j^, 

1 wish to leave the Tapti alluvium alone, as it has nothing to do 
with the purpose of the present paper. From a consideration of the 
Jumna alluvial fossils, Mr. Oldham concluded that the^e beds were 
newer than those containing the Narbada remains. This conclusion 
has since been corroborated by Dr, Pilgrim who detected in the Bos c/‘. 
namadicHs certjiiu structural variations tending towards the recent 
species of Bos. Accordingly it apj)cars more likely that the upper 
Pleistocene stage is represented by the older Jumno-Gangetic allu- 
vium and as this alluvium is younger than the Narbada Pleistocene 
deposits, we may reasonably relegate the Narbada and the Godavary 
alluvial beds to the middle Pleistocene. This is further corroborated 
by an opinion recently expressed by Dr. Pilgrim that the topmost 
Siwalik is contempomneous with the lowest Pleistocene.® 

Thus the unmistakable evidence about the existence of man in 
India can be traced down to the middle Pleistocene. 

It may be mentioned in this connection that palieoliths have also 
been found at a few other places in India in alluvial deposits. One of 
the latest of such finds is in the Kanhan valley^ where two alluvia 
have been found with palaeolithic and neolithic implements by Dr. 
Fermor. In these cases no associated animal remains have been 

^ Oldham : Geology of India, p. 430, 1893 and Reo. Geol. Surv. Ind., Vol 31, pp. 
176.177, 1904. 

* Journ. Asiat. Soc. Bong., N. S., Vol. XV, p. 85, 1919. 

Rec, Geol, Surv. Tnd., Vol. 47, p. 36, 1916. 
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found and, accordingly, at the present stage of our knowledge of 
Indian stratigraphy, it is not possible to determine the age of these 
implements. Thus, for example, many of the afiluents of the Kistna 
contain palsDolithic implements but, as remarked by . Mr. Oldham, the 
relations between the ossiferous gravels and those containing the 
implements are, however, somewhat obscure.*^* Nothing definite 
is also possible in the cases of the implements found in the detrital 
laterites because the age of these lateritic deposits has not been ascer- 
tained with any proximity to accuracy. These lateritic deposits have 
been developed extensively along the eastern coast of the Peninsula 
and they overlie the Cuddalore saiulstOiie the age of which is ex- 
tremely doubtful as no fossil has been found in it excepting the 
Trivicary wood. The general prevalent idea is that the low-level 
detrital laterites are post-Tertiary in age, while a section, found in 
the State of Mayurbhanj, of laferite with an under-lying bed of white 
clay which is again underlain by a bed of limestone^ with Odrea^ 
foraminifera and fish teeth of an upper Tertiary facies also points 
to the post-Tertiary age of these lateritic dej^sits. But possibly 
all the detrital lateritic deposits were not formed at the same 
cultural period because though a number of palaeolithic implements 
has been found associated with these laterites, pottery fragments 
which signify a neolithic culture have also been found embedded 
in them. About the relative age of the different lateritic deposits, 
Oldham thinks that “it is probable that the land rose very slowly 
from the sea, the laterite forming on the raised slope passu 
with the elevation, and that, consequently, the farther inland the rock 
the older its date.” ^ 


Cave Man, 

We know that in Europe the paheolitliic man lived in caves and 
the antiquity of the cave man has been determined by the bones of 
the extinct animals left in the caves and also by the relics of the 
work of art left by him. As pointed out by Prestwich, while dealing 

* Geology of India, p. 403. 

« Reo. Gool. Surv. Ind., Vol.31,p. 167, 1904; Cal. UniT. Inst. Mag, pp. 63-07, 
1006; Rac. Gcol. Surv. Inil., Vol. 34, p. 186, 1906 and Rcc. Gcol. Surv. Ind., Vol. 41, 
p. 63, 1911. 

• Geology of India, p. 389. 
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with the cave deposits, one should be careful that no terrestrial dis- 
turbance had helped in mingling together the deposits lying originally 
on two Hoors, one overlying the other. ' In the countries marked 
by periods of intense glaciation during the Pleistocene time, the man 
very often took shelter in caves to save himself from the rigours of 
the arctic climate and, as evidence is lacking, in India, of such an 
intensely glaciated Pleistocene time it is no wonder that the deposits 
left by the primitive Indians inside the caves are really scanty. 
According to Logan® the cause of the smallness of our knowledge 
of the cave deposits in India is not the want of caves in India, but 
of people to explore them,** but it appears to me that, though it is 
true that the number of cave explorers in India is surprisingly small, 
we can never hope to have anything like the western record of the 
ossiferous eaves with human remains. Only in two different parts of 
India have caves been found with animal remains in them, viz., 
in the Presidency of Madras and in Kashmir. The Madras cave 
deposits will be dealt with first as they are by far the more important. 
These caves were at first explored by Captain Newbold ^ and appear 
to have been completely forgotten a0t3i Wai\ls. Sub 3 e|ujntly at the 
suggestion of Prof. Huxley, the Right Honourable M. K. Grant Duff, 
the then Governor of Madras, arranged for the exploration of the caves 
and the work was done by Messrs. R. IL Foote and H. B. Foote. 

A number of fossils was found and they were described by 
Lydekker.*'* A number of caves was explored, but, from our present 
point of view, the caves at Billa Surgam are important. This place 
is within the Nandiyal taluq of the district’ of Karniil and in the 
neighbourhood of Betumcherru. There is a number of eaves in the 
area, namely the Charnel House, the Purgatory, the North Chapel, 
the Hermit’s Cell, the Cathedral, the South Chapel, and the Chapter 
House. Human teeth were found in the Charnel House Cave, while 
a number of bone implements has also been obtained. 

Besides these a number of other fossils has also been met with and 
let us turn to them to fix the age of the deposits. The Karnul cave 

* Phil. Trans. Roy. Soc., p. 280, 1860. 

* Olrl Chipped SfconoR of India, p. 37, 1906. 

’ .foiirn. Asia. Soc. Vol. Xlfl, pp. OKMill, 1841.. 

' Bet!. OiM.1, Siirv. Inil., Vol. 17, i>l>. :«iil pp. 2():».204, ISSt j IH, 

pp. 227-235, 18K5. 

» Rec. Qool. Surv. Ind., Vol, 19, pp. 120-122, 18W!, and Pal. Ind.,Ser. X, Vol, IV, 
Pt. 2, pp. 23.58, 1880. 
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fossils include molluscs, amphibia, reptiles, birds and mammals. The 
molluscs are represented by species which are living now and a similar 
remark is a]')])licable to the other classes of animals exctepting the 
mammals, the nature of which w 11 accordingly help us in fixing the 
age of the deposits with a srtain amount of prec'ision. The 
following list gives us an account >f the fossil mammals found in the 
Karnul caves with some notes about them arranged in a tabulated form. 


Fossil spocios. 

Cave. 

' Living 

extinct. 

IlKMAKKS. 

1. S«nnno}n'thocus enlrllns^ 

Dnfr : var. 

(The ITaiiuiiian inoiikoy.) 

■ 

' (Cathedral 

■ 

Living 

! Found in Southern India. 

i 

2. sp. 

(A lyiH‘ ol' inonk#*y.) 

Charnel 

IIoii.se. 


1 The attinit\' of this is doubtful, 

[ but it is very (dosely allied to 
fh(i African 0. utibiit. 'I'his 
! genus is not found in India. 

JI. rnfris {or ? /(’o), Ta‘im. 

(TIm* tigor or lion.) 

Purgatory 

and 

Cathedral. 

Living 

, The tiger !.>? found throughout 

1 the whole of India, while the 

1 distribution of the lion in 
limited, it, being found at 
present in Kalhiawar and 
probably also in the wildest 
parts of Uajputana. 

- 

4. (?) F. Linn. 

(Tho loopard.) 

- 

Cathedral 

Living 

; Found ]>ractically throngliout 
j the whole of India. 

t). F. rhoKii, (JiiM 

(Tlio jungle' eal ) 

- CalluMlral 

Living 

! Very widely (bVirihuted 

! throughout the whole of India. 

(). F. rnbuiino.'<n^ flooffr, 

(Tluj rii'ity-spolteil cat.) 

(Cathedral 

Living 

Found in Soutliern India and 
(yeylon. 

7. Ui/.rna crorntn^ ViV.xl. 

Cathedral 

Living 

This species has been found 
living in Afiica. 

N, Vii'crra karinihfiisl^, Lvtl. 
(A t 3 'pe of civet.) 

Charnel 

House. 

Kxlinct i 

1 


9. PrionodoH (?) sp. 

(A type of tiger-civet.) 

Cathedml 

i 

1 

Thoiioh the g«'.neiie doterniiiui- 
1 tion is doubtful, it is unlike 
any animal low living in 
Southern India. 

. _ - 



- - 
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Fossil specios. 

Cave. 

Living 

or 

extinct. 

Remarks. 

10. Herpe.<tes mungo^ Clinel. 
(Tho foinmon fnclmn 
inuiigooso.) 1 

Cathedral 
and Pur- 
1 gatory. 

Living 

Found throughout- tho whole of 
India. Possibly the specimens 
are of l iter age than the beds 
in which they occur. 

11. H. Watorliousc 

(Tlie Nilf'iri brown 

imiiigoose.) 

Cathedral 

Living j 

i 

Pound in Southern India. 
Possibly anothor peninsular 
species (H. Smithi, Gray) was 
also found in this cave. 

12. H. anyopuncfatuit, Hod^s. 
(The small Indian rnun- 
goose.) 

Cathedral 

Living i 

! Pound throughout Northern 
India and not found in tho 
Peninsular portion. 

12. Mehu'sus Shaw. 

(The Indian bear.) 

Chnpter- 

Hoiise. 

Living j 

1 

Found throughout the whole of 

1 India. 

1 

14 fJoreur, ftp. 

(A type of shrew.) 

Cathedral 
and Char- 
nel House. 1 

■ ""I 

This genus is widely distributed 
in India. 

15. Tapfinznus snccolH^mua, 

Tenun. 

( The p 0 n c h - b 0 a r i n g 
sheath tailed bat.) 

Cathedral 
and Charnel 
Honse. 

._j 

Living 

Pound in many parts of India 
including the Madras Presi- 
dency. 

IG. Tlippofiiderun diademn, 

Geoffr. 

(Tho large Malaya leaf- 
nosed bab) 

Cathedral 
and Charnel 
House. 

Living ^ 

Possibly occurs in the Madras 
Presid(;ncy. 

17. Sriurus hiculor, Sparr 
(The large Malay squirrel.) 

Cathedral 

Living 

Not found in Southern India. 

IS. Gerhillfift indirnu, TTard. 
(The Indian antelope rat.) 

Cathedral | 
and Charnel j 
House. 1 

Living 

Found throughout India. 

19. Xdttociii ban dicot a, Bech. 
(The bandicoot-rat.) 

Charnel | 
House. 

Living 

Found in Southern India. 

20. N. hengalcnsis, Gray and 
Hard. (The Indian mole- 
rat.) 

Cathedral 
and Charnel 
House. 

Living 1 

i 

Found practically throughout 
the whole of India. 

21. Mus mettada. Gray. 

(The soft-fnrred field -rat.) 

Cathedral 
and Charnel 
House. 

Living i 

! 1 
! 

Found in several parU of the 
Madras Presidency. 
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Fossil species. 

i 

Cave. 

Living 

or Hkm.\rks. 

e.Ktiiict. ! 

22. M. plntythrix^ Bennett. 

(The brown spiny mouse.) 

1 Charnel 
House. 

Living 1 Pound in Malabar, Sind and the 
Funjab The fresh condition 
of the cave specimens points 
to their reecnl introduction. 

2H. Oohnula ellioti, Clrny. 

(The Indian bnsh-rat.) 

Charnel 

House. 

1 

1 

Living ' Found in several parts of the 
Madras Fre.shleney, The cave 
.specimens are po.ssibly of 
recent origin. 

24. Hyxfrir. ('rasiden.-t^ ti)’d. 

(A type of porcupine.) 

1 ! 

' Cathedral 

Kxtincl 

2o. Afherura knnutlieusis, 

byd. 

(A typo of porcupine.) 

, Cathedra! 

E.vtiiicl This genus is not found in tlic 
Madras Freshlency now. 

20. Lepvs cf. niyrirollis, Cnv. 
(The black-iiaped hare.) 

Cathetlral, 
Charnel 
, Hou.se and 
Ihirp’atory. 

i 

27* KifHUS aainvst, Linn. 

(A type of horse.) 

. Cathedral 

! 

Living 1 This species is now confin..*d 
to North Africa. There is 
another type of hor.se possildy 
allied to .'■•ouie South Afrie.jii 
type. 

1 

2M. Rhivoceros kai uulieuis, 

Uyd. 

Cathedral 
! and Charnel 

1 House, 

F.\t inct 1 

20. Btisi'Ipphnu tniqncamelufi, 

Fallas. 

(The Niljjai.) 

1 Cathedral, 
Chapter 
House and 
Cliarnel 
Hou.se. 

'j 

Tiiving Found ])ractieally throughout 

1 llie wliolo of India. 

LID. (Jnzelhi hcnneUi, Sykes. 
(The Indian ‘gazelle.) 

Cathedral, 
Charnel 
, House and 
Furj'utoryCr ) 

Living Found in many parts of India 
including the Madras Frcai- 
(h*ncy. 

Autilope cervicdpra, Linn. 
(The Indian antelope.) 

' Cathedral 

Living Found throughout the whole of 
India. 

32. Tetraceruii qiiadricorniff, ! Cathedral 
Blainv. j 

(The four* horned unttdope.): 

1 

Living" ( Found in p.arts of the Madras 

1 Presidency, 
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Fossil species. 

Cave. 

1 Living 

1 or 
i extinct. 

Remarks. 

3.3. Cervusi vnicolor^ Recli. 
(The Sambar.) 

Cathedral 
and Charnel 
Houss. 

i Linng 

! 

Found throughout the whole r 
India. 

, 


1 i 

1 

■ - 

34. C. nxin, Erxl. \ 

(The spotted deer.) 

Cathedral 

! Living 

j 

1 

Found nearly throughout th.' 
whole of India. 

35 (y) Ct'ri'idtis 'iimntjnc, Zimin. 
(Tlie barking deer.) 

Pnrg.atory 

Living 

Found throughout India. 

3fi. Tragulua rf. vicminna, Erxl.' 

Cathodr.ll 



('I'hc Indian Chevrotain.) ! 

i 




1 


..i 

— 

37. iSns rn.<liilns , Wagner. . 
(Tile Indian wild boar.) ; 

Cathedral 

Living : 

Found throiigliont India. 

3H. S. koruultcnsis, Lyd. ' 

Cathedral 

Extinct j 


(A typo of boar.) 



- 






39. Man is (jigantea^ Illigcr. 

Cathedral 

Living 

1 

Foinul living in Western 

(A typo of pangolin.) i 


Africa. 


From wliat has been said above it is clear that the Karuul fauna 
represents a staj^e which preceded the present distribution of tlie 
mammals, because we have got here a few species wliich are entirely 
extinct, a few that are found now outside India, and a few which are 
found within India, but in the region to the north of southern India. 
As remarked by Lydekker, the fauna is decidedly newer than the 
Narbada gravels and accordingly the cave deposits cannot be older 
than the upper Pleistocene. It is also younger ihan the Jumno- 
Oangetic alluvium and represents the topmost stage of the Pleistocene, 
if not younger. 

The Kashmir caves are at Imselwara and, according to Radcliffe’, 
they are two in number and in the smaller of them have been 
found (/) the sanibar, (/V) Sn-s scrop/ta or the European pig, 
(///) the teeth of an antelope and {iv) the tusk of a bear. No human 
remains have been found in it as yet and consecpiently the cave 
fauna has no value from an anthropological point. Iladcliffe thinks 

‘ ImliaiJ Foroetcr, Vol. 82, pi\ 313- '14, IJIOO. 
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tliat these eaves are probablj' of the same at(e as those of Karnnl 
and tliis opinit)ii seems to be approved of by Sir Henry 
Hayden.’ The known amount of the Imselwara cave fauna is very 
meaj^re and it is (juite premature to hazard any opinion re^ardintr the 
age of the cave dejiosit but, from what has been j)ublished about it, 
the deposit appears to be younger than the Karnul cave fauna and may 
j)rovisionally he ])etter recognised as sub-roeent than Pleistocene. 


Conelusiou, 

My original idea was to give in this paj)er a review of all the 
pre-historie finds hitlierto recorded in India, but as I proceeded I 
found tJiat the treatment of such a vast subject would be a 
stupendous task and accordingly 1 have confined myself here only to 
that ])art of the pre-historic remains by a study of which the age of 
the man in India can possibly be determined with ‘?ome accuracy. 
The deposits containing such materials have been deseri])ed and, 
unless further field work is carried out, it will not be possible to 
say anything more about the age of the artifacts, whether embedded 
in alluvium or found scattered on the surface, and their relationsliip 
ty one another. As in Natural History and in Arebu‘ology, so 
in Pre-history, whore a good deal de))ends upon the collection of 
materials locally, no true progress is possible unless there are local 
persons who take a lively interest in the pursuit of these different 
bVanches of human knowledge, because, however efficient and 
enthusiastic a professional worker, whether a Government Official 
or a University teacher, may be, his visits to the different places 
of interest must, of necessity, be of a short duration and, if as 
a result of this discu.ssion, at least one amateur pre-historian come.s 
out, 1 shall consider all my labours more than amply rewarded. 


' Kpl*. fiool. SlU’V. JiJtl., Vol. IV), i>. .'JO, 1907. 
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